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ERROR ANALYSIS OF THE STRANG SPLITTING FOR
THE 3D SEMILINEAR WAVE EQUATION WITH
FINITE-ENERGY DATA

MAXIMILIAN RUFF

ABSTRACT. We study a variant of the Strang splitting for the time inte-
gration of the semilinear wave equation under the finite-energy condition
on the torus T2. In the case of a cubic nonlinearity, we show almost
second-order convergence in L? and almost first-order convergence in H*.
If the nonlinearity has a quartic form instead, we show an analogous
convergence result with an order reduced by 1/2. To our knowledge these
are the best convergence results available for the 3D cubic and quartic
wave equations under the finite-energy condition. Our approach relies
on continuous- and discrete-time Strichartz estimates. We also make use
of the integration and summation by parts formulas to exploit cancella-
tions in the error terms. Moreover, error bounds for a full discretization
using the Fourier pseudo-spectral method in space are given. Finally, we
discuss a numerical example indicating the sharpness of our theoretical
results.

1. INTRODUCTION

We study the time integration of the semilinear wave equation with power
nonlinearity

O*u — Au+ pu® =0, (t,z) €[0,T] x T3,
u(0) = u®, dpu(0) = 2°,

where a € {2,3,4,5} and we allow for both signs u € {—1,1}. The initial
data (u",v°) is assumed to belong to the physically natural energy space
H(T3) x L?(T3). To keep the presentation simpler, we mostly restrict
ourselves to the model cases of powers a € {3,4}.

It is well known that local wellposedness of (and its variants with
nonlinearity u|u|* !u for a € (1,5]) can be shown by a fixed-point argument.
If a < 3, the nonlinear terms can be controlled only using classical tools
such as Sobolev embedding. In the case of higher powers o > 3, one has to
exploit the dispersive character of the wave equation. A particular useful tool
are the Strichartz estimates, which control mixed space-time LP L4 norms of
solutions to the linear wave equation in terms of the data. Thanks to the
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LP norm in time, one can choose the space integrability exponent ¢ larger
than predicted by a fixed-time Sobolev embedding. This makes it possible to
show local wellposedness of for powers up to the critical value o = 5,
see, e.g., the monograph [30].

In this work we are interested in approximating the temporal evolution
of . A natural choice for the time integration of such equations is the
class of second-order trigonometric (or exponential) integrators, cf. chapter
XIII.2.2 of |13] for an overview. As explained in [4], these methods in one-step
form can be interpreted as variants of the Strang splitting with additional
filter functions in the nonlinear part. In the context of an ordinary differential
equation with a globally Lipschitz continuous nonlinearity, error estimates
for such schemes were derived in, e.g., [8, |11} |13} |4]. For the PDE (1.1]) with
pure power nonlinearity, an error analysis was for the first time given in [9],
but only in the one-dimensional case. The proof uses a similar strategy as
the earlier work [21] for the nonlinear Schrédinger equation. It was shown
that under the finite-energy assumption (u, du) € H' x L?, trigonometric
integrators converge with order two in L? x H~' and with order one in
the energy space H' x L? itself, even if no filter functions are used. In
[3], the same error bounds were shown in a more general setting which in
particular allows for rough L* coefficients in the nonlinear part. This made
it necessary to equip the schemes with suitable filter functions to avoid
numerical resonances for certain step-sizes. The higher dimensional cases
d € {2,3} were also considered in [3], but only under the stronger regularity
assumption (u,du) € H? x H'.

In the proofs of the one-dimensional results in [9, 3], it was crucially
exploited that the Sobolev space H! forms an algebra. This is however not
the case in higher dimensions, where the estimates for the nonlinear terms
become more delicate. The first attempts to exploit Strichartz estimates in
numerical analysis were made in the case of nonlinear Schrodinger equations,
starting from [16]. Subsequent works used discrete-time Strichartz estimates
to show error bounds under low regularity assumptions, such as |15} |7, 22]
for the nonlinear Schrédinger equation on R? and [23, [17] in the case of
nonlinear Schrédinger equation on the torus T¢. In the latter case, the
authors further made use of discrete Bourgain spaces. For the nonlinear
wave equation , less literature is available in this context. Based on
discrete-time Strichartz estimates, in [27] an error analysis of the Lie splitting
for (with nonlinearity p|u|*tu for o € [3,5]) on the full space R? was
given, notably including the scaling-critical power o = 5. It was shown that
under the assumption (u, d;u) € H' x L?, the scheme converges with optimal
first order in L? x H~1,

Recently, another class of methods to approximate the temporal evolution
of nonlinear dispersive problems especially in low regularity gained a lot of
attention, namely, the low-regularity integrators. See [26] for an overview.
Due to an improved local error structure, such schemes can allow for higher
convergence rates at low regularity than classical methods such as the Strang
splitting. The authors in [20] proposed the corrected Lie splitting, which
is a low-regularity integrator that can be applied to the nonlinear wave
equation . It was shown that the corrected Lie splitting is second-order
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convergent in H' x L? under the regularity condition (u, d;u) € H'T4*x H4/4
for dimensions d € {1,2,3}. See also [6] for an error analysis of the corrected
Lie splitting in lower regularity. However, the analyses from (20} 6] do not
apply to our problem since they require a global Lipschitz condition on
the nonlinearity, which is not satisfied by the polynomial u®.

The purpose of this paper is, at first, to extend the discrete-time Strichartz
estimates for the wave equation from [27] to the bounded domain T3. By
exploiting the finite propagation speed of the wave equation, we obtain locally
in time the same Strichartz estimates as on the full space R?. Moreover,
we aim to prove optimal error bounds for a second-order scheme applied to
(1.1) under the finite-energy condition. For powers « away from the critical
value oo = 5, our convergence rates are higher than those obtained in [27].
In the important cubic case o = 3, we almost recover the optimal temporal
second-order convergence. Finally, we extend our results to the fully discrete
setting (using the Fourier pseudo-spectral method) with optimal spatial
convergence.

In 27|, the terms stemming from the local error were estimated using
discrete Strichartz estimates. This led to a loss of convergence order in the
error analysis of the formally second-order corrected Lie splitting. In the
present paper, we show that at least in the case of the Strang splitting, one
can avoid this issue by using the time-continuous Strichartz estimates instead.
In the cubic case a = 3, it even turns out that we do not need any discrete
Strichartz estimates to prove our error result (the continuous ones are still
used). This is related to the fact that, as mentioned above, the wellposedness
of can in this case be shown without using Strichartz estimates. In the
case a = 4 however, we need the discrete-time Strichartz estimates to ensure
the stability of the numerical scheme.

Even though our nonlinearity is of pure power-type, we have to make
use of a filter function inside the nonlinearity when estimating the terms
resulting from the local error (compared to the one-dimensional case [9]).
This is essentially because in 3D the multiplication by an H' N L* function
is not a bounded operator on H~!'. As a filter, we use the operator I, -1
which in both components is the Fourier multiplier for the characteristic
function of the square [~771,771]3, where 7 > 0 denotes the time step size.
This particular choice is made for several reasons. First, it enables us to
use the summation by parts formula to exploit cancellations in the terms
stemming from the local error. Second, a filter of this type is needed to
obtain discrete-time Strichartz estimates (compare, e.g., |15, [22, [23] (17, [27]),
which are necessary for @ = 4. Third, it fits well to the spatial discretization
with the Fourier pseudo-spectral method. As a main conceptual novelty, the
proof of our error estimates combines the summation/integration by parts
technique (as already used in, e.g., [4, 3]) with the use of Strichartz estimates.

While extending our results to the fully discrete setting, we face the
difficulty that one cannot take advantage of negative-order Sobolev spaces
when estimating the trigonometric interpolation error. We solve this issue
by using an L7 estimate for the trigonometric interpolation error from [14, |1,
25].
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1.1. Results in the semi-discrete setting. In this paper we analyze
a variant of the Strang splitting scheme that computes approximations
Un, = (u(nt), 0pu(nT)) for a step size 7 > 0 and n € Ng. With the notation
A(u,v) = (v, Au) for the wave operator and G(u,v) = (0, —pu®) for the
nonlinearity, the semi-discrete form of the scheme reads

Un+1/2 = eTA[Un + %G(HT‘lUn)]v
Un_|_1 = Un+1/2 + %G(Hr—l n+1/2)7 (12)
Up = (u°,2%).

This scheme fits into the class of trigonometric integrators in one-step
formulation as described in Section XIII.2.2 of [13|, with “inner filter”
II,-1 = diag(m,—1,m,-1). It corresponds to a variant of “method (B)” that
was proposed and analyzed in the one-dimensional case in [9]. See for

the precise definition of the filter.

Theorem 1.1. Let U = (u,0u) € C([0,T], HY(T?) x L*(T3)) solve the
semilinear wave equation . Then there are a constant C > 0 and a
mazimum step size 19 > 0, such that the approximations U, obtained by the
Strang splitting scheme (1.2)) satisfy the following error bounds. If o = 3,

IU(n7) = Unllgisere < C|log ],
|U(n7) = Unllz2xm—1 < C7%|log 7|,
and for o = 4,
U (n7) = Unllgixzz < OT2,
|U(n7) = Unllp2xp—1 < C73.

Theses bounds are uniform in 7 € (0,79] and n € Ng with nt < T. The
numbers C' and 7o only depend on T and ||U|| poo (0,17, 1 x £.2)-

Remark 1.2. In the case of a quadratic nonlinearity o = 2, an inspection
of the proof of Theorem shows that one obtains the same error bounds
as in the cubic case a = 3. For the case of the critical power a = 5, it is
possible to show the convergence results

[U(n7) = Unll2sc-1 < C,

1.3
\U(n7) = Unllese — 0, (1.3)

as 7 — 0, uniformly in n € Ny with nT < T. We do not give the details since
was already shown for the simpler Lie splitting on the full space R? in
[27]. One can show the corresponding result for the torus T2 by combining
the arguments from there with the Strichartz estimates for T3 developed in
the present paper.

Remark 1.3. We compare our 3D results to the known results in 1D. If
a = 3, our convergence rates are almost the same as those obtained in the
one-dimensional cases in [9, |3]. For a = 4, Theorem exhibits an order
reduction. This reduction and the convergence behavior in can be
observed in our numerical experiment in Subsection [5.2]
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Remark 1.4. The logarithm in the result of Theorem [L.I] for & = 3 comes
from the use of the endpoint Strichartz estimate for the L2L*> norm that
only holds with a logarithmic correction, cf. Corollary 2.8

Remark 1.5. We will sometimes exploit that our nonlinearity is a polynomial
in u, but strictly speaking, this is not necessary. With somewhat greater
technical effort we could also treat the equation

O*u — Au = g(u) (1.4)
with a general nonlinearity g € C?(R, R) satisfying the bounds
l9(2)] S 14127,
9(2) S 1+ [0,
") S 1+ 272,

for z € R. This covers in particular the semilinear Klein—-Gordon equation
since the lower-order mass term can be moved into the nonlinearity. One
could also allow fractional a. For a € (3,5), the convergence of the Strang
splitting would then be of order (7 — «)/2 in the L? x H~! norm and
of order (5 — a)/2 in the H' x L? norm, respectively.

Remark 1.6. One might wonder if under our assumption (u, dyu) € H* x L?,
a low-regularity integrator such as the corrected Lie splitting proposed in [20]
can give higher convergence rates than classical schemes such as the Strang
splitting. The authors in [20] show that this is possible in the one-dimensional
case. However, in our 3D case we did not succeed to find such a result so far.

1.2. The fully discrete scheme. Denoting by K > 1 the spatial discretiza-
tion parameter for the Fourier pseudo-spectral method, we consider the fully
discrete scheme

Upirjo = € UN + 3Tk G, UK))]

n
Ui = Ul o + 5Tk G UY | 9) (1.5)
UL = Tg (u®,00).
Here, we use the notation Zx = diag(Ix, I i) for the trigonometric interpola-
tion operator Ik, cf. Definition [5.1} For this scheme, we obtain fully discrete
error bounds of spatial order K ~'. This is optimal in view of the projection
error
(I =) U (n7) | 2smr—1 S KU 072

cf. Lemma [2.12)
Theorem 1.7. Let U = (u,0u) € C([0,T], HY(T?) x L?(T3)) solve the
semilinear wave equation (1.1). Then there are positive constants C, Ty, and

Ko, such that the approzimations UK obtained by the fully discrete Strang
algorithm (1.5)) satisfy the error bounds

U (n7) = UE|| p2s 1 < C(r2log 7| + KV, ifa=3,
U (n7) = UK|| s < C(r2 + K71, if a =4,

uniformly in T € (0,79], K > Ko and n € Ng with nt <T. The numbers C,
70, and Ko only depend on T and ||U|| Loo jo,1, 11 x 12) -
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Remark 1.8. Here we could also treat the general equation (1.4). In view
of the error bound for the trigonometric interpolation from Lemma [5.3] we
then would additionally need the third derivative of g with bound

9" ()] S 1+ 2772

Remark 1.9. In view of the error bounds of Theorem it might be
advantageous to choose the spatial resolution finer than the temporal one. In
the case K > a/7, it turns out that the highest frequencies (Ix — II, /T)Uff
in are only influenced by the linear part /4 and not by the nonlinear
function G. Therefore, in that case, if one is only interested in the numerical
approximation U f\f for some N > 1, the high-frequency part can be computed
directly from the initial data via (IIg —1I1, /- ) UL = eNTA(T —1, /) (u®0?),
without time-stepping. This idea was also exploited in the recent paper [6].

Remark 1.10. The differential equation is posed on the torus T? which
corresponds to a cube with periodic boundary conditions. We could also
treat the problem on a cube with Dirichlet or Neumann boundary conditions
by restricting the full Fourier basis to a sine or cosine basis. We omit the
details for the sake of brevity.

1.3. Organization of the paper. In Section 2, we give a review on
Strichartz estimates for the linear wave equation. We give a proof for the
discrete-time inequalities on the torus and state all the Strichartz estimates
needed in this paper. Moreover, we collect some important properties of the
filter operator. In Section [3| we give a brief review on the local wellposedness
theory of and give important estimates for its solution. In Section
the error analysis of the semi-discrete Strang splitting is carried out, in
particular, the proof of Theorem The last Section [5| contains the proof
of the fully discrete error bounds from Theorem Finally, we discuss a
numerical experiment to illustrate our temporal error bounds.

1.4. Notations. We write A < B (or A <g B) if A < ¢B for a generic
constant ¢ > 0 (depending on quantities 3). The torus T? is understood as
the cube [—7, 7]® where one identifies opposite sides. We denote the space
of distributions on the torus by D'(T3). The k-th Fourier coefficient of a
distribution v € D'(T?) is defined by

U = (27‘()_% (v, e—ik-m>D/(T3)XD(T3)7 ke Zd.
For a real number s € R, the Sobolev spaces on T? are given by
H(T?) = {0 € D(T%): ol roqro) < o0}

with norm

JollZemsy = 3 (14 [KJ2)* o] (1.6)

kez3
In Section [2] we will also make use of the Fourier transform and Sobolev
spaces on R3. We write F for the Fourier transform on R?, using the
convention with the prefactor (27)~3/2. We also use the notation 7 == Fu.
In the context of Fourier multipliers, we often simply write £ instead of the



STRANG SPLITTING FOR THE 3D SEMILINEAR WAVE EQUATION 7

map & — &. For s € R, we use the inhomogeneous and homogeneous Sobolev
norms

lwllgs@sy = 11+ 1€7) 20 2@y, lwl o sy = 1D 2 es).
if @ € LL .(R%). The homogeneous Sobolev space H*(R?) is defined as
H(R?) = {w e S'(R?) : w € L .(R?) and [wll s (msy < o0},

where S(R?) denotes the space of tempered distributions on R3. By Propo-
sition 1.34 of 2], the homogeneous space H*(R3) is complete if and only if
5 < 3/2.

Let h: R — R be a bounded function. To denote the Fourier multiplication
operator for the function & +— h(|¢]) (on R3) and k +— h(|k|) (on T?), we will
use the notation h(|V|) in both cases. It is clear from the definition of the
Sobolev norms that the operator h(]V|) is uniformly bounded on all spaces
H*(T3), H*(R3) and H*(R3).

Let p € [1,00], J be a time interval, and X be a Banach space. We use
the Bochner space LP(J, X) with norm

1
1Pl = ([ IF@I%)",

and the usual modification for p = co. If a “free” variable t occurs in such a
Bochner norm, the time integration is carried out with respect to t. For a
step size 7 > 0, we also introduce the discrete-time norm

1
1Py = (D2 I1Fal%)"

ne’
nreJ

To simplify notation we often write || Fy || (s x) instead of [|(F)nezllez (s x),
where again a “free” variable n is assumed as the summation variable.
In the case J = [0,7T], we abbreviate L7.X = LP([0,T],X) and & ;X =
2([0, 7], X).

2. LINEAR ESTIMATES

2.1. Continuous and discrete Strichartz estimates on the full space.
A triple (p,q,7) is called admissible (in dimension three), if p € (2,00],
q € [2,00), and

1 1 1 1 3 3

S4o<= S+ 2=y :

TSy StgTa7 (2.1)
One then has v € [0, %), and the equality in is called scaling condition.
The following theorem is well known, cf. Chapter IV.1 of [28].

Theorem 2.1. Let (p,q,7v) be admissible. Then we have the estimate
HeitlwaLP(R,Lq(RS)) fm,q HfHHv(R:S),
for all f € HY(R3).

Observe that the triple (p, q,v) = (00,2, 0) corresponds to the usual energy
estimate. If we take p < oo, then the scaling condition implies that we save
1/p derivatives compared with a fixed-time Sobolev embedding.
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Remark 2.2. The transformation f — f shows that in the estimates of this
subsection, one can always replace eVl with eIVl

The estimate from Theorem can be applied to the wave equation

in the following way. Let v € [0, %) For given initial data f € H?(R3),

g € H'1(R3), we define the function
w(t) == cos(t|V|)f + |V| tsin(t|V])g, teR.

Using the Fourier transform, one checks that w € C(R, H7(R?)) is the
distributional solution to the linear wave equation

Oopw — Aw =0, w(0)=f, Jw(0)=yg,
and Theorem [2.1] gives the estimate
0l 2o g o)) o 1 ingas) + 1ol s

whenever (p, g, ) is admissible.

To obtain discrete-time Strichartz estimates, it is necessary to include a
suitable filter operator. This was first observed in case of the Schréodinger
equation, cf. [15]. On the full space, we will use the circular Fourier cut-off

7~TK = f_l]lB(()’K)f (22)

at level K > 1. In [27], the following discrete Strichartz estimate for the
half-wave group was proven.

Theorem 2.3. Let (p,q,v) be admissible. Then we have the estimate

. 1
||ﬁK€1nT|v|f||1z£(R,Lq(R3)) Spa (1 + K1) 7| fll o sy
forall T € (0,1], K > 1, and f € HY(R3).

This estimate is optimal in the following sense. If we assume that K7 > 1
and only consider the term with n = 0 in the left-hand side of Theorem
we obtain the frequency-localized Sobolev embedding

1
17k fll Loy Spa K21 N v ms)s

which in general is sharp by scaling.

The estimates of Theorem [2.1]and [2.3]fail at the so-called “double endpoint”
(p,q,7) = (2,00,1). However, estimates with logarithmic corrections in time
and frequency are available. In [27], the following discrete-time bound was
shown, inspired by a corresponding inequality for the continuous case in [1§].

Theorem 2.4. The estimate
. 1
”7~TK€mTW‘sz§ cLe®s) S (L4 K7 +1og(L+ KT))2 | £l g1 sy,

holds for all T € (0,1], K > 1, T >0, and f € H'(R?).
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2.2. Strichartz estimates for the half-wave group on the torus.
Thanks to the finite speed of propagation for the wave equation, one expects
that locally in time, one has the same Strichartz estimates on the torus T? as
on the full space R3. For continuous time, this has been carried out in, e.g.,
[19] by using suitable extension and cut-off operators. We will follow the
same strategy to prove corresponding versions of the discrete-time Theorems
and 2.4] for the torus.

Let E: D'(T?) — S’(R3) denote the periodic extension operator (where
we interpret T® = [—, 7] as above). Note that for f € C°°(T?) we have
Ef € C*(R?) with periodic partial derivatives. The next lemma shows
that an extended Sobolev function multiplied with a smooth cut-off function
belongs to the corresponding Sobolev space on R3.

Lemma 2.5. Let n € C°(R3) and s € R. Then the estimate
IMEf N msmsy Sms I1f s (19)
is true for any f € H*(T3).

Proof. By approximation, it suffices to consider smooth f. The statement
is clear if s = 0, and inductively extends to all s € N. By interpolation,
we then infer the assertion for all s > 0. The case s < 0 is handled via
duality. Let (¢;)jen be a smooth partition of unity such that 3y ¢; =1
and ¢; € C°(R?) with supp ¢; C {y;} + (—m,7)* for all j € N and some
y; € R3. We compute

INEfl s (rsy = ‘/ nEf - gdm’
y=1 /R

‘g”H S(IR3

Hg”H—S(IR3):1 ’ J%I;] {yj}+(77777r)3 ‘

< sSup HfHHs(TS) Z Hngd)jHH*S(R?’) Snvs ||f||HS(T3)a
Hg||H—S(R3):1 jEN
where the supremum is taken over smooth g. Here we used that we can

consider (ng¢;)(y; +-) as a test function on T3, and that the sum is actually
finite thanks to the compact support of 7. O

For the discrete-time Strichartz estimates, we need to introduce a Fourier
cut-off on the torus (similar as (2.2)) on R?). For f € D'(T3) and K > 1 we
define the square frequency cut-off operator mx via the truncated Fourier
series

(ricf)(@) = 2m)72 > fie™?, zeT (23)
Here, the sum is taken over all k € Z3 with |k|oo = maxj_123]k;| < K,
and fk denotes the k-th Fourier coefficient of f. From the definition of the
Sobolev norm , it follows that 7x is bounded on all spaces H*(T3),
uniformly in s € R and K > 1.

Theorem 2.6. Let (p,q,7) be admissible and T > 0. We then have the
estimates

Heimlv‘WKfHep oLa(r?) Spa,r (1+ KT)" I f1l 7 (12)5
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e N imrehl| 2 pooqps) S (1 + K7+ log K)Z || g pay,
for all f € HY(T3), h € HY(T?), 7 € (0,1], and K > 1.

Proof. We only give the proof for the first estimate, since the second one can
be shown in the same way, using Theorem [2.4] instead of Theorem [2.3] We
define the function v(t) := e®Vlrg f for t € R. Since

o(t) = 'Vl f = cos(t| V)i f +1|V| ™ sin(t|V))|V |7k f

is the smooth solution to the linear homogeneous wave equation on R x T3
with initial data (7x f,i|V|7k f), the extended function Ewv solves the corre-
sponding problem on R x R3 with extended initial data (E7g f,iE|V|mk f),
i.e.,
(O — A)Ev =0, FEv(0)=Engf, O0Ev(0)=iE|V|ngf.
Let n € C°(R3) be a cut-off function such that n = 1 on B(0,v37 + 7).
The function
w(t) = cos(t|V|)(nExg f) +i|V| L sin(t|V|)(nE|V|rk f), t€ER,

solves the same full space wave equation with truncated initial data. Finite
speed of propagation yields Ev(t,r) = w(t,x) for all (t,z) € R*3 with
[t| + |z| < V37 4+ T. This condition is in particular satisfied if (t,z) €
[0,T] x (—,m)3. Consequently,

[o(T) e Lacrs) (2.4)
= 1Bv(n)ller pa(=rnm3) = Il pa(—mms) < 0Tl as)

< | cos(nr |V B flls  poges + 1V~ sin(nr| VBV Flle , gages):
We decompose the cosine-term in (2.4) as

[cos(nT[V)nEmrk fller, Lars) (2.5)

+int|V]| +in7|V|

< [[Faxce nE7s fller paqrsy + 11 = T2 )e nE7s fller , rars)-

The first term of (2.5)) is estimated using Theorem [2.3|and Lemma which
gives

. 1
|Farce ™™ N inEnrcfllp  pogs) Spa 1+ K7) 2 InEascf v gy

1

St (L4 K1) 2 ([l o).

For the second term of (2.5)), we first compute the Fourier transform
3 A A 7~ 7~ A
(2m)2F(nErxf) =0« F(Erxf) =0+ Y feop= Y [ful(-—k),
koo <K koo <K

where d;, denotes the Dirac delta at k € Z3. We now use the Hausdorff-Young
inequality to obtain

)e:tin7'|V|

H(I — MoK nEﬂKf"Zﬁ,TLq(R‘?’)

<r ||]l{‘§|22](} Z ‘fk”ﬁ( - k)|||LQ’(]R3)‘
|kfoo <K
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For [£]| > 2K > \/§|k:|, we can estimate
1
~ 3 A 2 3
SR SK( Y AR SIER Il
kloo <K [kloo <K
thanks to Cauchy—Schwarz and Parseval. Moreover,
(€= k) Sy 16— k7> < (€] = KD S lel7°
since 7} is a Schwartz function. Altogether, this gives
~ i _7
(I — 7T2K)€im7‘v|77E7TKfH£Z;7TLq(R3) N ||]1{|£\22K}’§‘ 2 ||Lq’(R3)”f”L2(T3)
S fllzzersy-

For the sine term in (2.4]), we treat the low frequencies separately to avoid
problems coming from the negative homogeneous derivative |V|~'. We
decompose

1191 sin(nr VRNV ¢ fller oges)

< 21" sin(nr BVl fler oqes)
I~ )k [V AV InE Ve pages
T = w9 e BV f e pages).

For the low frequencies, we use Bernstein’s inequality in space, Holder’s
inequality in time, the boundedness of z %sinaj and finally Lemma ﬁ to
obtain

[ sin(n7|VnEV 7w flle | poes)

Sr |17V sin(nr [V ) E|V|m e, 2®s)

St llFmEVrk fllr2es) S IMEIV|mk flla-1@sy St IVITk fll v-1(r3)
< [ fll e 3y

The medium and high frequency terms are treated with the same technique
used for the cosine-term. Theorem [2.3] and Lemma [2.5] give

I - 7~T1)7~F2K\V|_1€iim‘v|ﬁE\Vl7rKfHei',TLq(R?*)
l ~ —
Spa (L+ K1) | (1= 70) [V 0BV |mk [l o sy

1 1
S (L + K7)2|[nE|\Vrk fllgr-1wsy S (1+ K7)2 || fll 77 (13),

where the operator I — 71 was used to replace the homogeneous by the
inhomogeneous Sobolev norm. Finally, we get similar as above

(I — ﬁ‘gK)|V|_leiim—lvl77E|v‘7TKf||£€‘TL‘1(]R3)
< ||ﬂ{mzzK}lilfleiimm‘f(ﬁEW!WKf)HegTLq’(R?’)

SrllTggzem ™ >0 [kfun( = Bl es)
bk

SIggzery Do 1Fil = Bl o o)
koo <K
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St llfllpzers).-
The assertion now follows from ([2.4)). O

We now show that the discrete-time Strichartz estimates imply the ones in
continuous time, using an argument from Theorem 1.3 of [29]. The estimates
could also be deduced from the full space inequalities reasoning as in Theorem

cf. [19].

Corollary 2.7. Let (p,q,7v) be admissible and T > 0. We then have the
estimates

it|v
Heltl ‘fHLI;Lq(T?’) Spar 1l (rs),
i 1
e michl g poeray St (14 10g K) 2 [1hll s 39),

for all f € HY(T3), h € HY(T?), and K > 1.

Proof. We only give the proof for the second estimate, since it is somewhat
non-standard. The first one can be proven in the same way, additionally
using the density of functions having compact Fourier support in H7(T3).
From Theorem [2.6] we get

N
T k™ VR e oy S (KT + log K| 71 o)

n=0

for all 7 € [1/K,1] and N € Ny with N7 < T. We now replace h with eIVIh
and integrate from 0 to 7 to obtain

T N .
/0 S lrae OB L o d0 S (K + log K)[l2 s,

n=0

which implies the assertion if we set 7= 1/K. O

2.3. Application to the wave equation on T?. From now on we will
only work on T3, hence we will abbreviate L¢ = L4(T3) etc. Moreover, we
will only use admissible triples (p, ¢,~y) with derivative loss v = 1. We call a
pair (p,q) H'-admissible if (p,gq,1) is admissible in the sense of (2.1).

Corollary 2.8. Let T > 0, f € H', g € L?, F € LYI? and w €
C([0,T), H') be the solution to the inhomogeneous wave equation

Opw —Aw =F, w(0)=f, ow(0)=yg.
Let moreover (p,q) be H'-admissible. Then w satisfies the estimates
lwllzy e + lImrrw®mm) e ro Spar | Fla + gl + 1l Ly L2,
Imacwllgz e Sr (14 10g K)2 (I fllm + llglze + 1|y z2)
for all T € (0,1] and K > 1.

Proof. By Duhamel’s formula, w is given by

w(t) = cos(t|V]) f + tsinc(t|V|)g + /Ot(t — s)sinc((t — s)|V|)F(s) ds,
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for t € [0,T], where sinc(z) = sin(z)/z. We only give the details for the
discrete-time estimate, since the others are obtained similarly, using Corollary
2.7 in place of Theorem [2.6] First, by Theorem [2.6]

e COS(”TWDJCHZ?TM < HﬂrfleiinTlv‘fHeﬁ,TLq Spa. 1 1 |l

For the other terms we need to treat the zero-th Fourier coefficient separately.
We get

|7 rnT sine(nr|VI)glle  po ST A e go)ller e + 190l
Spar 11V g = o)l + 92 S llgll 2,

and similarly

H?TK /Om(m' — s)sinc((nT — s)|V])F(s)ds

1
T
S/o |7k (nT — s) sinc((nT — s)[V)F(s)[|pr  1ads
r i v 1 [ T .
5T/0 i ™I (F(s) ~ Fos)lle 10 ds~|—/0 |Fo(s)] ds

T . T
Soar [ eI ES) ~ Bl ds + [ 1F ()]0 ds
S ”F||L1TL2- U

It is often convenient to work with the wave equation in first-order formu-
lation. We therefore define the operator

A= (2 é) , (2.6)

which maps continuously H" 1 x H" — H" x H"~! and generates the strongly
continuous group of operators

etA—< cos(t|V]) tsinc(t|V\)>
—|V|sin(¢t|V|)  cos(t|V])

on H" x H™™! for all r € R.

Corollary 2.9. Let f € H', g € L?, and F € (*L?. For 7 € (0,1] and
n € N, we define

n
_ nTA —kyrA (0
W, = e (f,g) + Z e(n )T (Fk) .
k=0
Let w, be the first component of W,. For T >0 and H'-admissible (p,q) we
then get the estimate

Imr-rwaler o Spar Il + lgllze +1Fllr 22

Proof. The estimate for the term containing (f, g) is already contained in
Corollary 2.8 The term containing F' is treated in the same manner as the
corresponding term in Corollary [2.8] O
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Corollary 2.10. Let (p,q) be H'-admissible and T > 0. Then we have the

estimates
T
1] e ()

| /OT€SA (m{g(s)> ds

forall Fe INLY, G € L3L! and K > 1.

I2x -1 rgp,q,T HFHLg:Lq”

1
o S (108 K)H Gl

Proof. These estimates follow from the dual versions from Corollary [2.7] for
~ =1, which are given by

T
_is|V
H/o e ‘F(S) dSHHfl SpaT ”FHLZ:’P,L‘I”

T .
| / e *VIG(s)ds| | Sr (14 10g K)E |Gl (27)
0 H—l T

We give the details for the term containing G. We split

H /OT e (WKg(s)> ds‘

T
< H/O WKSSiHC(—S‘VDG(S)dS‘

L2xH-1
12 T H /OT Tk cos(—s|V|)G(s) dSHHfl'

The cosine term is estimated directly using (2.7), and for the sine term we
compute

T
H /0 i ssinc(—s|V|)G(s) dsHL2

T , X T
< H/ mreIV(G(s) — o(s))ds]| |+ \/ sCo(s) ds]
0 H-1 0
1 A 1
Sr (1 +1log K)2 (|G = Gollpz 1 + 1Gl oy Sr (1 +10g K)2 (|Gl 12 11

using (2.7) and |Go(s)| < [|G(s)| 1 O

2.4. Some properties of the filter operator 7wx. We will need the
following Bernstein-type estimates.

Lemma 2.11. Let r € R, s > 0 and q € [2,00). We then have the estimates
17 hllprser S KPR 7,
I fllie So K2E 2 flle,
forall K>1, f € L? and h € H".

Proof. The first estimate follows directly from the representation of the
Sobolev norm (|1.6)), and the second one uses the first one combined with
Sobolev embedding. O

The following lemma quantifies the convergence g — I as K — oo, and
will be used to control the error terms that arise from the insertion of the
filter into the numerical scheme (|1.2)).
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Lemma 2.12. For all K > 1 and s > 0, we can write
I =7 = (K '|V]oK)®,

for an operator ¢ that is bounded uniformly in K on all Sobolev spaces H”,
r € R. We moreover get the estimate

(I = 7x) fll < K777 fllar
forall K>1,reR,v<r,and f € H".

Proof. We work in Fourier space. Let ¢ be the Fourier multiplier for the
function 1y >k} K/ |k[, which is bounded by 1. The estimate then follows
from

I =7 ) fllr = K77 (V] ow)™ fllry < K777 |l O

The next lemma will be crucially exploited in the error analysis of
when using the summation by parts formula. This strategy is inspired by [3],
cf. Property (OF4) in Theorem 3.14 there. Roughly speaking, the idea is the
following. From basic semigroup theory, for v € H” x H"™!, the integral

T
/ eAydt e H™H x HT
0

is an element of the domain of A; and
T
A/ Ao dt = (74 = I,
0

We would like to exploit something similar in the discrete setting, namely,
that

N-1
TA Z entA
n=0
is a bounded operator on H" x H"~!, uniformly in 7 € (0,1] and N € N
with N7 <T. If we formally insert the geometric sum formula, we obtain
N-1 NTA
ntA __ e -1
TA%@ _TAeTA—I'

But this does not lead anywhere since the operator e™ — I might not be
invertible for certain “resonant” step-sizes 7. However, if we introduce the
filter operator

H.,.—l = diag(ﬂ'.,.—l,ﬂ'.,.—l)
and apply the assertion of the following Lemma [2.13] we get

N-1
Il,-.7A Z A = w (NTA ),
n=0

which indeed is a bounded operator on H” x H"~! as desired.
Lemma 2.13. For all T € (0,1], we can write
TAIL -1 = (74 = 1)V,

where the operator V. is bounded uniformly in T on all Sobolev spaces
H" x H ' reR.
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Proof. One checks that the equality holds for

|[V]sin(7|V])
VISRV I
oo T cos(7|V|) — 1
T A V] sin(7] V)
cos(t|V|) =1

This operator is uniformly bounded in 7 thanks to the presence of 11 -1,
which ensures that we only need to consider the Fourier modes with 7]k| <
V37|k|so < V/3. Therefore, we can exploit that the function

rsinx
rhr— —
cosxt — 1

is bounded on [0, v/3]. O

3. NONLINEAR WAVE EQUATION

3.1. Review of local wellposedness theory. The wellposedness theory
for (1.1)) is well known, therefore we only address the most important points.
See, e.g., the monographs [30, 28] for more detailsH Note that, thanks to
finite propagation speed, the local theory is essentially identical to that of
the corresponding problem on the full space R3. We first reformulate the
equation as a first-order system in time. Using the wave operator A
from and the notation

g(u) = —pu®,  G(u,v) = (0,g(u))
for the nonlinearity, one obtains the equivalent system
U(t) = AU(t) + G(U(t), tel0,T],

U(0) = (o) o

for the new variable U = (u, dyu). The local wellposedness is shown by a
classical fixed point argument based on the Duhamel formula

U(t) = e (u®, %) + /0 t et=IAQ(U(s)) ds (3.2)

for . In the case a = 3, the Sobolev embedding H' < L° implies that
the nonlinearity G leaves the space H! x L? invariant. Therefore, the fixed
point space for U can be chosen as a closed ball in C([0, 5], H! x L?) for some
b > 0 small enough. If o = 4, one needs to involve a Strichartz space for u in
the fixed point space. A particular choice that fits well to the the estimate
from Corollary [2.9|is the space L5([0, ], L?). This leads to the following local
wellposedness theorem for the nonlinear wave equation .

Theorem 3.1. Let o« <5 and R > 0. Then there exists a time b =b(R) > 0
such that for all (u°,v°) € H* x L? with ||(u®,v°)||g1xr2 < R, there is a
unique function v € C([0,b], HY) N C*([0,b], L?) N C%(]0,b], H™') solving
(L.1). For a =4, we moreover get u € L%([0,b], L?) with estimate

lullzore < R- (3.3)

~

IWe also refer to [24] for the question of “unconditional uniqueness”.
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Remark 3.2. a) The local wellposedness theory is slightly different in the
case of the critical power @ = 5. More precisely, the a-priori existence time
b > 0 then not only depends on the H' x L? norm of the initial data (u®,v"),
but also on the initial data itself.

b) If & € {3,5} and p = 1, one can exploit the energy conservation law to
show that solutions to (|1.1)) are in fact global in time. This does not work if
1= —1 or « is even, since in those cases the energy might become negative
and does not control the H' x L? norm. However, in this work we will not
address questions of long-time behavior.

From now on we will always assume the existence of a solution on a fixed
interval [0, 7).

Assumption 3.3. There exists a time 7" > 0 and a solution U = (u, 0su) of
the nonlinear equation (|1.1)) with o € {3,4} such that

u e C([0,T), HY) nC*([0,T], L*) N C?*([0,T],H")

with bound
M = |[U||ge (1 x12)- (3.4)

3.2. Nonlinear estimates. We derive some important estimates for v from
Assumption [3.3] that will be used later. First, we extend the a-priori estimate
to other H'-admissible Strichartz pairs (p,q), to the possibly larger
time interval [0, T, and also to a discrete-time estimate.

Proposition 3.4. Let u, T, and M be given by Assumptz’on and let (p, q)
be H'-admissible. Then we have the estimates

lull Lz po + 1wl o Lo + 7 —ru(nT) e o.77,00) Spag.ir 1,
Imcull iz e Sar (1+log K)2
for all T € (0,1] and K > 1.
Proof. We only need to show that
lg(u)llzrre Smr 1, (3.5)

then the result follows from Corollary In the case o = 3, the bound
already follows from the Sobolev embedding H' < LS. If a = 4, we take
b =b(M) from Theorem Let L € N be the minimal number such that
jb > T. The bound then implies that

L rjb 1 \
lullzs g0 < (Z/( 1)< R S
=176

Sobolev and Hoélder inequalities now yield that
gLy L2 < ey pallull g e S llullfs pollull Lot Swr 1,
T T T T T
thus (3.5]) is also true for oo = 4. O

In the next lemma we give convergence rates for the difference between
g(u) and g(mgu). We will often use the elementary Lipschitz bound

l9(v) = g(w)| S (|*™" + |w]*™H)v — w] (3.6)

for the nonlinearity g.
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Lemma 3.5. Let u, T, and M be given by Assumption|3.5. Then we have
the estimate
lg(u) = g(mru) | g g+ Saer K1
Moreover, if a = 3,
lg(w) = g(mrw)llLs L2 Swrr K71+ log K),
and for a = 4,
lg(w) = g(mru)ll s 2 Sarr K2,
These estimates are uniform in K > 1.
Proof. In the general case, we estimate
lg(u) — g(mru)ll L1 g
S Il + el ™) = mcdall, g
S Ul sy + I35 ) N = )l
S K ull oo S K1
using the Sobolev embedding L% < H —1 estimate , Holder’s inequality,
Proposition [3.4] and Lemma [2.12] Similarly, for o = 4,
lgtu) = g(mxcw)llzy o S N(lul + Irxcul®) (I = wrc)ull g 1o
S ul® + lrrul)l s ol = 7r)ull Lo s
< (lullgg pas + Imsculgs pas) I = LLOL P

1 1
Sur K72 ul| e S K72,

~

where the Sobolev embedding H 3 < L% and Proposition M with (p,q) =
(3,18) were used. Let now a = 3. Then we decompose

lg(u) = g(mrw)lp1 2 < llg(u) — g(mr2w)l L1 12 + l9(Tr2u) — g(mrw)l| L1 L2
We obtain similar as before
lg(w) - gmrew)ls e < I(ul? + IraeuP)(I = mca)ullps o
S ul? + Imrezul)l gy s 11 — w2 )ul| o s
St (g s + Il )l (2 = mr)ull
Sy Kl pgemn S K71
using (p,q) = (4,12), and
lg(msczu) — glracu)ll s 1o
S (mrezul® + |mcul®)mgee (1 — wrcull 2
S Wmgeul? + |mrul®)l| g oo T (I = 7 )ull oo 12
< (hmiauls o + Imicul3s ) I = michull e

S K1+ log K) |lul| pee g S K11 4 log K).
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Here, the logarithmic estimate for the L%’LOo norm from Proposition was
applied. O

4. ERROR ANALYSIS OF THE SEMI-DISCRETIZATION IN TIME

We now start with the error analysis of the splitting scheme ((1.2). Note
that since G'(u,v) = (0,g(u)) we have G(II.-1U,41/2) = G(IL;-1U; 1), thus
we can also state the scheme in the more compact form

Uni1 = e™AU, + g(eTAG(HTflUn) + G -1Uny1)). (4.1)

In view of a later iteration argument, we allow here for general initial values
Uy # U(0). We often denote the discrete times by t, = nr.

4.1. Error recursion. We first establish a useful decomposition of the error.

Proposition 4.1. Let U = (u, 8yu) be given from Assumption[3.5 and U,
be given by (4.1). Define the error E, by

E, =U(t,) — Up. (4.2)

We then have
E, =" Ey+ B(nt) + Dy + Qn (4.3)
for all 7 € (0, 1], and n € Ng with t, <T. The appearing terms are given by

+

B(t) = ; elt U(s)) — G(II,-1U(s))] ds,
R tn nr—s s s s s d (8)
D, =% / IS = (021 = D) (gy0s) 4 a4 dits)) &
(4.4)
Quim S eI (G, U (1) — G- U],
k=0
wherecozcn::% e, =1forke{l,...,n—1}, and
dl(t) = _29( T~ 1“( )) Tr—10pu(t),
da(t) = ¢" (meru(®)) [V u(®)? + (w1 8pu(t))?], (4.5)
ds(t) = g'(m—1u(t))m-1g(u(t)), '
dy(t) = 2g' (m—1u(t))m—1 Au(t).
We can alternatively write
n—1
2 [T s/s n—k)T—s d
Dn=7/0 T(T—l)k;)e(( k)7—s)A <d2+d;+d4> (tr +s)ds.  (4.6)

Proof. A straightforward induction based on (4.1]) shows that the numerical
solution satisfies the discrete Duhamel formula

n
U, = enTAU() + 7 Z Cke(n_k)TAG(HTfl Ug). (4.7)
k=0
We subtract it from its continuous analogue (see (3.2))

U(nt) = "™ AU(0) + /0 v eMTIAG(U(s)) ds
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to obtain

tn
E, =" Ey+ B(nt) + / eMTHAG(IL 1 U (s)) ds
0

n
-7 Z cre"TRTAG(IL 21 U () + Q.
k=0
To get the desired formula for D,,, we use the error representation of the
trapezoidal sum

th+1
/ F(s ds—TchF ty) = / (s —tgp)(s — tre1)F"(s) ds,

where we set F(s) = e(’” S)AG( _1U( )). We compute

F'(s) WT“A[ (T?u@»)+$1(mmfﬁwn)]

= TmT”ﬁng

F'(s) = e(”T‘S)A[— (2 é) (Q/(WT_IQQEZZ));t(i)gtU(S))
+ % (g’(WT_fZEELS);t(igtU(S)) ]
_ (nr—s)A d(s)
=e <d2(s) + d3(s) + d4(8)> ’

using that Alg(w)] = ¢"(w)|Vw|? + ¢’(w) Aw and the differential equation

(1.1)). Since

and

1 n—1

9 Z /tHl(S —tg)(s — tg1) F"(s) ds

=2 [z - 902 - D) as =,

we can conclude that formula (4.3]) is true. The substitution § = s — ¢, yields
the alternative representation (4.6) O

4.2. Estimates for error terms resulting from the filter. We now
deal with the term B in that results from the introduction of the filter
function IT.-1. Here we face the following difficulty. If we move the L? x H~1
norm inside the integral and apply Lemma [2.12] we end up with a term
roughly of the form
TZHQI(U)AUHL;HA-

Now we would like to use a nonlinear product estimate, but we do not
have enough regularity available to obtain an optimal error bound. For
example, consider o = 3 so that ¢’(u) ~ u?. From Assumption we get
u € LE}OH1 and Au € LE,’?H‘I. Moreover, thanks to Propos1t10n m we
can exploit that almost u € LQTL‘X’. But a product estimate of the form
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lvw| g-1 S |v]|griare<||w]|g-1 is wrong because in 3D, in general one only
has

low| -1 S lvllwrsnrellwl g-1,
which would require additional integrability.

To solve this problem, we follow a different strategy. We do not move the
L? x H~! norm into the integral at first. Instead, we involve integration by
parts in time, which helps to “move regularity to the right position”. This
technique was used previously in, e.g., [3] in a context without Strichartz
estimates.

Lemma 4.2. Let U = (u,0pu), T, and M be given by Assumption . Let
B be given by (4.4]). We then have the following estimates. If o = 3,

1Bt xre Sy 7(14+ [log7]),
1B 2xm—1 S 72(1 + [log 7)),
and for a = 4,
1Bl 2 Sarr 72,
| BOs2xn—1 Saar 72,
uniformly in 7 € (0,1] and t € [0,T].

Proof. Since
B xrz St llg(w) = g(me—1u)|l L1 2,

the bounds for the energy norm follow directly from Lemmawith K =71
For the estimates in the weaker L? x H '-norm, we use a decomposition.
We first splitﬂ

B(t) = /0 t =IAG(U(s)) — G(IL,-2U(s))] ds

Using again Lemma [3.5]
11l 2w St ll9(w) = g(mm2u)ll 1 Sar 72
For the second term, we write
G U(5)) ~ G U() = [ & WUras)La(] ~ T-)U(s) a0
Here we use the notation
Uro(s) = 0, 2U(s) + (1 — 0)m, 1 U(s)

and write u, g for the first component of U,y so that

G (Urp(s)) = (g’(uTOﬁ(s)) 8) '

2Similar as in the proof of Lemma this first decomposition is in principle only
necessary for a = 3.
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Moreover, in order to gain a power of 7, we insert the equality
7
(I —1I,-1) = (7DP,) =z ,

where D = diag(|V|,|V|), and ®, = diag(¢,-1,¢,-1) is given by Lemma
[2.12] This leads to the representation

Lo logt .
-5 / / AGHU, o(s)IL,2®- DU (s) ds .
0 Jo
Next we observe that D = JA for the operator
_ (0 —v[!
7= )

Here we define the zero-th Fourier coefficient of |[V|~!f to be zero, for
arbitrary functions f € H". To simplify notation, we set P, = IL,2®.J,
which is a bounded operator on H" x H"™! for all » € R, uniformly in
7 €[0,1). Altogether we derive

o [l gt ~ —a
]2:7%/ / e(t—s)AG/(Uﬂe(s))@TDLz AU (s)dsdé.
0 JoO

Using the differential equation AU = 0,U — G(U) from (3.1) that holds in
C([0,T),L? x H~'), we split this term again into

_a 1 t ~ 5—a
12 — 7‘7T / / e(t_S)AG,(UTﬁ(S))(I)TD 2 8tU(S) dS d9
0 JO

o Lot - 5-a
_ s / / e=IAG (U, 4(5))8, D" G(U(s)) ds d

— 75" (Lo — o).
. . . . . . . . . 5 1,1
The term involving G(U) is estimated usmg Holder’s inequality with g = 5+3
and the Sobolev embedding L < HS® by

Mol Sr sup g (ur) DG, s
0€[0,1] T
<981[1p g’ (uTe)llLlleHVl “9(u) | g
€[0

g T A1 P

< (2l 820 ey + 122 oy )l e o
S,

where the estimate in the last line follows from Lemma Here, the notation
[]1 means that we take the first component of the vector.
The term involving 0;U is integrated by parts in time, which gives

1 ~ —a t
oy = [ [0 WU () DFU(s)]_ o
0 5=

1 t ~ —a
+ / / A=IAG (U, ()8, D53 U (s) ds db
0 JO

1 rt ~ _a
- / / e@*S)AdiG’(UT,@(s))chDST U(s)dsdf
0 JO S
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= Is11+ 1212 — 1213

The boundary terms I 11 can be estimated only using Sobolev and Holder
inequalities. For 6 € [0,1] and s € {0,t}, we get

121l 21 S 19 (urg($)IDZ U ()1l g
S5—a ~
<lg'(uro() o D72 U]l o

< (Im-2u(@)lI5e " + () 15T xze Sar 1.

a— 6
using H 3% < L&=a. The term involving A is estimated by

S5—a ~
1212l 2x -1 S1 119 (ure)[D 2 @-UNL |1 12

5770(/-\/
<llg'(urpll , s [I[D72 @-UL

[ Leorsis
T T

SMm HWT*QUHQ_I 6a—1) T HWT*”JJHQ_I 6(a—1) *
Lo 1y (=3 a—1r —Q5=3

T_ L a3 LT_ L a—3

If @« = 4, we end up with the L?’TL18 norm which by Proposition is
uniformly bounded by a constant depending on M and 7. Thus, in this
case, |[I212]l2xg-1 Smr 1. If @ = 3 we instead use the logarithmic
endpoint estimate from Proposition for the LQTLOO norm, which gives
121 2]l r2xm-1 Smr 1+ |log7|. Finally, to get the estimate for I 3, we
observe that
d
359 (wro(s)) = 9" (urp(s))dsuro(s)
= ¢"(urp(8))(Om—20u(s) + (1 — O)m—10pu(s)).

If @« = 4, we use the dual Strichartz estimate from Corollary with
(p,q) = (3,18) to obtain

s
r2xr-1 ST 9" (Ur0)Osur6[D2 @-UL HL%
T

112,1,3

ﬂH
~loo

L

B, Ul e 15

=

< lg"(uro)ll 5, I0surolloge 2D

3 |

TL9
S (Ime-2ullFs s + me-rulFs ps ) 100l o 21Ul s a2y
Smr L

In the case a = 3, we exploit that the polynomial g(u) = —puu® keeps

the frequency localization 7.—2 up to a factor 3. This means that Iy 3 =

H37_212,173E| Hence, we can apply the dual endpoint logarithmic Strichartz
estimate from Corollary [2.10] to conclude

Mg,—2121 3| 12 g1

1 ~
S (14 [1og 7))2 9" (ur.0)Ostir o [D2- U || 12 11

1 ~
< (1+|10g7])?[lg" (1r0) | 3 1o Dt e L2 | DBV | 551

1
< (14 1og 7])% (-2l 2 poe + [0l g oo )10l e 221U e 1 22y

3In view of Remark this argument could be avoided by involving another triangle
inequality with II_-215 1 3, for instance.
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Sumr (14 [logTl),

again in the end using the logarithmic endpoint estimate for u from Proposi-

tion B.41 O

4.3. Estimates for local error terms. Next, we treat the term D, from
(4.4) that includes the local error terms.

Lemma 4.3. Let U = (u,0,u), T, and M be given by Assumption . For
the terms defined in (4.5)), we have the estimate

3]l Ly -1 Sarr 1.
Moreover, if a = 3,
s g Sarr (1+ log 7)),
ldall z2 12 Sarr (1+ [log7))2,
and for a = 4,
1
-3

ldillzy 22 + [lda] SMrT T

LI
All estimates are uniform in T € (0, 1].
Proof. First consider

ldsll Ly -2 S Mlg'(mr-aw)me1g(u)] S )l 2 psllg ()l 2 e

6
LLL5
S HWT?lqu%ifl)LB(afl) HUH%%&LQG fSM?T 17

where for a = 3 it is enough to use Sobolev embedding, and for o = 4 we
use Proposition [3.4] and the H' admissibility of (p,q) = (6,9) and (8,8). Let
now o = 3, we then derive

il z2 S 19" (Rrmvw)m, 100l 1 g2 < Nlg'(mr-10)]| g, poe -1 Ol e 1.
vt lmrullfs poe Saar 1+ [log 7|
and
Hd2HL2TL1 S 9" () [[Vreul? + (r-10pu)?] HL2TL1
< HQII(WTAU)HL?TLOO V7 —1ul® + (WTflatU)2HL$L1
S el g oo (90l + 190l 2) Saar (L4 og )2,

using the logarithmic endpoint estimate from Proposition Similarly, for
a=4,

L2 = /(WT_lu)HLl L6”7TT_1875U||L°°L3
ldillgs z2 < llg : -
1 1
S HTrT_IUHig,ngT_QHatuHL%oLz SMT T2
and

2]l 3 15 S Hg”(FrW)HLgLQIHVWTAU\Q+ (mr-10m)?|| s
T

%
L L7

S sl s (I m sl g o+ 00l )
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_1 1
S 72 (IVullFo e + 19rulfe ) Sar 72,

employing Proposition with (p,q) = (3,18). The loss of 771/ comes
from the Bernstein inequality from Lemma [2.11 U

The term d4 from is the most difficult because it involves second
partial derivatives of u. Therefore, we follow the same strategy as in Lemma
[4:2] However, since the situation is now more “discrete” in time, we apply
summation by parts instead of integration by parts. Roughly speaking, this
transforms the term containing d4 into terms that can be estimated in the
same way as d; and ds in Lemma [4.3] To use summation by parts, we need
the filter I1.—1, cf. the discussion before Lemma Such a strategy was
again already used in [3] in a situation without Strichartz estimates.

Lemma 4.4. Let U = (u,0pu), T, and M be given by Assumption . Let
D,, be given by (4.4). We then have the following estimates. If a = 3,

[ Dnll sz Sarr 7(1 4 [log 7]),
1Dnllp2x -1 Swr (1 + [log 7)),
and for o =4,
| Dnlleriz2 Sarr 72,
[ Dnllz2sm-1 Smr 72,
uniformly in 7 € (0,1] and n € Ny with nt < T.

Proof. We first note that it suffices to show the bounds in the L? x H~! norm,
since by frequency localization and the Bernstein inequality from Lemma
we hav

”DnHHle2 = HHoszanHHleQ S T_lanHBxH*l-
Using Corollary for the term involving da, we start with the estimate

| Dnllp2xm—1 ST 72<”d1||L1TL2 +dy + ”d3||L1TH—1 + | Dnallz2xm-1),

where dy == (1 + |log T])1/2Hd2|]L2TL1 for o = 3 and dy == ([dall 3/2 for
T

a =4, as well as

Dpy = /Otn e(m_s)A(LfJ —5)([2] - 2) <d4(28)> ds

independent of a. The terms containing di, do, and d3 are estimated by
Lemma We still need to deal with the term D, 4. As in (4.6]), we write

n—1
4 iy 0
Dy 4= ss_lz(wk)fs)A( )d_
4 /0 -,-(7- ) € da(ty, + s) S

k=0

,18/17

Moreover,

<d4(t£ + S)) = 2G'(IL, 1 U (ty, + $))A’IL -1 Ut + 5),

4One could also prove the bounds for the energy norm directly by employing a first-order
representation of the quadrature error in the proof of Proposition
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where

/ 0 0
G0+ = (i, sl o) )

Thus,

T

T n—1
Dya =2 / (22 1) 2 elRTDAGHIL U (1 + 5)) AT U (1, + 5) ds.
0 k=0

We now apply the summation by parts formula
k

n—1 n—2 n—2
> arby = an_1bp-1 + an1 Y b+ Y (ar — api1) Y b;
k=0 k=0 k=0 =0

with aj, = e FTAG/(T1,.1U (t + 5)) and by = AT —1U(t; 4 s). This yields
Dy =2(11 + I + I3)
with

I : — 1) AG (L1 U (b1 + 5)) AL 1 U (£, 1 + 5) ds,

Il
o\
3
3w
—
3w

n—2
—1)elmAGN I, U(tno1 + ) Y AL 1 U(ty, + s) ds,

o
Il
o\
3
3w
—
3w

k=0
- n—2
= [T52 =1 X eI (G LU+ )
k=0

k
= e TG (L Ut +9))) Yo APTL Ut + 5) ds.
j=0
Next, we insert the equality
TAIL 1 = (74 = 1)V,

from Lemma where the operator W is bounded on H” x H"~! for all
r € R, uniformly in 7 € (0,1]. The term I; is bounded by Sobolev, Holder,
and Bernstein inequalities via

il z2sm—1 S sup. g/ (r-1u(tn-1 + 8))[(e™ = DU AU (tn-1 + 8)]1ll 5
s€l0,7

< sup. g (mr-1u(tn-1 + 8))|| 3| AU (tn-1 + 8) || L2 s
sel0,T

_ _a=3 _ _a=3
S;M ||7TT*1uH%oTolLs(a—1) SJ T 2 ”uH%oTolHl gM T 2.
Next, for j € {0,...,n — 2} and s € [0, 7] we define the sum
J J
S(r,j.s) =1 AL Uty +s) = Z(eTA — )V AU (t, + s).
k=0 k=0
A shifted version of Duhamel’s formula (3.2) yields

S(t,j,s) = Z VAU (tgg1 +s) — Uty + 9)]
k=0

i
-y / U, AT DAGU (g + 5 + 0)) do.
k=0"0
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We can exploit this telescopic sum to conclude that

1S(7, 4, )2 ST U (Ej41 + 5) = U(s)ll e
i T
£ [ llgtutti+ s+ )12 do
k=0

SWUlegemxezy + lg(@llpy 2 Sy 1, (4.8)
uniformly in j € {0,...,n—2}, 7 € (0,1] and s € [0, 7], where also (3.5)) was
used. Hence, we can bound the term Iy similar as I; by

I 2llpexm-1 < sup g/ (mr-aultn-1+ s)[S(mn—2,8)hll ¢

s€l0,T

S SI[IP] 19" (mrru(tn—1 +s)zslS(r,n — 2, 8)| L2
s€|0,7

,SM,TT_ 2,

For the term I3, we need another decomposition. We split it as

I3 = 13,1 + 13727
where
T n—2
0 k=0
: ‘S’(T? ka 5) dS,
T n—2
Iy =1 / 52 1) 3 ellnk-nr-9a
0 k=0

(G (MUt + 5)) = G (LUt + 5))) S(7, k. 5) ds.
For I3 1, observe that
I—e ™ =71Ap (~TA),

where ¢1(z) = (e — 1)/z. Since the function ¢; is bounded on iR, the
operator ¢1(—7A) is bonded on H' x L?, uniformly in 7 € (0, 1]. Hence, for
a = 3, we derive

Fn—2

Faallzzsin-s S 37 160U o+ 5)S(0: k)l ds

rn—2
< [} 3 vl sl S ) e+ s

Sumr ||7T771UHL2TLOO Sur 1+ |logT,

using estimate (4.8)) and the logarithmic endpoint estimate for u from Propo-
sition [3.4] Similarly, for o« = 4, one obtains

T n—2

M3l L2x -1 ST/ Z\Ig r1u(te + ) Lo l[S(7, K, 8)]1 | s ds

1

_1 _1
Slimullis s sup [1S(r k)l 2xp-1 Sar T2
T ke{0,...,n—2}
s€[0,7]
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using Proposition [3.4 and the Bernstein inequality. For the term I3, we
first substitute s = s 4t to get

tn—1
Bap=1 [ A 2 - 2]

. (G’(Hfl U(s)) — G'(IL. 1 U(7 + s)))S(T, 12],s —7[2])ds.

We first consider the case e = 3. By the polynomial structure of g, we have
the frequency localization I32 = II3,-1I32. We can thus apply the dual
logarithmic endpoint Strichartz estimate from Corollary to obtain

szt So (14 ogrl) [ 6/ rru(s) = o' (vt + )

NG

(S(r 12 s = 7LD ds)

1
SJM?T %(1 + | lOgTDQ Hg/(ﬂ-frflu) - g/(ﬂ-rflu(T + '))HL%H_IL%
(4.9)
also using the bound (4.8]) for S. To conclude, the equation

u(s) —u(r+s) = —/ Owu(s + o)do
0
implies
I/ () = of (sl + Dz 1

S " (mrw)| + |g" (mr-ru(m + ))[llgz g sup /Hé’tu(sw)wmda
n—1 s€[0,tn—1] 0

1
SMmr ”71'7—*1UHL%LC’OT||8tUHL§’9L2 Smr (1+|logT|)2T.

Together with (4.9)), this implies the desired bound for I3 .
If a = 4, we follow a similar strategy to obtain

tn—1

sallzzens Sr2( [ 16 (reru(s)) = g/ (rpvul + )

18(r 155 = 120Ny ds)®

S 2 (rraw) = gm0y
th—1

S HQ”(erU)HLngHWT*latUHLg?m

1 1
Smr 72wl s Ol g re Sar T,

which concludes the proof. O

4.4. Proof of the global error bounds for a = 3. We give different
proofs of the global error bounds depending on « € {3,4}, since the proof
for a = 3 is somewhat simpler and does not use discrete-time Strichartz
estimates. We still need to deal with the term @, from . For a =3 it
turns out that it is enough to use Sobolev and Holder inequalities. We write
uy, for the first component of U,, as well as e,, for the first component of E,.
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Lemma 4.5. Let U = (u,0wu), T, and M be given by Assumption with
a = 3. Define the error E, by (1.2) and (4.2)). We then have the estimates

g ru(ta)) = g(re-un)llze Sar (14 [ BactllGpase )lleal o

lg(mr—1u(tn)) — g(mr1un) | g Sm (1 + HEn—IH?Lme) lenl|z2
for all 7 € (0,1] and n € N with nt <T.
Proof. From (3.6)) combined with Sobolev and Hélder inequalities, we deduce

lg(morultn)) = g(mrrun)lze Sar (1+ lunlln ) leallm

lg(mrru(ta)) = g1 Sar (14 [unlln ) lenlle.
Moreover, the definition of the scheme (|1.2)) implies that
[unllm S N1Un—1llmixze + 7llg(mr-1tn—1)| 12
SNUn—allasre +7llun—1lin S 1+ 1Baillfgge. O
We can now give the proof of the global error bound for o = 3. We use
a standard procedure based on the discrete Gronwall inequality. The error
bound for the H' x L? norm is inductively exploited to get a uniform control

on the numerical solution U,, in H' x L?, which is also essential to obtain
the error bound in the L? x H~! norm. This strategy goes back to [21].

Proof of Theorem [I.]] for o = 3. We apply Lemmas [£.2] 1.4 and [£.5] to the
formula (4.3), which gives

| Enllgisre S I|1BMT) | grxre + | Pnllaixre + |Qnll g«

n
Sar llog 7|+ 7> (14 Bk lfpire ) el (4.10)
k=1

and similarly

1Enllr2xm-1 S BT 2xc-1 + [ Dnll2scm-1 + [Qnll2xm—1

n
Swmr 72! log7|+ 7 Z (1 + HEk,nglez) llexllrz  (4.11)
k=1

for all 7 € (0,e7!] and n € Ny with n7 < T. Here we exploit that Ey = 0.
Let ¢ = ¢(M,T) > 0 be maximum of the implicit constants in (4.10) and

(4.11). We then define

C = 2ce*T
and choose the maximum step size 79 € (0, e~ 1] satisfying
derg <1, 70| log 70|C < 1.

Let 7 € (0, 7p]. For n = 0, the assertion of Theorem is clear since Ey = 0.
Let now n € N with nt < T. We assume that

Bkl r1xre < CT|logT]|
for all k € {0,...,n — 1}. The step size restriction 7 < 7 yields

| Exllpixre <1
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for all k € {0,...,n — 1}. Thus, from (4.10) we infer that

n
1Bnll sz < erllog 7] +2em Y llex] g
k=1

Hence, using the step size restriction 2¢7 < %, we can absorb the n-th term
in the above sum to get

n—1

1Enll 2 < 2er|log | +4em Y || Bl iz
k=1

The discrete Gronwall inequality now implies
| Enll sz < 2ce*r|log 7| < Cr|log 7|,

which concludes the proof of the bound in the energy norm. Similarly,
starting from (4.11) we establish

| Enllp2x -1 < CT2|logT|. O

4.5. Proof of the global error bounds for o« = 4. In this case, estimates
in discrete Strichartz norms are needed to control the term @),, in . The
estimate for the solution u is already contained in Proposition However,
we will also need a corresponding estimate for the approximation u,, which a
priori is not clear. To this aim, we first show a “discrete local wellposedness

result” for the scheme (1.2)). It should be compared to Theorem

Lemma 4.6. Let R > 0. Then there is a time by = by(R) > 0 such that for
all Up € HY x L? with ||Uo|l g xz2 < R, the sequence (Uy,) defined by (4.1))

with o = 4 satisfies the estimate
[70r—1un 6 (0,60, 0y S R
for all T € (0, bo].

Proof. Let j € Ny with ;41 < 1. The discrete Duhamel formula (4.7) and
the discrete Strichartz estimate from Corollary imply

max{(|Un||gee ((0,¢;41], 11 x22): |Tr=10nlles (j0,6;,1),29) }
S 0ol arscze + lg(me—un)lleno,ey),02) + Tlg(mr—wjpa) 2. (4.12)
Using Hoélder, Sobolev, and Bernstein, we estimate
lg(mr—run)ler o.,1.22) < Imr—1tnlZs (o.6,),00) 1Tr1ttn Lo (0,11, 29)
1
S il unllfs o.6,1,29) 1l (fo.6,),201)
as well as
1
7lg(mrrujin)ll e = Tlmr-1ujillzs S 72 lujallzn-
Similarly, the definition of the scheme ((1.2)) leads to
1
lwjeill g S WUz + 7llg(re—1u)llie S NUjllarsre + 72 uglg0-
Plugging this into (4.12)), we derive

maX{ HUHHE?_O([O,ISJ'_‘_l],Hl XLQ)? H"Tﬂ—*lun‘|€?([0,tj+1},L9)}

1
S ol grscre + t;Jrl|’7TT_1UHH?§_([O,1SJ-],L9)||un||€$°([0,tj]7H1)
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1 4 1,1 4 \4
+ 72 [Ujl[ e + 72 (72 Jug )" (4.13)
The Bernstein inequality from Lemma [2.11] also gives
1
76 ||m—1uollze S lluollm- (4.14)

Let C be the maximum of 1 and the implicit constants in (4.13]) and (4.14]).
We choose the time by € (0, 1] such that

1 1
b3 (20)*R? < 3 (4.15)
We next show via induction that
max{[|Un|lge ((0,¢,), 111 x L2)> [ Tr=1Un|l 6 j0,¢,),29)} < 2CR (4.16)

for all j € Ng with t; < by. For j = 0, the claim follows from (4.14]). Assume
now that (4.16) holds for some j € Ny with ¢;41 < bg. Estimate (4.13) and

then imply
max{||Unlg 0,10, 57 x22)s | Tr—1nlles (0,6, 14],£9) }
< C[R+ b2 (2CR)* + 73 (2CR)* + 3 (r3 (2CR))*) < 2CR
for all 7 € (0, bo], which ends the proof. O
Using the previous lemma, we can now give an estimate for @), on a
possibly small time interval of fixed size, under the assumption that we

have control on the H! x L? norm of the starting value Uy of the numerical
scheme.

Lemma 4.7. Let U, T, and M be given by Assumption with o = 4. Let
moreover R > 0 and Uy € H' x L* with |Uo| 1«12 < R. Define U, by (&.1),
E, and Q, by Proposition and by(R) by Lemma . Then for any time
b > 0 with b < min{by, T}, we obtain

1
1@n e (10,5, 111 % £2) SM.1.R b2 | Enll oo (0,6, 11 x 2.2)5

1
1Qnllese (0.8, 2x -1y SR V2| Enlee ((0,6),22x 1)

for all 7 € (0,b].
Proof. We estimate
1@nlleo ((0,5], 11 x 22
St llg(me—u(tn)) — g(mr—1un)lleno,),22)
S g (mr—ruta))| + 19 (w1l ez o,61,22) 1u(tn) = unlleze(jo.5),L9)

1
S 02 (I mrru(tn) o go.1,09) + 17r=120n s (0.5,9) ) 1B llez 0.0, 111 ¢ 2)

1
SmTR b2 En g j0,0), 51 x £2)

using the estimates for the discrete Strichartz norm from Proposition [3.4]
and Lemma [£.6] The other claim follows similarly. O

We now show the global error bound for o = 4. Unlike as for the case
a = 3, it is not enough to use the discrete Gronwall lemma. Instead, we
need to apply Lemma iteratively on the possibly small intervals [0, 7],
[T1,2T1] and so on, where we reach the final time 7' after finitely many
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iterations. Similar as in the case o = 3, the uniform boundedness of the
numerical solution in H' x L? (which is needed to apply Lemma |4.7)) follows
from the error bound for this norm. This method goes back to |15, |7, [22] in
the context of Schrédinger equations.

Proof of Theorem [I.1] for = 4. We set R := M + 1 and define by = by(R)
from Lemma Formula (4.3) and Lemmas and yield

1o
[ Enlleco (11,648, 11 x22) SMT 1 Ejll sz + 72 + 02 [ Bl goo (48], 11 x L2)
(4.17)

3 1
”EnHer([tﬁtﬁb],L?xH*l) SM,T ||EjHL2><H*1 + 72 4 b2 ||En|’e$O([tj,tj+b],L2xH*1)
(4.18)

for all j € Ny and b € (0, bo] which satisfy ||Uj||gixz2 < R and j7+b < T.
Let ¢ = ¢(M,T') be the maximum of 1 and the implicit constants from (4.17))
and (4.18]). We define the time T3 € (0,7 by

Ty == min{T, by, ¢ 2}. (4.19)

Moreover, we set L := [%1 € N and define the final error constant C' :=
2(2¢)F*+1 and the maximum step size 7o > 0 by

70 := min{Ty, C~?}. (4.20)
For a step size 7 € (0,79], we define the indices N = |T/7| € N, N} =
|Ty /7] € {1,..., N}, and N,,, := mNj for all m € Ny. These definitions imply
that N < Np. In addition, we define the quotient ¢ := | N/Ny| € {1,...,L}.
This gives the decomposition

-1 ¢
[07tN] - U [tNmatNm+1] U [tNgatN] = U Jm>
m=0

m=0
where each interval J,, has length less or equal 77. To measure the error in
each of these intervals, we set Erry, = || Ep || g0 (1, 51 x 12y for m € {=1,..., £},
where J_; = {0}. We aim to show the recursion formula

1
Err,, < 2¢(Err,,—1 + 72). (4.21)
Note that once (4.21)) is proved for all indices in {0, ..., m}, one can derive
the absolute bound

UL 2¢)mtl — 1
Err,, < 2c72 Z(Zc)k = 267';(26_1

k=0

< 20202 = 072 <1,

(4.22)
using Err_; = 0 and the step size restriction 7 < 7y from (4.20)).
Let us now fix an index m € {0,...,¢}. If m > 0 we assume that the

inequality (4.21)) holds for all indices in {0,...,m — 1}. From (4.22)) we get
that Err,,_1 <1, and thus

1UN 1 cz2 S NU@EN )2+ BN 1 xcpz < M+Err o < M+1 = R.
Estimate (4.17) and the definition (4.19)) of 77 then imply

1 1 11
Erry, < c||En,,||gixr2 + 72 + TP Erry, < cErry,—1 +c72 + §Errm.
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Hence, the recursion (4.21) and the bound (4.22)) are true for all m €
{0,...,¢}. This finishes the proof of the bound in the energy norm. Similarly,
starting from (4.18) we obtain the recursion formula

3
1 Enll oo (g2 x 1) < 2¢([| Enllgo (goy,n2xH-1) +T2)
for all m € {0,...,¢}, which yields the estimate

3
| Enllese jo,m,02x -1y < CT2

as in (4.22)). O

5. FULL DISCRETIZATION

5.1. Proof of the fully discrete error bound. The proof of Theorem
is very similar to that of Theorem such that we only highlight the
differences. These mainly come from the introduction of the trigonometric
interpolation operator Zx in .

Definition 5.1. Let N > 1 and f € C(T3). We define the trigonometric
interpolation In f as the trigonometric polynomial

(Inf)(@)=2m)"2 Y fne®™®,  zeT?

koo <N

where the coefficients f;ﬁN are given by the discrete Fourier transform

3 3 - 2mj i2mi
= (2m)2(2N +1)73 Nk,
fex = (2m)2 (2N +1) U'Z<Nf(2zv+1)e

We moreover set Iy = diag(In, In).

We need the following well-known generalization of Bernstein’s inequality
to the L7 setting, see, e.g., inequality (5.2) in [12].

Lemma 5.2. The estimate

i fllwra S Kllmg fllze
holds for all g € [1,00], f € D'(T?), and K > 1.

We further need an estimate for the trigonometric interpolation error in
L%-based Sobolev spaces. For a proof, see Corollary 3 of [14], Theorem 1 of
[1], and Lemma 3 of [25].

Lemma 5.3. Let g € (1,00). We then have the inequality

3
I = Ik) fllze Sq D K" fllwma

m=1

for all f € W34,

These two results can be combined to the following estimates, which are
used below with ¢ = o[l

This is not possible if one has a general nonlinearity as outlined in Remark In
that case, the proof of Theorem becomes slightly more complex. In particular, it would
be necessary to write out the W3¢ norm appearing in Lemma using product and chain
rules, then apply nonlinear product estimates, and only afterwards use Lemma
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Lemma 5.4. Let ¢ € (1,00) and ¢ > 1. Then the estimates
(T = Ti)mer flloe Sqe K Imer fllwra,
[ xmer fllLe Sqe llmer fl La,
hold for all f € D'(T3) and K > 1.
Proof of Theorem [1.7. We use the decomposition
U () =Un 2 < (I =T)U (tn) || 22— + Tk U (tn) = Up [l 221
Thanks to Lemma [2.12]
(7 =T )U () p2sem—1 Sar K

It thus remains to estimate EX := MxU(t,) — UK. We define N :=
min{K,7~!}. Analogously to Proposition we decompose

EE — e ABK L Tk B(t,) + gD, + Qn + g P, (5.1)

where the terms B and D,, are defined in the same way as B and D,, from
(4.4), but with I instead of I1.-1. The other terms are defined by

Qn =1 znj cre"TRTATL [GIINU (t,)) — G(IINUK))],
k=0

n
P,=1 Z ere"RTAT — T G(ONU (t)).
k=0
The term B is bounded using Lemma with N~! instead of 7. For the
term D,,, we get the same estimates as for D,, from Lemma since the
additional 7z inside the nonlinearity does not affect the argument. For Q,
it is also possible to get the same estimates as for @), from Lemmas [4.5] and
[4.7] Here one uses the frequency localization g(myu) = Taxg(myu) and the
second inequality from Lemma to get rid of the interpolation operator
Ic. We still need to deal with the term ]5”, which contains the interpolation
error. For the sake of brevity, we only give the details for a = 4, since the
easier case a = 3 is treated similarly. We estimate

|Pallese (o, 10 x£2) S 1T = Ix)g(mnul(tn))llex o,7,22)
S K g(mnu(ta)ller om0y
S K7 g (mnu(ta)) e qo.0,06) w8 Vaultn) |l ese 0.7, 1%)
S K3t Iy go.21,0) e V() e 0,11,
Swmr K2

using Lemmas [5.4] and 2.11] and Proposition [3.4} Similarly, we obtain
HPnHego([o,T],mfol) Sroll( = Ik)g(mnu(tn))

< K~ lg(mnultn))

”z;([o,T],L%)
ls oz %)
S K7 g (mnvulta)) e qo.,pe) 1wy Valtn) e o.77,02)

S K_lHTFNU(tn)H?g([o,T],m) Sur K
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Here it is important to use the interpolation error estimate from Lemma
with ¢ = 6/5. If we stuck to L%-based estimates, we could for the
L? x H~! norm only reach a sub-optimal estimate of order K~'/2 (the same
as above for the energy norm), since optimal error bounds for trigonometric
interpolation in negative Sobolev spaces are not available. Now that the
estimates for all term appearing in are given, we can finish the proof
as in the semi-discrete case above. U

5.2. Numerical Experiment. For the numerical tests we need initial data
(u®,v°) which lie in H' x L? but do not have higher regularity. The standard
approach to obtain initial in a Sobolev space H*(T?) is to take Fourier
coeflicients of the form

(L+ [Py 726, ke, (5.2)
for some numbers r € £°°(Z3) and small £ > 0. Most commonly, one uses 7},
uniformly distributed in [—1, 1] 4+ i[—1, 1]. This approach is well suited to
precisely obtain the desired differentiability of order s. However, it is known
that such random initial data does not only belong to H?®, but also to all L4-
based Sobolev spaces H*? for 1 < q¢ < oo with probability one. This can be
exploited to obtain an improved local wellposedness theory for the nonlinear
wave equation ((1.1) with random initial data compared to the deterministic
setting, cf. [5]. Since our error bounds are purely deterministic and heavily use
L9-based inequalities such as Sobolev and Strichartz estimates, it is crucial
to numerically work with initial data which do not have higher integrability
than predicted by Sobolev embedding. The following lemma shows that this
can be achieved by simply taking r = 1 in ((5.2)).

Lemma 5.5. Let s € R. We define a distribution f € D'(T?) by its Fourier
coefficients

A

fr=+ P 72E, pezt, (53)
Then, for all € > 0, the following assertions hold.
a) f € H=¢(T9), but f ¢ H*(T9).
b) If —d/2 < s < d/2, then f ¢ Laz"5(T¢).
Proof. a) We have
e f _d_
1 eme = D0 (LR ful? = D (A4 [k[})727°

kezd kezd

< (1 +/ || 742 dx) < 00,
R\ B(0,1)

but ||} = 1+ fga\p(o,1) |21~ dz = oc.
b) For N € N, we consider the truncated Fourier series
anf(x)=(2m)72 Y fuetr, zeTd
lkoc <N
Let a > 0 such that cos(z) > 1/2 for all |z| < a. For all |z|; < a/N, we can
thus infer that

anf(z) = Z (1+ |k|2)_%(%+s)eik'x = Z (1+ ]k‘|2)_%(g+5) cos(k - x)
|kloc <N |klooc <N
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d
z Y kT
1<]kloc <N
Hence, for ¢ € (1, 00),

d d
Imw sl 2 N3 S wE SN [l e
1<]kloc <N 1<]z|<N

_a (N d 2 _did_
= N 1 d—1—%—s — N +5—s
/1 prordp= oo N
which is unbounded as N — oo if d/q < d/2 — s. By Theorem 4.1.8 in [10],
f € L9(T?) would imply that 7 f — f in L9. Thus, if d/q < d/2 — s, f
cannot belong to L9(T%). O

We illustrate our error bounds by a numerical experiment for the nonlinear
wave equation with = 1 and powers « € {3,4,5}. We focus on the
error of the time integration. The initial data (u®,v") are defined using
Withd:3and3:1+5ors:€, for a very small ¢ > 0. We use a
scaling such that |[u®||g1 = ||v°]|;2 ~ 3. We apply the scheme with
spatial discretization parameters K € {2% 2% 26}, For the implementation
we identify T3 = [0,1]% such that the spatial resolution (distance of the
collocation points) is h = (2K + 1)~!. We compare the errors in the
£2°([0,1/4], L? x H™') and £2°([0,1/4], H' x L?) norms for various step sizes
7, where the reference solution is computed using with the same K and
Trot = 2712, In the plots only the temporal error is visible since the reference
solution has the same spatial accuracy. Our Python code to reproduce the
results is available at https://doi.org/10.35097/2zvaw7qyvy6ymuu2.

For the cubic equation with o = 3, in Figure [I| we numerically observe
temporal convergence rates of order 2 in the L? x H~! norm and order 1 in
the H' x L? norm, uniformly in the spatial discretization parameter K. These
observations are in accordance with Theorem If 7 is small compared to
the spatial resolution, the error is of second order even in H' x L?, however
with deteriorating error constant as K — oo. This behavior was already
observed in the one-dimensional case in [9].

L? x H~! error H' x L? error

1072 4 1
] 10° 5

-3 q
10 E 10-1 1
1074 3 10725
105 107° 5
L 1074 =

T T

FIGUuRrE 1. Errors for a = 3
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In the case o = 4, we observe in Figure [2| that the convergence rates which
are uniform in K have reduced to 3/2 for the L? x H~! norm and order 1/2
for the energy norm, again in accordance with Theorem [I.1]

1071

1073

10~4

—
b
ot

L? x H~! error H' x L? error
102

10*

100

1071

1072

1073

1072 1071 102 101

Ficure 2. Errors for « = 4

We also did the experiment for the critical power a = 5, see Figure[3| Here
it turned out that we get temporal convergence of order 1 in the L? x H~!
norm, uniformly in K. Moreover, we cannot observe a clear convergence
order for the error in the H! x L? norm if 7 is not small compared to the
spatial resolution. This behavior fits to (1.3]).

100
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Ficure 3. Errors for « = 5
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