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Abstract

In this paper, we develop a comprehensive mathematical toolbox for the construction and
spectral stability analysis of stationary multiple front and pulse solutions to general semilinear
evolution problems on the real line with spatially periodic coefficients. Starting from a collec-
tion of IV nondegenerate primary front solutions with matching periodic end states, we realize
multifront solutions near a formal concatenation of these N primary fronts, provided the dis-
tances between the front interfaces is sufficiently large. Moreover, we prove that nondegenerate
primary pulses are accompanied by periodic pulse solutions of large spatial period. We show
that spectral (in)stability properties of the underlying primary fronts or pulses are inherited
by the bifurcating multifronts or periodic pulse solutions. The existence and spectral analyses
rely on contraction-mapping arguments and Evans-function techniques, leveraging exponential
dichotomies to characterize invertibility and Fredholm properties. To demonstrate the applica-
bility of our methods, we analyze the existence and stability of multifronts and periodic pulse
solutions in some benchmark models, such as the Gross-Pitaevskii equation with periodic po-
tential and a Klausmeier reaction-diffusion-advection system, thereby identifying novel classes
of (stable) solutions. In particular, our methods yield the first spectral and orbital stability
result of periodic waves in the Gross-Pitaevskii equation with periodic potential, as well as new
instability criteria for multipulse solutions to this equation.

Keywords. Periodic coefficients, multifronts, periodic pulse solutions, spectral stability, ex-
ponential dichotomies, Evans function

Mathematics Subject Classification (2020). Primary, 34L05, 35B10, 35B35; Secondary,
34C37, 35K57, 35Q55

1 Introduction

Let k,m € N, T > 0, and F € {R,C}. This paper focuses on stationary front and pulse solutions
in general semilinear evolution systems on the real line of the form

(1.1) o = ap(x)ofu + ... + oy (2)0pu + N (u, ), u(z,t) e F", z e R, t >0,

with continuous T-periodic coefficient functions «;: R — F™*™  and continuous nonlinearity
N:F"™ x R — F™ which is C? in its first argument and T-periodic in its second argument. We
further assume that oy (x) is invertible for each x € R.
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Spatially periodic systems of the form arise in a wide range of contexts. For instance, they
appear as a mean-field approximations in the study of Bose-Einstein condensates in periodic trap-
ping lattices [45], as models in nonlinear optics with periodic potential [7] or periodic forcing [23],
as hydrodynamic bifurcation problems over oscillating domains [17,56], as ecological models for the
dynamics of vegetation patterns on periodic topographies [5], as equations describing the vertical
infiltration of water through periodically layered unsaturated soils [20], or as reaction-diffusion sys-
tems in population biology in which the environment consists of favorable and unfavorable patches
that are arranged periodically [36,57]. The solutions of interest in these problems are typically
pulse or front solutions: stationary gap solitons in Bose-Einstein condensates [45], optical signals
composed of (a sequence of) standing, highly localized pulses in [7,23|, stationary patterns con-
sisting of localized patches of vegetation in [5], so-called wetting fronts describing water infiltration
in [20], and invasion fronts mediating population spreading in [36457].

Due to the significance to applications, mathematical studies on the existence, stability, and
dynamics of front and pulse solutions have been extensively conducted across a wide variety of
spatially periodic systems, see, for instance, the survey paper [63], the memoirs [65], and references
therein. We note that traveling front and pulse solutions in such systems are typically modulated,
i.e., they are time-periodic in the co-moving frame, see Remark

In this paper, we focus on stationary front and pulse solutions to general spatially periodic
systems of the form . We show that any collection of nondegenerate front (or pulse) solutions
with matching asymptotic end states is accompanied by a family of multiple front (or pulse) solu-
tions arising through concatenation or periodic extension. Moreover, we prove that their spectral
(in)stability properties are determined by the comprising primary front (or pulse) solutions.

While stationary multifront and multipulse solutions have been studied in specific model prob-
lems, such as the Allen-Cahn equation with spatial inhomogeneity [6] and the Gross-Pitaevskii
equation with periodic potential [1,4,45], a systematic framework for their construction and spec-
tral stability analysis in general spatially periodic systems of the form appears to be novelH
Furthermore, the spectral stability of large-wavelength periodic pulse solutions accompanying a pri-
mary pulse has, to the authors’ best knowledge, not yet been rigorously addressed in any spatially
periodic system prior to this paper.

Remark 1.1. The existence problem for traveling-wave solutions of the form u(x,t) = ¢(z — ct)
to the constant-coefficient system with wavespeed ¢ € R is the same as with the sole
difference that the coefficient oy is replaced by a3 4+ ¢. However, this no longer holds when the
coefficients are spatially periodic. In a frame £ = z — ¢t moving with speed ¢ € R, the coefficients
of read (& + ct). That is, they are periodic in time and space. Consequently, traveling
wave solutions to of the form w(z,t) = ¢(x — ct) propagating with nonzero speed ¢ while
maintaining a fixed shape, cannot generally be expected. Instead, one typically finds modulated
traveling waves of the form wu(z,t) = ¢(x — ct,z), where ¢ is T-periodic in its second component,
cf. [15,[24},27,44)60].

1.1 The case of constant coefficients

The construction of multiple front (or pulse) solutions through concatenation or periodic extension
is well-documented in general semilinear problems with constant coefficients. If the coeflicients «;

!We note that the existence and spectral analysis of multifronts in |6] depend on the smallness rather than the
periodicity of the inhomogeneity, in contrast to our results and those in |1}/4,/45].



and nonlinearity A/ (u) do not depend on z, then system reads

(1.2) O = o du + ...+ a10,u + N (u).

Stationary solutions of obey the autonomous ordinary differential equation
(1.3) apdfu 4+ .. 4 a10,u+ N(u) =0,

which can be written as a dynamical system U’ = F(U) in U = (u,dyu,...,0" 'u). Pulse and
front solutions can be identified with homoclinic and heteroclinic connections in U’ = F(U). The
existence of periodic, homoclinic or heteroclinic orbits near a nondegenerate homoclinic connection
or a heteroclinic chain follows from homoclinic or heteroclinic bifurcation theory, relying on tech-
niques such as Lin’s method, Shil’nikov variables, and homoclinic center manifolds. The bifurcating
orbits correspond to periodic pulse solutions with large spatial periods, as well as multifront (or
multipulse) solutions with well-separated interfaces. An overview of homoclinic and heteroclinic
bifurcation theory can be found in the survey paper [2§].

Spectral stability of the bifurcating periodic pulse and multifront solutions to has been
studied in [3}22,/50,54] using Lin’s method and Evans-function techniques. One finds that there
are precisely M eigenvalues of the linearization about an M-pulse solution bifurcating from each
simple isolated eigenvalue of the underlying primary pulse [3,,50]. Moreover, periodic pulse solutions
have continua of eigenvalues in a neighborhood of each isolated eigenvalue of the primary pulse [22].
Since is translational invariant, 0 must be an eigenvalue of each primary pulse or front. Hence,
there are M eigenvalues of the linearization of about an M-front or M-pulse converging to
the 0 as the distance between interfaces tends to infinity. In addition, the linearization of
about a periodic pulse solution, posed on a space of localized perturbations, features a spectral
curve converging to 0 as the period tends to infinity. Leading-order control on the spectrum in a
neighborhood of the origin, established in [50}/54], shows that the bifurcating periodic pulse and
multifront solutions to can be unstable, even if all the underlying primary front or pulse
solutions are spectrally stable.

1.2 Main results

Our existence and spectral stability analysis of stationary multiple front and pulse solutions in
spatially periodic systems differs fundamentally from the constant-coefficient case. On the one
hand, there seems to be no natural way to formulate the existence problem as an autonomous
dynamical system that would facilitate the application of homoclinic or heteroclinic bifurcation
theory. Furthermore, stationary pulse and front solutions to generally converge to spatially
periodic end states rather than to constant states. As a result, it appears that there is no obvious
method for augmenting the eigenvalue problem and transforming it into an autonomous system that
would enable the use of geometric dynamical systems techniques for analyzing spectral stability as
in [3,22].

On the other hand, the spatially periodic coefficients of break the translational invariance,
so that the linearization about a stationary front or pulse solution is generically invertible. Unlike
the constant-coefficient case, we can (and do) leverage this property in the existence analysis of
periodic pulse and multifront solutions. If system is dissipative, then front and pulse solutions
can be strongly spectrally stable, meaning that the spectrum of the linearization about the front
or pulse is confined to the open left-half plane. This significantly reduces the complexity of the



spectral analysis compared to the constant-coefficient case where an eigenvalue must reside at 0 due
to translational invariance. However, we emphasize that our spectral techniques are also useful if
system is conservative, which naturally precludes strong spectral stability of solutions. We will
illustrate this by establishing spectral stability and instability for periodic pulses and multipulses
in the Gross-Pitaevskii equation with periodic potential.

Our existence result may informally be stated as follows, see also Figure

Theorem 1.2 (Informal existence result). Let M € N. Let Zy(x), ..., Zn(x) be M stationary front
solutions to system converging to T-periodic end states vy +(x),...,vpm+(x) as © — Foo.
Assume that vjy = vjy1,— for j =1,...,M — 1. Take a stationary pulse solution Zy(z) to
converging to a T-periodic end state vo(x) as x — Foo. Assume that Z; is nondegenerate in the
sense that the linearization of about Zj is invertible for j = 0,...,M. Then, there exists
N € N such that for all n € N with n > N the following assertions hold.

1. There exists a stationary M -front solution u,(x) of (L.1), which converges uniformly to the
formal concatenation

’1)1,—(-%'), T < %nT’
oM+ (), x> (M + 3)nT,

as n — o0.

2. There ezists a stationary nT -periodic pulse solution u,(x) of (1.1), which converges uniformly
to the formal periodic extension W, (x) given by

Wn(z) = Zo(x — jnT),  x € [(j— 5nT,(j+3)nT], j € Z,
as n — o00.

For the precise statements, we refer to Theorems and The proof of the existence of the
multifronts and periodic pulse solutions relies on a contraction-mapping argument in the function
spaces H*(R) and ngr(O,nT ), respectively. The key idea is to insert the formal multifront w,
or periodic pulse solution w, into system and derive an equation for the resulting error. We
then convert the error equation into a fix-point problem by showing that the linearization about the
formal solution is invertible. Showing the invertibility is the main technical challenge, which follows
from the nondegeneracy of the primary fronts or pulses with the aid of exponential dichotomies.

We emphasize that this procedure sharply contrasts with the constant-coefficient case, where the
lack of invertibility of the linearization about the primary front or pulses necessitates a Lyapunov-
Schmidt reduction argument. The reduced problem is typically solved by introducing an additional
degree of freedom in the form of a bifurcation parameter or by exploiting additional structure such
as reversible symmetry, see [28] and references therein.

We note that the distances between the interfaces of the multifront solutions in Theorem as
well as the wavelength of the periodic pulse solutions, are multiples of the period T', see Figure [I}
In fact, the possible locations of front interfaces and pulse peaks are restricted by the spatial peri-
odicity of . This phenomenon, known as trapping or pinning, cf. [6,16] and references therein,
precludes translational invariance and contributes to the enhanced stability properties compared
to the constant-coefficient case, where the interfaces are typically free to occupy a continuum of
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Figure 1: Illustration of the multifront solution u,(z) (top) and periodic pulse solution @, (z)
(bottom) as established in Theorem Both are depicted on the interval [(j — 1)nT, (5 + 1)nT]
for some j € {2,..., M — 1}. The multifront u, () transitions between the T-periodic states v, ¢
(in blue), with front interfaces (in red) located at x = ¢nT', ¢ = 1,..., M. The periodic solution
Uy (x) consists of a series of localized pulses (in red) centered at x = jnT, j € Z, superimposed on
the T-periodic background state vy (in blue).

positions. For example, if the constant-coefficient system (|1.2]) admits a reversible symmetry, then
stationary periodic pulse solutions exist for any sufficiently large wavelength [62].
The main outcomes of our spectral analysis may informally be summarized as follows.

Theorem 1.3 (Informal spectral result). Let K C C be compact. Let M, Zi, N, up and Uy be as
in Theorem |1.4 . Assume that the L*-spectrum in K of the linearization L£(Z;) of (L.1)) about Z;
consists of isolated eigenvalues of finite algebraic multiplicity only for j = 0 M Then there
exists N1 € N with N > Ny such that for all n € N with n > Ni the following holds.

1. The L2-spectrum of the linearization L(uy,) of (1.1) about u, in the compact set K consists
of isolated eigenvalues only and converges in Hausdorff distance to the union

M
otz nk

as n — oo. The total algebraic multiplicity of the eigenvalues of L(uy,) in K equals the sum
of the total algebraic multiplicies of the eigenvalues of L(Z1),...,L(Zx) in K.

2. The spectrum in KC of the linearization Lper(Un) of (L.1) about @y, on L
isolated eigenvalues only and converges in Hausdorff dzstance to

2er(0,nT) consists of

o(L(Zo)) NK

as n — oo. The total algebraic multiplicity of the eigenvalues of Lyer(Ur) in K equals the
total algebraic multiplicity of the eigenvalues of L(Zy) in K.

For the precise statements and further extensions of Theorem we refer to Theorems

and [7.2] and Corollaries and



The spectral analysis in this paper is divided into two parts. In the first part, we follow an
approach similar to the one used in the existence analysis. Specifically, we utilize exponential
dichotomies to characterize invertibility and demonstrate that, if the resolvent problem associated
with the linearization about the primary fronts or pulses is uniquely solvable on a compact set
in C, then the same holds for the resolvent problem corresponding to the linearization about the
multifront or periodic pulse solution.

In the second part, we identify eigenvalues with zeros of the analytic Evans function, see [32,51]
and references therein, to show that isolated eigenvalues of finite algebraic multiplicity of the lin-
earization about the primary front or pulse perturb continuously into eigenvalues of the lineariza-
tion about the multifront or periodic pulse posed on L*(R) or L2..(0,nT), respectively, thereby
preserving the total algebraic multiplicity.

As mentioned earlier, similar results have been obtained for the constant-coefficient case, cf. |3,
22]. Unlike our existence analysis, which fails in the constant-coefficient setting due to the non-
degeneracy condition, our spectral analysis does apply to multifronts and periodic pulse solutions
to constant-coefficient systems. Yet, our method differs significantly from the geometric dynam-
ical systems approach employed in [3,22]. Instead, it is inspired by the Evans-function analyses
in [14,52]. It employs exponential weights and relies on roughness and analyticity properties of
exponential dichotomies.

Theorem shows that, if a point A € C with Re(A) > 0 is an eigenvalue of finite algebraic
multiplicity of the linearizations about some of the primary fronts or pulses and lies in the resolvent
set of the linearizations about the other primary fronts or pulses, then bifurcating multifronts and
periodic pulse solutions are spectrally unstable. However, if spectral instability of the primary fronts
is induced by unstable essential spectrum, then the associated multifront may still be spectrally
stable. This phenomenon is well-documented in systems with constant coefficients [49,53]. In §¢
we present an extension of Theorem providing control on the spectrum of the multifront outside
the so-called absolute spectrum, cf. [52,[53]. This result can be employed to establish strong spectral
stability of multifronts, even when the constituting primary fronts are spectrally unstable.

Many dissipative systems admit a-priori bounds that preclude spectrum with nonnegative real
part and large modulus. By combining such a-priori bounds with Theorem[I.3] one finds that strong
spectral stability of the primary fronts or pulses is carried over to the bifurcating multifronts and
periodic pulse solutions. This contrasts sharply with the constant-coefficient case where multifronts
or periodic pulse solutions can be spectrally unstable, even if the constituting primary fronts are
all spectrally stable, cf. [50}54]

1.3 Application to benchmark models

To illustrate the applicability of our methods, we construct multifronts and periodic pulse solu-
tions in several prototypical models, analyze their spectral stability, and corroborate our findings
with numerical simulations performed with the MATLAB package pde2path [61]. Specifically, we
examine multifronts in a scalar reaction-diffusion toy model with a periodic potential and consider
multipulses and periodic pulses in an extended Klausmeier model, which describes the dynamics
of vegetation patterns on periodic topographies [5]. We demonstrate that the spectral (in)stability
of the multifronts, multipulses and periodic pulses is inherited from the comprising primary fronts
and pulses. In particular, our analysis shows that the Klausmeier model supports stable periodic
(multi)pulses, which has not been identified in the previous work [5].

Additionally, we consider the Gross-Pitaevskii equation with a general periodic potential, which



arises in the study of Bose-Einstein condensates in optical lattices [45]. Our methods lead to
multifront, multipulse and periodic pulse solutions. By combining our spectral results with Krein
index counting theory [29,30,/32], we obtain novel spectral instability and stability results for the
constructed multipulse and periodic pulse solutions. Due to the conservative nature of the Gross-
Piteavskii equation, spectral stability entails that the spectrum of the linearization is confined to
the imaginary axis. Notably, the preservation of algebraic multiplicities, as stated in Theorem
is instrumental for the effective application of Krein index counting theory. The spectral stability
analysis of the periodic pulse solutions yields that they are orbitally stable. To the best of the
authors’ knowledge, this is the first orbital stability result of periodic waves in the Gross-Pitaevskii
equation with periodic potential.

Outline of paper. In §2 we introduce the necessary notation and formulate the existence and
(weighted) eigenvalue problems associated with stationary solutions to . The existence analysis
of multifronts and periodic pulse solutions is presented in §3]and respectively. In §5we introduce
the necessary concepts for the spectral analysis of fronts solutions with periodic tails. Sections [6]
and §7) are devoted to the spectral analysis of multifronts and periodic pulse solutions, respectively.
We demonstrate the applicability of our methods in several benchmark models in §8|and corroborate
our findings with numerical simulations. Finally, the Appendices [A] [B] and [C] contain several
auxiliary results on projections, exponential dichotomies, and multiplication operators, respectively.

Acknowledgments. This project is funded by the Deutsche Forschungsgemeinschaft (DFG, Ger-
man Research Foundation) — Project-ID 258734477 — SFB 1173.

2 Notation and set-up

Let k,m € N, T > 0 and F € {R,C}. This paper focuses on the existence and spectral analysis of
stationary front and pulse solutions to the general semilinear evolution system (|L.1]) of m compo-
nents on the real line. For notational convenience, we abbreviate the k-th order linear differential

operator in (1.1)) as
Au = a(z)0Fu + g1 (2)0Fu + ... + ay(x)d,u.

We recall that A has T-periodic coefficients oy, . .., a € C(R,F™*™), where ay(z) invertible for all
x € R. Moreover, the nonlinearity N € C(Iﬁ‘m x R, Fm) in (|1.1]) is twice continuously differentiable

in its first argument and T-periodic in its second argument.

2.1 Formulation of the existence and eigenvalue problems

Stationary solutions to (|L.1]) obey
(2.1) Au+ N(u,-) = 0.

The ordinary differential equation (2.1 is the main object of study in the existence analysis of
stationary front and pulse solutions to (|1.1)).
For u € L*°(R) we define the linear differential operator £(u): D(£(w)) C L?*(R) — L*(R) by

L(uw)u = Au + 0N (u, -)u.



Clearly, £(u) is a closed operator and has dense domain D(L(u)) = H¥(R). If u is a solution
of (2.1]), then L(u) corresponds to the linearization of ([I.1) about u. The associated eigenvalue
problem reads

(2.2) (L(u) — A)u = 0.

The linear ordinary differential equation (2.2)) is the main object of study in the spectral analysis of
the stationary front and pulse solutions to ([L.1)). We adopt the following notions of nondegeneracy
and spectral stability.

Definition 2.1. Let u € L*°(R).
(i) We call u nondegenerate if L(u) is invertible.

(ii) We say that w is spectrally stable if

o(L(w) € {\ € C: Re()) < 0}.

(iii) We say that u is spectrally stable with simple eigenvalue \ = 0 if there exists ¢ > 0 such that
o(L(u)) C {A € C:Re(A) < —o} U{0},
and the algebraic multiplicity of A = 0 is one.

(iv) We say that u is strongly spectrally stable if there exists o > 0 such that

o(L(u)) C {A € C:Re(N) < —p}.

(v) We call u spectrally unstable it there exists A € o(L(u)) with Re(A) > 0.

As explained in the introduction, the concept of nondegeneracy plays a key role in the construc-
tion of multiple front and pulse solutions.

Spectrally stable front or pulse solutions with a simple eigenvalue at A = 0 arise in systems with
translational invariance. Such solutions serve as a basis for bifurcation arguments in the models
explored in the application section §8|

2.2 First-order formulation

Because the coefficient matrix ay(x) is invertible for all © € R and the nonlinearity N is twice
continuously differentiable in its first argument, the eigenvalue problem ({2.2]) can be written as a
first-order system

(2.3) U' = Az, u(); MU,

by setting U = (u,0pu,...,05 )", where the coefficient matrix A: R x F™ x C — CF™ is
continuous and T-periodic in its first argument, continuously differentiable in its second argument,
and analytic in its third argument. The formulation (2.3) of the eigenvalue problem as a linear
nonautonomous first-order system is essential for applying the theory of exponential dichotomies.



2.3 Exponentially weighted linearization operator

Let u € L*°(R) and n+ € R. For the spectral analysis of stationary front solutions to (1.1)), it is
convenient to consider the exponentially weighted linearization operator £,,_ ., (u): D(Ly_ . (u)) C
L*(R) — L?(R) with dense domain D(L,_,, (u)) = H*(R) given by

T O

where w;,_ ., : R — R is a smooth weight function whose derivative satisfies

/ ( ) N—, < § _17
w x) =
-1+ 77+7 €T Z 1'
The associated eigenvalue problem

(Lo (W) =X)u=0

can be written as the first-order system

U' = (A(:L‘,g(ac); A) =Wy e (:E)) U.
In case ny = n- = n € R, we take w,_,, () = nz and adopt the notation £,_, (u) = L,(u).
Consequently, it holds Lo o(u) = Lo(u) = L(u).

2.4 Periodic differential operators

Let n € N and let u € C(R) be an nT-periodic function. Then, L£(u) is a differential operator
with nT-periodic coefficients. We collect some basic properties of periodic differential operators
and their Bloch transforms, which are essential for our spectral analysis. We refer to [211[32,|48|55]
for further background.

Since £(u) has nT-periodic coefficients, we can study its action on the space L2,.(0,nT), which
is convenient for analyzing the spectral stability of u against co-periodic perturbations. Thus, we
define the operator Lyer(w): D(Lper(w)) € L2.,.(0,nT) — L2,.(0,nT) by

Lper(u)u = Au+ 0N (u, )u.

The operator Lpe(u) is closed and has dense domain D(Lper(u)) = HEY, (0,nT). Due to the

per

compact embedding H{jer((), nT) — Lger(O, nT'), it has compact resolvent and its spectrum consists

of isolated eigenvalues of finite algebraic multiplicity only. Hence, a point A € C lies in the spectrum

0(Lper(w)) if and only if the first-order eigenvalue problem admits a nontrivial nT-periodic
solution.

On the other hand, the spectrum of the nT-periodic differential operator £(u) on L?(R) is purely

essential. It is characterized by family of Bloch operators L¢ per(u): D(Le per(w)) C L2, (0,nT) —

per
L2..(0,nT) with dense domain D(Le¢ per(u)) = ngr(O, nT") given by

_ -t T
ﬁf’per(ﬂ)u - Mg E(Q)M£u7 § € |:nT7 nT) )



where M¢: HY(R) — H*(R) is the invertible multiplication operator defined by (M¢u)(z) = el®u(z)
for £ € Ng. Since the Bloch operators L¢ per(w) have compact resolvent, their spectrum consists
of isolated eigenvalues of finite algebraic multiplicity only. Therefore, a point A € C lies in the
spectrum of L¢ ,er(w) if and only if the first-order system admits a nontrivial solution U(x)
obeying the boundary condition U(—"%") = "TU(%L). The spectrum of £(u) is then given by
the union

O(‘C(Q)) = U U(‘Cf,per(un))a
¢elarar)
which implies

(2.4) 0 (Lper(w)) C o(L(w)).

Hence, A € C lies in the spectrum of £(u) if and only if there exist a point v on the unit circle
S C C and a nontrivial solution U(z) of (2-3) obeying U(—%L) = ~U(%L).

3 Existence of multifront solutions

Let M € N>3. In this section, we construct an M-front solution to (2.1) by concatenating M
nondegenerate front solutions with matching periodic limit states. Specifically, we impose the
following assumptions:

(H1) There exist M fronts Zy,...,Zy € L°°(R) with associated end states v +,...,0m+ €
HE(0,T). It holds x+ (Z; —vj+) € H*R) for j = 1,..., M, where x+: R — [0,1] is a
smooth partition of unity such that x4 is supported on (—1,00) and x_ is supported on
(—OO, 1)

(H2) The matching condition v; 4+ = v;41,— holds for j =1,...,M — 1.
(H3) The front Z; is a nondegenerate solution of (2.1) for j =1,..., M.

We realize the M-front close to the formal concatenation of the M primary fronts Zy,..., Zy,
see Figure 1} Thus, our ansatz for the multifront solution to (2.1)) reads

M
(3.1) Up = Ap + W, Wy 1= ZXj,an(‘ — jnT)
j=1

with xjn: R —[0,1], j = 1,..., M a smooth partition of unity satisfying ||x;n |k < 1, where
X1,n is supported on (—oo, %nT—i— 1), Xa,n is supported on ((M — %)nT—l, 00), and X, is supported
on ((j—3)nT—1,(j+3)nT+1) for j =2,...,M —1 (only in case M > 2). Moreover, a,, € H*(R)
is an error term that accounts for the fact that the formal concatenation w, of the M fronts is
not an actual solution to . Our main result of this section confirms that there exists a small
an, € H(R) such that wu, is indeed a solution to , provided n € N is sufficiently large.

10



Theorem 3.1. Assume[(H1)| [(H2)| and [(H3)| Then, there exist C > 0 and N € N such that for
each n € N with n > N there exists an M-front solution to [2.1)) given by (3.1)) with a, € H¥(R)
satisfying

M
”anHHk < CZ (HX*(Z]' - vjv*)HH’“(R\[—%T-&-L%T—H) + ”XJr(Zj - ijr)HH’C(R\[_%T—"L%T_”)).
j=1

In particular, ||ay|| gr converges to 0 as n — oo.

Remark 3.2. One could prove a more general result where the front interfaces are located on
positions n17), ..., ny,T as long as the distances n; 1 —n; are sufficiently large foreach ¢ =1,..., M —
1. More precisely, there exist C' > 0 and N € N such that for each vector n = (ny,...,n;,) € NM
with k := min{n;41 —n; : i € {1,..., M — 1}} > N, there exists an M-front solution

M
Up = Ap + Z)Zj,nzj(' - ]nJT)
j=1

of (2.1, where Y;»: R = [0,1], j = 1,..., M is a smooth partition of unity satisfying ||¥;n [yt <
1 with X1, supported on (—oo, %(nl +n9)T +1), Xum,n supported on (%(nM_l +np)T —1,00), and
Yjn supported on (3(nj_14+n;)T—1,3(nj+nj11)T+1) for j =2,..., M —1 (only in case M > 2).
Moreover, the error a, € H*(R) converges to 0 as x — oo, The proof of this statement proceeds
along the lines of Theorem [3.I] but with considerably more involved notation, and is therefore
omitted.

The proof of Theorem relies on a contraction-mapping argument. Inserting the ansatz ([3.1])
into , one arrives at an equation for the error a,, whose linear part is given by £(w,)a,. Here,
L(w,) represents the linearization of about the formal concatenation w;, of the M fronts, with
L(-) defined in To solve for the error, we recast the equation as a fixed-point problem in H¥(R)
by inverting the linear operator L£(wy,).

The invertibility of £(w,) is established by transferring the nondegeneracy of the primary
fronts Z1, ..., Zy; to the concatenation w,. This is achieved by characterizing invertibility through
exponential dichotomies [38]. Specifically, £(u) — A can be inverted if and only if the first-order
formulation of the eigenvalue problem admits an exponential dichotomy on R. By applying
pasting and roughness techniques to the exponential dichotomies arising through the nondegeneracy
of the individual fronts, we construct an exponential dichotomy on R for the first-order formulation
of the eigenvalue problem associated with £(w,,), thereby establishing its invertibility.

The invertibility result is formalized in the following lemma, which is stated in a slightly more
general form. This generalization also plays a central role in the subsequent spectral analysis of
the multifront.

Lemma 3.3. Assume [(H1)| and [(H2)| Let K C C be a compact set. Moreover, let {a,}, be a
sequence in H¥(R) with ||an|| gr — 0 as n — oo.

Suppose that the linear operator L(Z;) — A is invertible for each X € K and j =1,...,M. Then,
there exist C > 0 and N € N such that for each n € N with n > N the resolvent set of the operator

M
L(wy + ay), Wy, 1= ij,an(- — jnT)
j=1
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contains K and the resolvent obeys the bound
(3.2) [(L(wn + an) = N7 o g <C
for A e K.

Proof. Lemma [B.6] yields that the first-order system
(3.3) U'=A(z,Zj(z); \) U

admits an exponential dichotomy on R for each A € I and for j = 1,..., M. By continuity of A
and roughness of exponential dichotomies, cf. |12, Proposition 4.1], there exists for each A9 € K an
open disk By, C C with A\g € B), and constants K, iy, > 0 such that has an exponential
dichotomy on R for each A € B,, with constants K, iy, > 0. By compactness of K the open
cover {B), : Ao € K} has a finite subcover. It follows that has for each A € K an exponential
dichotomy on R with A-independent constants.

Clearly, system

(3.4) U'=A(x, Zj(x — jnT); \) U

is for each n € N and j = 1,..., M a jnT-translation of system . So, possesses for
eachn eN, j=1,...,M and A € K an exponential dichotomy on R with A\- and n-independent
constants.

We use roughness techniques to transfer the exponential dichotomy of system to an expo-
nential dichotomy of system

(3.5) U' = Az, wp(x) + an(z); \)U

on an interval I; for j = 1,..., M, where we denote Iy = (—o0, 3nT], I; = [(j — 2)nT, (j + 3)nT]
for j=2,...,M —1 (only in case M > 2), and Ip; = [(M — %)nT, 00). Smce Oy, .A is contlnuous K
is compact and we have Z1,...,Zy € L®(R) and a, € H*(R) < L>®(R), we obtain by the mean
value theorem a A- and n-independent constant Ky > 0 such that

[ Az, wn () + an(2); A) — Az, Zj(z — jnT); M|

< Ky (!anHLw + > (HX— (Ze = ve,-) | oo @\ (~ 1nr 1)
(3-6) e{1,...,.M}
+ X+ (Ze — vey) ||Loo(R\(_§nT,§nT)))>

forrelj,neN, AecKandj=1,...,M.

It is readily seen by approximation with simple functions that for each g € L?(R) it holds
||g||L2(R\[ rR) — 0 as R — oo. Thus, [[x+(Zj — vj+)|| g (r\[—r,r]) converges to 0 as R — oo for
j=1,..., M. Hence, noting that H 1(I ) Contmuously embeds into L>°(I) for each interval I C R,
the rlght hand side of the estimate converges to 0 uniformly on I; asn — oo for j = 1,..., M.
Therefore, using that has an exponential dichotomy on R with - and n-independent constants,
we establish, provided n € N is sufficiently large, by |12, Proposition 4.1] an exponential dichotomy
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for on I; with A-, j- and n-independent constants K7y, pq > 0 and projections P;,(x; A) for
each A e Land j=1,..., M.

For j =1,..., M — 1 we iteratively paste the exponential dichotomies for on the intervals
(=00, (j + 2)nT)] and I;11 together at the point = = (j + 2)nT to obtain an exponential dichotomy
on R. Let j € {1,..., M — 1}. Given an exponential dichotomy for on (—oo, (j + 2)nT] with
A- and n-independent constants K, uj > 0 and projections @, (x; ), we employ Lemma and
arrive, provided n € N is sufficiently large, at

1Qin (G + $IMT3A) = Provn (G + 5InTs V)| < 2K Ko ()87 < 1,

for each A € K. Hence, the subspaces ker(Q;,((j + 3)nT;\)) and ran(Pj1,((j + 3)nT;\)) are
complementary by Lemma and the associated projection P, ,,(A) onto ran(Pj1,,((j+3)nT; )
along ker(Q;((j + 3)nT; X)) is well-defined and satisfies

K;

Py (M) < e
S T,

for each A € K. Hence, provided n € N is sufficiently large, Lemma yields an exponential
dichotomy for system on (—o0, (j+ 2)nT|UI;41 with A- and n-independent constants for each
A € K. Thus, iteratively repeating the above procedure for j = 1,..., M — 1, we establish, provided
n € N is sufficiently large, an exponential dichotomy of on (—oo, (M — 1)nT] U Iy = R with
M- and n-independent constants for each A € K.

Using the compactness of K and the continuity of A, it follows that || A(x, wy,(z) + an(); N)| Lo
can be bounded by a A- and n-independent constant for each A € K and n € N. So, provided n € N
is sufficiently large, Lemma yields a A- and n-independent constant C' > 0 such that for each
g € HY(R) — C(R) and X € K the inhomogeneous linear problem

U' = Az, wn(x) + an(2); \)U + 9
with inhomogeneity 1 = (0,...,0,9)" € H*(R) has a solution U € H(R) satisfying
Ul < Cliglle> = Cllgllze-

Using that we have U/ = U;; € HY(R) fori = 1,...,k—1, we readily observe that u = U; € H¥(R)
solves the resolvent problem

(3.7) (L(wy +ap) — AN u=g,
and satisfies
(3.8) ull gr < [U[lg1 < Cllgll 2

Since the operator L(wy, + a,) is closed, it follows by the density of H!(R) in L?(R) that, provided
n € N is sufficiently large, the resolvent problem possesses for each g € L2(R) and A € K a
solution u € H*(R) satisfying (3-8).

Finally, if u € H*(R) lies in the kernel of £(wy,+a,)—A, then U = (u, dyu, ..., 08 1U)T € HY(R)
is a localized solution of the first-order variational problem . Since has an exponential
dichotomy on R, U must be the trivial solution and, thus, we find v = 0.

So, we have established that, provided n € N is sufficiently large, £L(w, + a,) — A is bounded
invertible and satisfies for each A € K. O
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With the aid of Lemma [3.3] we now prove Theorem [3.1] using a contraction-mapping argument.

Proof of Theorem [3.1 First, Lemma implies that the linear operator L (wy,) is invertible and
there exists an n-independent constant K > 0 such that

(3.9) 1£(wn) " o < K.

Inserting the ansatz u = w,, 4+ a with correction term a € H*(R) into (2.1) yields the equation

(3.10) a=N(a)+ R,
where the nonlinear map N': H*(R) — H¥(R) is given by
N(a) = Lwn) ™" (N (wn, ) + 0N (wn, ") a — N (w, + a,-))
and the residual R € H*(R) is given by
R=—L(wn) " (N (wn, ) + Alwy)) -

Using the continuous embedding H!(R) < L>°(R) and the fact that the nonlinearity N is twice
continuously differentiable in its first argument, it follows by Taylor’s theorem and estimate
that N': H*(R) — H¥(R) is well-defined and for all p > 0 there exists an n-independent constant
C1 > 0 such that

(3.11) [Ata0) = Nan)||,, < 1 llaollze + llarll ) lao = anl

for ag,a; € H*(R) with |agl|ze, |la1]|z= < p.
Next, the fact that Z;(- — jnT) is a solution of ({2.1)) implies that

R = L(wa) " (N (Z(- = jnT),) = N(wp, ") = A(wp — Zj(- = jnT)))

for j=1,..., M. We partition R = I; U...U Iy with I; = (—o0, %nT], I =((j— %)nT, (j+ %)nT]
for j =2,...,M —1 (only in case M > 2), and Iy = ((M — 1)nT, c0). Since the nonlinearity N is
continuously differentiable in its first argument and it holds || xjn|lywre < 1 for j =1,..., M, the
mean value theorem and estimate yield an n-independent constant Cp > 0 such that

M
(3812)  IRlge < K3 IN (Zi( = gnT), ) = N(wn,) = A(wn — Zi(- = inT))la ) < Coda

j=1
where we denote
M
On = Z <||X*(Zj - Uj,*)HHk(R\[_%T+17%T_1]) + ||X+(Zj - UjHr)HHk(R\[_%T_;_L%T_l]))'
j=1

We observe that d,, converges to 0 as n — oco.
Motivated by the estimate (3.12]), we introduce the rescaled variable

(3.13) a=9,"a,
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in which reads

(3.14) a=06,"N(6,a)+6,'R.
We regard as an abstract fixed point problem

(3.15) a=Fn(a)

and show that F,,: By(2Cy) — By(2C)) is a well-defined contracting mapping on the ball By(2Cy) of
radius 2Cq in H* (R) centered at the origin, where Cy > 0 is the n-independent constant appearing
in the bound (3.12) on R. Combining the estimates (3.11]) and (3.12)) and noting N (0) = 0, yields
an n-independent constant Ky > 0 such that

| Fr( @) gr < Co + Kobn,
[Fnlg) = Fn(B)l g2 < Kodullg — Bl gk,

for g,h € By(2Cy). Therefore, using that é, — 0 as n — oo, F, is a well-defined contraction
mapping on By(2Cy), provided n € N is sufficiently large. By the Banach fixed point theorem there
exists a unique solution a,, € By(2Cy) to (3.15). Undoing the rescaling (3.13)), we found a solution

an € H¥(R) of equation (3.10) with
lanll r < 2C00n,

provided n € N is sufficiently large, which yields the result. O

4 Existence of periodic pulse solutions

In this section, we construct a periodic solution to (2.1) by periodically extending a nondegenerate
pulse solution, see Figure [Il Thus, we impose the following assumptions:

(H4) There exist v € H* (0,T) and z € H*(R) such that v and z + v are solutions to (2.1).

per

(H5) The pulse z + v is nondegenerate.

The main result of this section reads as follows.

Theorem 4.1. Assume [(H4)| and [[H5)|. Then, there exist C > 0 and N € N such that for each
n € N with n > N there exists an nT-periodic pulse solution wu, € ngr((), nT) of (2.1) given by

(4.1) Un () = xn(z)2(x) + v(T) + an(x), ve [-5T,2T),

with a, € HF

per

(0,nT) satisfying
lanllm,, 0.n7) < Cllzllme@\(-27,27)),
and where x,: R — [0, 1] is a smooth nT -periodic cut-off function satisfying || xn |k < 1, xn(x) =

1 for x € [-5T,5T] and xn(x) =0 for x € [-5T,—5T|U [T, 5T]. In particular, ||an||gx

per(ovnT)
converges to 0 as n — oo.
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We prove Theorem [4.1] using a similar strategy as for Theorem [3.1} Specifically, we arrive at
an equation for the error a, by substituting the ansatz u,, = w, + a, into , where w,, is the
nT-periodic extension of the primary pulse x,z+4v on [-5nT, §nT). We convert this equation into
a fixed-point problem in HI’fer(O, nT') by inverting its linear component, given by the linearization
Lper(wy,) of about the formal periodic extension wy,, with Lpe; () defined in The proof is
then completed by applying a contraction-mapping argument.

The invertibility of Lper(wy) is ensured by the following lemma, which serves as the periodic
counterpart of Lemma and also plays an essential role in the subsequent spectral analysis of the
periodic pulse solution. Its proof proceeds along the lines of the proof of Lemma now relying

on a periodic extension result for exponential dichotomies [41].

Lemma 4.2. Let K C C be a compact. Let v € H{fer(o T) and z € H*R). Moreover, let

{an}n be a sequence with a, € ngr(O nT') satisfying ||anll gx_(0nry — 0 as m — co. Finally, let

Ber
n € H{fer(O,nT) be the nT-periodic extension of the function xnz on [=5T, 5T), where xy is the
cut off function from Theorem [{.1]

Suppose that the linear operator L(z+v)— X\ is invertible for each X\ € K. Then, there exist C > 0
and N € N such that for each A € K and each n € N with n > N the operators L(zp, + v + an) — A

and Lper(2n + v+ an) — A are invertible with

4.2 H " ) — ‘1’ <C,
(4.2) (L(zn +v+ap) — ) LQHHk_C
and
-1
. er\~n n) <
(4.3) H(cp (2n + 0+ ap) — \) ‘ s omyoittonty = €

Proof. As in the proof of Lemma we obtain that for each \ € K the first-order system
(4.4) U'=A(x,2(z) +v(z); \) U

admits an exponential dichotomy on R with A-independent constants and projections P(x;\). So,
we find that the nT-translated system

(4.5) U'=A(z,2(x —nT) +v(x); \) U

has for each n € N and A € K also an exponential dichotomy on R with A- and n-independent
constants.

We apply roughness techniques to carry over the exponential dichotomies of (4.4]) and (4.5) to
the system

(4.6) U'= A(x, zp(z) + v(2) + an(z); \) U.

Since 8,A is continuous, K is compact, it holds z € H'(R) and v, a, € H}.(0,nT), and H'(R) and

H]..(0,nT) embed continuously into L>(R) with n-independent constant, we obtain by the mean
value theorem a A- and n-independent constant Ky > 0 such that

A (2, zn(2) + v(2) + an(2); A) = A(z, 2() + v(2); A)||

(47) <KO{(H(1—Xn(£v)) @)+ @), w e [-3T.57).
=B )+ o) + o)), @ € (37,727
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for z € [-2T,22T] and A € K, and

A (2, zn () + v(2) + an(2); A) = A(2, 2(x = nT) + v(x); V)|

(4.8) < Ko (||(1 = xn(z —nT)z(z — nT)|| + |lan(x)])

for z € [27,22T) and A € K. Since H'(I) embeds continuously into L>(I) for each interval
I C R and |[2||g1(r\[—r,R)) converges to 0 as R — oo, we find that the right-hand sides of the
estimates (4.7) and (4.8)) converge to 0 uniformly on [-5 T, %”T ] and on [§T, %T]v respectively, as
n — oo. Combing the latter with the fact that (4.4) admits an exponential dichotomy on R with
A- and n-independent constants, we infer thanks to [12, Proposition 5.1 that, provided n € N is
sufficiently large, (4.6) has an exponential dichotomy on [-§ ,%”T] with A- and n-independent
constants K1, 1 > 0 and projections P ,(x;A) for each A € K. Similarly, provided n € N is
sufficiently large, the exponential dichotomy of (4.5) on R yields an exponential dichotomy of (4.6))
on 5T, 37" | with A- and n-independent constants Ky, 1o > 0 and projections P, (x; A) for each
Are k.

We glue the exponential dichotomies of (.6) on [—2T, 22T] and on [27, 32T] together at the
point z = %”T. First, Lemma yields, provided n € N is sufficiently large, the bound

HPL?I (Q?nT; )‘) —Pp (%LT§ >\)H < 2K1ngf(“1+“2)%T <1,

for each A € K. So, the subspaces ker(Py,(3:T; \)) and ran(Py (%
Lemma We infer that the projection P, ,(\) onto ran(Py,, (22T

T;)\)) are complementary by
2T N)
is well-defined and satisfies

) along ker(Py (%275 \))

K,
1-— 2K1K2€*(u1+u2)%7”

for each A € K. Therefore, provided n € N is sufficiently large, Lemma [B.2] establishes an exponen-
tial dichotomy for system on the interval [— 4T, STHT] of length 2nT with A- and n-independent
constants for each A € K. Moreover, using the continuity of A and the compactness of K, it fol-
lows that || A (-, z,(-) + v() + an(:); A) ||z can be bounded by a A- and n-independent constant for
each A € K. Combining the last two sentences with the fact that system has nT-periodic
coefficients, [41, Theorem 1] yields, provided n € N is sufficiently large, an exponential dichotomy
of system on R with A- and n-independent constants Ky, pig > 0 for each A € K.

In the following, we denote by #H! either the space H'(R) or the space H}l)er(O, nT) and [ € Ny.
Since || A (-, zn(-) + v(-) + an(-); A) || L= can be bounded by a A- and n-independent constant and the
nI'-periodic system has an exponential dichotomy on R with A- and n-independent constants,
Lemma, yields, provided n € N is sufficiently large, a A\- and n-independent constant C > 0
such that for each g € H! < C(R) and A € K the inhomogeneous problem

U'= A(z, zn(x) + v(x) + an(x); \) U + 9

[Pon(MI <

with ¢ = (0,...,0,9)" € H! has a solution U € H! satisfying
U2 < CliYllao = Cllgllao-

Using that we have U]’~ =Uj;1 € H! for j = 1,...,k — 1, we readily observe that u = U; € HF
solves the resolvent problem

(4.9) (L(zn +v+ap) —Nu=g,
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in case H' = HY(R), and
(4.10) (Lper(zn +v+an) — AN u =g,

in case H! = H!

per(0,nT"). Moreover, it obeys the estimate

(4.11) [ullzgr < U2 < Cligllo-

Since L(z, + v+ ap) and Lper(2n, + v + ay,) are closed operators, it follows by the density of H! in
0 that the resolvent problem , in case H' = H'(R), and the resolvent problem , in case
H = Hf)er(O, nT), possesses for each g € HY and A € K a solution u € H* satisfying (£.11).

On the other hand, an element u € ker(L(z, + v + an) — A) or u € ker(Lper(2n + v+ an) — A)
yields a bounded solution U = (u, 0,u, . .., 0¥ 1u) of system , which must be 0, because
has an exponential dichotomy on R for each A € K.

We conclude that, provided n € N is sufficiently large, £(z,+v+ay,)—A and Lper(2n+v+an)—A

are bounded invertible and obey (4.2)) and (4.3)), respectively, for each \ € K. O

With the aid of Lemma [£.2] we are now able to establish the main result of this section using
a contraction-mapping argument.

Proof of Theorem [{.1. Let z, € ngr(O,nT) be the nT-periodic extension of the function x,z on

[—5T,5T). By Lemma [4.2| the linear operator Lo := Lper(2, + v) is invertible and there exists an
n-independent constant K > 0 such that

(4.12) 125 22, 00m) > S 0y < K

per

We substitute the ansatz u = x,z 4+ v + a with correction term a € HE_(0,nT) into (2.1) and
arrive at the equation

(4.13) a=N(a)+ R,

with nonlinearity A Héer(O, nT) — HE, (0,nT) given by

per
ﬁ(a):*C;l(N(Zn+va')+auN(Zn+Ua')a_N(zn+U+a7'))

and residual R € HE

per(0,nT") given by
R= L7 (N(zn +v,-) + A(zn +0)).

Since N is twice continuously differentiable in its first argument and ngr((), nT') embeds con-
tinuously into L°°(R) with n-independent constant, Taylor’s theorem and estimate (4.12)) imply
that N is well-defined and for all p > 0 there exists an n-independent constant C; > 0 such that

H/\?(ao) - K/(a1>]

e omzy = Ot (10l 00y 01l g 0.0 ) oo = @l o)

per

for ag,ay € ngr(O,nT) with ||ag||ze, [|a1]| L= < p.

We proceed with bounding the residual. First, as z + v and v are solutions of (2.1]), we have

N (zp(z) + v(x), ) + Azp(z) + Av(z) =0,
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for z € [-§T, §T] and

N(zp(x) +v(z),2) + Azp(x) + Av(z) = N (2n(2) + (), 2) — N (v(2), ) + Azp(2),

for z € [-2T,2T]. Hence, since H},.(0,ntT) embeds continuously into L°°(R) with n-independent

per
constant, N is continuously differentiable and it holds ||xn||yyx. < 1, there exists by the mean

value theorem and estimate (4.12)) an n-independent constant Cy > 0 such that
(4.14) |Rllzs. (0.1 < Cod

where we denote

On = ||zl e\ (— 27,2 7)) -

We observe that d,, converges to 0 as n — oco.
We introduce the rescaled variable

(4.15) a=2a,"a,
in which (4.13) reads
(4.16) a=26,'"N(6pa)+6,'R.

Regard (4.16)) as an abstract fixed point problem
(4.17) a=Fy(a).

Analogous to the proof of Theorem one establishes, provided n € N is sufficiently large, that
Fn: Bo(2Cy) — By(2C)y) is a well-defined contracting mapping on the ball By(2C)) of radius 2C)
in Hl’;er(O,nT ) centered at the origin, where Cy > 0 is the n-independent constant appearing in

the bound (4.14)) on the residual R. Then, an application of the Banach fixed point theorem yields
a unique solution a, € By(2Cp) to (4.17). Undoing the rescaling (4.15), we obtain a solution

a, € Hll,fer(O,nT ) of equation (4.13) with ||a,l| HE (1) < 2C00n, provided n € N is sufficiently
large, which yields the result. O

5 Spectral analysis of front solutions with periodic tails

In this section, we collect some background material on the spectral stability of front solutions
connecting periodic end states. Specifically, we impose the following assumption:

(H6) There exists a front Z € L>*(R) with associated end states vy € ngr(O,T ). We have
X+(Z —vy) € H¥(R), where x+: R — [0,1] is a smooth partition of unity such that y, is
supported on (—1,00) and x_ is supported on (—oo, 1).

We adopt the following distinction between essential and point spectrum, cf. [32,51].

Definition 5.1. Let L: D(L) C L?>(R) — L?(R) be a linear operator with domain D(L) = H¥(R).
The essential spectrum of L is defined as the set of all A € C for which the operator L — X is not
Fredholm of index zero. The point spectrum is defined as the complement o (L) \ 0ess(L).
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Assume Let nt € R. The Fredholm properties of the exponentially weighted lineariza-
tion operator L,_, (Z), see are determined by the periodic end states vi. By leveraging
Lemma and Weyl’s theorem, cf. |33, Theorem VI.5.26], we infer that, for each A € C, the
operator L,_ ,, (x—v— 4+ x4v4+) — A is Fredholm of index j € Z if and only if £,_,, (Z) — A is
Fredholm of index j. Consequently, the essential spectra of £,_,, (Z) and L,_ ,, (x—v— + x4+v4+)
coincide.

The results of Palmer, [40, Lemma 4.2], |41, Theorem 1] and [42, Theorem 1], imply that
Ly n. (X=v— 4+ x+v4+) — A is Fredholm if and only if both of the associated first-order eigenvalue
problems

(5.1) U' = (Alz,vx(2);A) —ne) U
admit an exponential dichotomy on R. Its Fredholm index is then given by
ind(Ly_ . (Z) = X) =ind(Ly_ . (X—v— + x404) = A) =1 (X) = 11 (N),

where the Morse index 1+ () is the rank of the projection associated with the exponential dichotomy
of on R. We note that possesses an exponential dichotomy on R if and only if the
operator L, (v4+) — A is invertible, cf. Lemmas and Furthermore, Floquet’s theorem, [32,
Theorem 2.1.27], yields that the T-periodic system has an exponential dichotomy on R if and
only if it possesses no Floquet exponents v € C on the imaginary axis ﬂ The Morse index is then
equal to the number of Floquet exponents v € C with negative real part (counted with algebraic
multiplicity). We summarize these observations in the following proposition.

Proposition 5.2. Assume|(H6)| Let ni € R. Then, the following assertions hold true.

1. A point X € C lies in the spectrum of L, (v+) if and only if the T-periodic system (5.1
possesses purely imaginary Flogquet exponents.

2. We have

Oess (ﬁnf,njL(Z)) = Oess (£n7,77+ (X—U— =+ X+U+))
— (A€ CH () # L)} Uo(Ly (1)) Uo(Ly, (01),

where 1+ (\) is the number of Floquet exponenents v € C (counted with algebraic multiplicity)
of (b.1) with negative real part.

In the following proposition, we introduce the Evans function, a well-known tool to locate point
spectrum in the stability analysis of nonlinear waves, see [3},[1932,43,/51] and references therein.
The Evans function is an analytic determinantal function measuring the alignment or mismatch
between the subspace of solutions decaying as z — oo and the subspace of solutions decaying as
x — —oo. Consequently, its zeros correspond to eigenvalues, including their multiplicities.

Proposition 5.3. Assume|(H6)| Let ny € R. Let Q2 be a connected component of

C\ (UeSS(ﬁnf (V=) U Oess (L, (W—)))

Then, the following assertions hold true.

2The Floquet exponents are the principal logarithms of the eigenvalues of the monodromy matrix T+ (T, 0; \),
where Tx(z,y; A) is the evolution of system (5.1)). We refer to [11}/32] for further background on Floquet theory.
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1. The number ly + € {0,...,km} of Floguet exponents v € C (counted with algebraic multiplic-
ity) of (5.1)) with negative real part is constant for each A € Q.

2. System (5.1) has for each A € Q an exponential dichotomy on R with projections Qi (x; \)
of rank lo+. Here, Q4(;\): R — CF™*km s T_periodic for each A € Q and Q4 (z;-): Q —

Chmxkm s analytic for each x € R.
3. System
(5.2) U = (A (0, Z(2);\) =)y . (ac)) U

possesses for each A € Q exponential dichotomies on Ry with projections Py(xxz;\),xz > 0
of fixed rank lo +, where wy,_,, is the weight function defined in §2. Moreover, there erist
analytic functions Bs: Q — CF¥lo+ gnd By : Q — Chkmx(km=lo.-) gych that Bs(X) is a basis
of ran(P1(0; X)) and By(\) is a basis of ker(P_(0; \)) for each A € Q.

4. Assume furtherly — = lo . Then, there is no essential spectrum of L,,_ 5, (Z) in Q. Moreover,
a point Ay € 2 lies in the point spectrum of L,_ 5, (Z) if and only if Ao is a root of the analytic
Evans function £: Q — C given by

E(A) = det(Bu(A) | Bs(A))-

The geometric multiplicity mg(Xo) of an eigenvalue g € Q of the operator L,,_ ;. (Z) is equal
to dim(ker(P_(0; \g)) Nran(P(0; X\g))). Moreover, if £ does not vanish identically on €,
then the algebraic multiplicity mq(Xo) of an eigenvalue Ao € Q of Ly,_ ;. (Z) is equal to the
multiplicity of Ao as a root of £. In particular, the roots of £ and their multiplicities are
independent of the choice of bases.

5. Let L C Q be compact. Then, there exist constants Ky, jo, 70 > 0 such that system (5.2)) ad-
mits for each A € K exponential dichotomies on Ry with constants Ko, pio > 0 and projections
Py(£x;\),x > 0 satisfying

y€[z,00)

(5:3) | PelEai) - Q)| < Ko <+ sup \\Z(iy)—vi&y)r),

for each x > 1.

Proof. The first assertion is an immediate consequence of Proposition and the fact that the
Floquet exponents of depend continuously on \.

It follows from Floquet’s theorem, cf. [32, Theorem 2.1.27], Proposition and Lemma
that the T-periodic system ([5.1) possesses for each A € 2 an exponential dichotomy on R with
projections Q+(x; A), which have rank lp 4+ and are T-periodic in their first component. Thanks
to the uniqueness of exponential dichotomies on R, cf. [12, p. 19], and the fact that depends
analytically on ), it follows from [13, Lemma A.2] that Q+(x;-) is analytic on Q for each z € R.
This proves the second assertion.

Next, we observe that [40, Lemma 3.4], and the continuous embedding H!(R) — L>(R)
yield for each A € € exponential dichotomies for system on Ry with projections Py (£x;\), z >
0 of rank lp +. Using that system depends analytically on A and the subspaces ker(P_(—z; \))
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and ran(P4(z; \)) are by [12, p. 19] uniquely determined for z > 0 and A € €, [13, Lemma A.2]
and [33, Section II.4.2] provide analytic functions Bs: Q — C*™*!0 and By,: Q — Chmx(km=lo) gych
that Bs(\) is a basis of ran(Py(0;A)) and By()) is a basis of ker(P_(0; \)) for each A € Q. Thus,
we have established the third assertion.

Assume lg + = lo . Then, there is no essential spectrum of £,_, (Z) in Q by Proposition
Set lgp = lp+ and take \g € Q. As £, , (Z) — Ao is Fredholm of index 0, it is invertible if
and only if A\g is not an eigenvalue of £,_,. (7). Since is the first-order formulation of
the eigenvalue problem £, , (Z)u = Au, there is a one-to-one correspondence between elements
ug € ker(L,_ . (Z)—Ao) and H'-solutions Uy = (ug, Oruo, . - ., 0¥ 1ug) € HY(R) of at A = Ag.
The exponential dichotomies of on Ry yield that Uy is an H'-solution of at A = Ao
if and only if Up(0) € ker(P_(0;Xo)) Nran(Py(0;Ng)). Therefore, \g € Q is an eigenvalue of
Ly_n.(Z) if and only if £(Ag) = 0. In addition, the geometric multiplicity mg4(Ag) of Ao equals
dim(ker(P_(0; Ag)) Nran(P4(0; \g))). Finally, [31, Theorem 2.9] asserts that, if £ is not identically
0, then the algebraic multiplicity m(Ao) of g is equal to the multiplicity of Ao as a root of £. This
completes the proof of the fourth assertion.

Finally, we recall that system possesses an exponential dichotomy on R for each A in the
compact set IC with projections Q4 (z; \). Thus, as in the proof of Lemma we find that has
for each A € K an exponential dichotomy on R with A-independent constants and, by uniqueness,
projections Q4 (x; \). Thus, the fifth assertion follows from [40, Lemma 3.4] and its proof. O

6 Spectral analysis of multifront solutions

This section is devoted to the spectral stability analysis of stationary multifront solutions to (1.1J).
We consider a multifront w,, of the form , where w, is a formal concatenation of M primary
fronts Zy, ..., Zyr with matching periodic end states, and a, is an error term converging to 0 in
H*(R) as n — co. Our goal is to transfer spectral properties of the linearizations £(Z1),. .., £(Z)
of about the primary front solutions to the linearization £(u,) about the multifront.

A first key observation, provided by Lemma is that, if £(Z1)—A, ..., L(Zpr)— )\ are invertible
for each A in a compact set L C C, then so is L(u,) — A for n € N sufficiently large. In other
words, if K is a compact subset of the resolvent set p(L£(Z;)) for each j =1,..., M, then K is also
contained in p(L(uy)), provided n € N is sufficiently large.

In dissipative systems, such as the reaction-diffusion models discussed in §8| the spectral stability
analysis can often be reduced to an n-independent compact set with the aid of a-priori bounds that
preclude spectrum with nonnegative real part and large modulus. As a result, Lemma yields
the following corollary, asserting that strong spectral stability of the M primary fronts Z1,..., Zy
is inherited by the M-front w,,.

Corollary 6.1. Assume [(H1)|, [(H2)| and [(H3)| Suppose that the front solutions Z; are strongly
spectrally stable for j = 1,..., M. Moreover, assume that there exist a compact set K C C and
N € N such that

o(L(up)) N {z € C: Re(z) > 0} € K

for n > N, where u, is the multifront solution established in Theorem [3.1. Then, there exists
N1 € N with N1 > N such that for all n € N with n > Ny the multifront uy, is strongly spectrally
stable.
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In the remainder of this section, we study the spectra associated with stationary multifront
solutions to in more detail. The obtained results are particularly useful in scenarios where one
of the primary fronts is either spectrally unstable or only marginally stable. We assume that
and hold and consider a multifront u,, of the form , where a, is an error term converging
to 0 in H*(R) as n — oo.

By Proposition the essential spectrum of L(u,) is determined solely by its periodic end
states v1,— and vjr,4, making it independent of n. Specifically, it is given by

Uess(ﬁ(un)) = Oess (»C(X—Ul,— + X+UM,+)) = {>‘ eC: I ()‘) 7& l+()‘)} U 0(£(1)17_)) U U(‘C(UM7+))7

where [_(\) and [4(\) are the Morse indices, corresponding to the number of Floquet exponents
v € C of negative real part (counted with algebraic multiplicity), of the asymptotic systems

(6.1) U' = A(z,v1 —(z); MU, U'= A(z,vp+(2); MU,

respectively.
The main result of this section concerns the approximation of the point spectrum of £(u,,). For
each connected component 2 of C\ oess(L(uy,)), we establish such an approximation in the subset

Pabs, i= {A € Q: for each j € {1,..., M — 1} there exists ; € R such that £, ;(\) =11 (\)},

where £, ;(A) € Ny denotes the number of Floquet exponents v € C with negative real part (counted
with algebraic multiplicity) of the T-periodic system

U' = (A(a,vj.4 (@) \) 1) U.

In accordance with [53], we refer to the complement o,ps 0 1= Q \ pabs o as the absolute spectrum
of L(uy) in 2, see also Remark We observe that a point A € §2 lies in the absolute spectrum
Tabs,q if and only if there is a j € {1,..., M —1} such that there is no n € R separating the Floquet
exponents of the asymptotic system

(6.2) U’ = Ae, ).+ () VU,

into [4 (\) exponents in the half plane {v € C : Re(v) < n} and km — 4 ()\) exponents in its comple-
ment (counting algebraic multiplicities). So, ordering the Floquet exponents vq (), ..., Vgm j(A)
of the system ([6.2) by their real parts,

Re(ul,j()\)) <...< Re(Vkm,j()‘))y

a point A € Q lies in the absolute spectrum o.usq if and only if we have Re(v, (n);(\) =
Re(v;, (3)41,5(A)) for some j € {1,...,M — 1}. Since the Floquet exponents v;;(\) depend con-
tinuously on A, and € is open, we infer that p,ps o is also open. We note that the imaginary axis
enforces the desired splitting of Floquet exponents if A € ) lies outside the essential spectra of the
linearizations about the primary fronts, see Proposition So, we have the inclusion

M
Oabs,2 C U Uess(/-"(Zj))'

j=1
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Let © be a connected component of C\ gess(L(uy,)) and let A9 € pans . Set nop = 0 and 1y = 0.
Then, by continuous dependence of the Floquet exponents on A, there exist an open neighborhood
U C pabs,o of A\g and n1,...,mp7—1 € R such that the T-periodic asymptotic system

(6.3) U' = (A, vj4-(x); A) = ;) U

has [;(Ao) Floquet exponents v € C in the open left-half plane and km — [ (\g) Floquet exponents
in the open right-half plane for all A € U and j = 1,..., M (counting algebraic multiplicities),
cf. Figure (top). The main result of this section establishes that the point spectrum in U of the
linearization £(u,) about the multifront converges, as n — oo, to the union of the point spectra in
U of the (exponentially weighted) linearizations Ly, (Z1), - - ., Lyy_1,ma (Zar) about the primary
fronts, thereby preserving the total algebraic multiplicity of eigenvalues.

Theorem 6.2. Let M € N>o. Assume [(H1)| and [(H2)| Suppose that there exists N € N such
that, for each n € N with n > N, there exists an M -front u, of the form , where {ap}n is a
sequence in H¥(R) converging to 0.

Let Q2 be a connected component of C\ oess (L(X—v1,— + X+VU,+)). Let Ao € pabs.o. Take an
open neighborhood U C paps o of Ao and real numbers n; € R such that for each j =1,...,M — 1
and all N € U systems and have the same number of Floquet exponents in both the
open left-half plane and the open right-half plane (counting algebraic multiplicities). Set ny = 0 and
nyv = 0. Let &: U — C be the Evans function of the first-order system

(6.4) U = (A (2, Zj(x); N) — w0, (g;>) U
forj=1,..., M, as constructed in Proposition|5.5.

Suppose Ag is a root of € := &1 -...-Epr of multiplicity mg € Ng. Then, there exists gg > 0 such
that for each o € (0, 00) there exists N, € N with Ny > N such that for all n € N with n > N, the
following assertions hold true.

1. An Evans function E,: By,(0) — C associated with (3.5)) has precisely mo roots in By,(o)
(counting multiplicities).

2. The operator L(uy,) has point spectrum in By, (o) if and only if mg # 0. The total algebraic
multiplicity of the eigenvalues of L(uy,) in By,(0) is mo.

Remark 6.3. The integer mg € Np in Theorem equals the number of eigenvalues (counting
algebraic multiplicities) of L£(u,) converging to \g as n — oo. In particular, mg is independent of
the choice of neighborhood U C paps,0 of Ag and the choice of reals 7; € R in Theorem

Remark 6.4. If \j lies in the complement (C\Uj]\i1 Oess(L(Z;)), then we may take n1,...,np—1 =0
in Theorem [6.2] The result then asserts that there exists an n-independent neighborhood U of A\
such that the point spectrum in U of L(u,,) converges, as n — 0o, to the union of the point spectra of
the linearizations £(Z1), ..., L(Zy) about the primary fronts, while preserving the total algebraic
multiplicity of eigenvalues. This observation proves the first assertion in Theorem

Theorem can be applied to show that, if one of the (weighted) linearizations about the pri-
mary fronts possesses unstable point spectrum, then so does the linearization about the multifront.
However, it also serves for the purpose of counting eigenvalues, which is for instance useful for
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spectral (in)stability arguments in Hamiltonian systems based on Krein index theory [29}30,32].
We illustrate this in by proving instability results for stationary multipulse solutions to the
Gross-Pitaevskii equation with periodic potential. Notably, the control over algebraic multiplicities
provided by Theorem is essential for applying Krein index counting theory effectively. Finally,
Theorem [6.2] can be used to establish strong spectral stability of the multifront in cases where
Corollary does not apply. More precisely, if both the essential spectrum oess(L(uy,)) and the
absolute spectrum o,ps o in the right-most connected component of C\ oess(L(uy)) are confined
to the open left-half plane, then we can employ Theorem to preclude spectrum of L(u,) in
n-independent compact subsets of the closed right-half plane. This leads to the following extension
of Corollary [6.1}

Corollary 6.5. Let M € Nso. Assume [(H1)| and [(H2)| Assume further that the following
conditions hold:

1. The essential spectrum oess(L(X—v1,— + X+Unm,+)) and the absolute spectrum oansq in the
right-most connected component Q of C\ 0ess(L(x-v1,— + X+Unm,+)) are confined to the open-
left half plane.

2. The Evans function £: Q — C in Theorem[6.9 has no zeros in the closed right-half plane.

3. There exist N € N and a compact set I C C such that, for each n € N with n > N, there
exists a stationary M -front solution u, to (1.1) of the form (3.1)), where {an}n is a sequence
in H*(R) converging to 0, such that

o(L(up))N{z € C:Re(z) >0} CK
forn > N.

Then, there exists N1 € N with N1 > N such that for all n € N with n > Ny the multifront u, is
strongly spectrally stable.

Remark 6.6. The conditions in Corollary [6.5|can be satisfied even if the linearization £(Z;) about
one of the primary fronts Z; has unstable essential spectrum, see Figure (top). Thus, spectrally
unstable primary fronts may produce strongly spectrally stable multifronts.

The observation that multifronts composed of unstable primary fronts can still be stable is not
new: the phenomenon is well-studied in constant-coefficient systems [49/53]. An advantage of the
spatially periodic setting considered here is that it breaks the translational symmetry. As a result,
front solutions can be strongly spectrally stable, eliminating the need to track eigenvalues of L(u,)
that converge to 0 as n — oo, cf. [50].

Remark 6.7. In systems with constant coefficients, it was shown in [53] that eigenvalues of the
linearization about a multifront accumulate onto each point of the absolute spectrum as the dis-
tances between interfaces tend to infinity, see also [39,52]. We anticipate that, using the techniques
developed in [52}53], a similar result can be established for the spatially periodic setting considered
here.

Remark 6.8. Theorem [6.2] does not require that the primary fronts constituting the multifront
are nondegenerate. Therefore, the theorem applies even when the linearization about a primary
front is not invertible due to additional symmetries, such as translational or rotational symmetries.
In we will apply Theorem to prove spectral instability of multipulses in a spatially periodic
Gross-Pitaevskii equation, which exhibits a rotational symmetry.
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The proof of Theorem [6.2] hinges on a delicate factorization procedure of the Evans function
E,. The procedure is inductive and employs the well-known identity

. (-1 ~-A B\ _ -1 B -A
(6.5) det (CA™'B+D) = act(4) det ( c p)= det(A™") det D
in each induction step, where A, B, C, D € C*** are block matrices with A invertible and ¢ a natural
number.
By Proposition system (/6.4]) possesses exponential dichotomies on both half-lines for j =

1,..., M. By applying roughness and pasting techniques, these transfer to exponential dichotomies
of the first-order system
(6.6) U' = (A(z,un(z); A) — o' (2)) U,

associated with the eigenvalue problem (L(u,) — A)u = 0 about the multifront u,,, on the intervals
(—oo,nT], [MnT,o0), and [jnT,(j + 1)nT] for j = 1,...,M — 1. Here, w: R — R is a suitably
chosen concatenation of the weight functions wy, , 5, for j =1,..., M, see Figure bottom).

Given an exponential dichotomy of on an interval Z, the key idea is to use Lemma to
write the associated projection P(x;\) as

P(z;N) = B(x; M) (@(ﬂs; ) T B(z; A))il O(z; \) '

where B(z;A\) and ©(x;\) are matrices whose columns constitute a basis of ran(P(x;\)) and
ran(P(z; \) "), respectively. We demonstrate that

11,y 0) = (0w 0) B ) O ) T,y MB(w: N) (0w 1) By v))

is invertible for each x,y € Z, where T (x, y; A) is the evolution of system . Thus, given matrices
X,), we can write

XT(2,y; )Y = XP(x; \)T (2, y; ) P(y; )Y + XT (2, y; A)(I — P(y; A)Y
= XB(z; V(2,5 \)O(y; \) Y + XT (2, y; \) (I — P(y; \)Y

for x,y € Z. We then apply the formula to the determinant of expressions of the form
with A = TI(z,y;\) "L, B=0(y;\)TY, C = XB(z;\) and D = XT (z,y; \) (I — P(y; M) .

Specifically, we show that the Evans function F, can be expressed, up to an invertible ana-
lytic factor, as det(Xo(AN)T (nT, MnT; A\)Yo(N)), where Xp(A) and Yo(A) are appropriately chosen
matrices. By applying inductively, we obtain that FE, is, up to a nonzero analytic factor,
equal to the determinant of a matrix that becomes an upper triangular block matrix as n — oo.
The determinants of the diagonal blocks can be identified with the Evans functions &1,...,&y. An
application of Rouché’s theorem then yields the desired approximation of the zeros of F, by those
of the product £ =& ... En.

(6.7)

Proof of Theorem[6.3 This proof is structured as follows. We begin with establishing exponential
dichotomies for the weighted eigenvalue problems along the primary fronts. Then, we define
a suitable weight function w and transfer these exponential dichotomies to the unweighted and
weighted eigenvalue problems and along the multifront. Subsequently, we define an Evans
function E, associated with . Next, we inductively establish a leading-order factorization of
E,,, relating it to the product £ = & - ... &y. Finally, the result follows by an application of
Rouché’s theorem.
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Exponential dichotomies along the primary fronts. We list some consequences of Propo-
sitions and First of all, system has for all A € U and each j = 1,...,M expo-
nential dichotomies on Ry with projections Pj +(£x; ),z > 0 of rank [y, where [y is the A- and
j-independent number of Floquet exponents in the open left-half plane (counted with algebraic mul-
tiplicity) of the systems (6.1 and . Moreover, there exist analytic functions Bj¢: U — Chlmxlo
and Bj: U — Ckmx(km=lo) guch that Bjs()\) is a basis of ran(P;1(0;\)) and Bj,()\) is a basis of
ker(P;—(0; X)) for all A € U and j =1,..., M. The associated Evans function £;: i — C is given
by

Ej(A) = det(Bju(A) | Bjs(A))

for j =1,...,M. Because & = & - ... Ey is analytic, there exists a closed disk B)y,(g2) C U of
some radius g2 > 0 such that \g is the only root of € in B),(02). Finally, there exist constants
Ko, po, 70 > 0 such that possesses for A € By,(g2) and j = 1,..., M exponential dichotomies
on Ry with constants Ky, up > 0 and projections ]Bjyi(ia;; A),x > 0 satisfying for each z > 9.
By uniqueness of the range of P;(0;\) and the kernel of P;_(0;\), cf. [12, p. 19], B;s(A) is a
basis of ran(P;j 4 (0; \)) = ran(P; 4 (0; \)) and B;4()) is a basis of ker(P;,_(0; ) = ker(P;_(0; \))
for each A € By (02) and j = 1,..., M.

Since A is T-periodic in z, system
(6.8) U = (,4 (2, Zj(x — jnT)i ) — oy, (2~ jnT)) U
is, for each n € N, a jnT-translation of system for j = 1,...,M. So, it admits for each
A € By, (02) and j = 1,..., M exponential dichotomies on the half lines (—oc, jnT] and [jnT, o)
with constants Ky, pg and projections Pj,i (JnT £ z;N) = ]%,i(ix; A),z > 0.

Weighted eigenvalue problem. Let @: R — R be given by

wi]oﬂ?l (z —nT), S (_Ooa %”T} )
(:J(JZ‘) = w;]j,l,r]j(x —jTLT), HAS ((] - %)TLT, (] + %)TLT] ) .7 = 27 s 7M - 17
W;IMAJIM (:E - MnT), LS ((M - %)nT, OO) s

see Figure (bottom). By definition of the exponential weights wy, ,,.,7 =1,..., M, see the
function @ is smooth and has support within the interval (nT'—1, MnT+1). Therefore, its primitive
w: R — R, given by

w(@) = [ @t

is smooth and bounded.
Denote by T,,(x,y; \) and T, (z,y; \) the evolutions of system (3.5 and , respectively. Since
w is bounded and it holds

Tz, y; \) = @O (2, 4: \)

for z,y € R and A € C, system (3.5)) possesses an exponential dichotomy on an interval Z C R with
projections P, (x; \) if and only if system does.

27



E

”L*./\/\/\/\/\/\/’\
'\/\/\/\/\/\/\/\/' '

2nT 3nT

V2,— =014

() /' 2 \
& n QLT 37ILT

Figure 2: Tllustration of a stationary 3-front solution (top), with insets showing the Floquet expo-
nents (blue dots) associated with the periodic end states v; 4+ for j = 1,2, 3, depicted in blue. The
derivative of the corresponding weight w, denoted by @, is shown in purple (bottom).

Exponential dichotomies along the multifront. Our next step is to use roughness and past-
ing techniques to transfer the exponential dichotomies of system to exponential dichotomies
for system (and thus for system (3.5)) on the intervals (—oo, 3nT], [(M — 3)nT,0c0) and
(5 — %)nT, (j+ %)nT] for j=2,...,M — 1 (only in case M > 2).

Let Xjn: R — [0,1] be a family of smooth cut-off functions, where X1, is supported on
(=00, 3nT + 2) and equal to 1 on (—oo, 3nT + 1], Xas, is supported on ((M — 1%)nT —2,00)
and equal to 1 on [(M — $)nT —1,00), and X;,, is supported on ((j — 3)nT —2, (j + 3)nT +2) and
equal to 1 on [(j — $)nT — 1,(j 4+ $)nT + 1] for j =2,...,M — 1 (only in case M > 2). We define

Zj,n:an"{'(l Xjn)Z (- _]nT)+Xjnwn

for j =1,..., M, where we recall w, is the formal concatenation of the M primary fronts, defined
in (3.1). Using that 8,.4 is continuous, B),(02) is compact and we have a, € H'(R) < L*(R)
and Zy € L>(R) for £ =1,..., M, the mean value theorem yields a A\- and n-independent constant
R > 0 such that the estimate

(6.9) IA (@, Zjn(@); A) = Ale, Zi(w = jnT); N)| < R,
holds for x € R, A € By,(02) and j = 1,..., M, where we denote
60 = llan < +Z; (0= (25 = 03 oo ooy + (25 = 05 e (17 2.00) ) -
J

Using the embedding H'(R) < L>°(R), one readily observes that &, converges to 0 as n — oc.
Thus, since for all A € B, (02) system (6.8)) has exponential dichotomies on (—oo ]nT] and [jnT, 0o0)
with A- and n-independent constants K, uo and projections P] +(JnT £ x;\) = Pj+(F£x;)), 2 >0,
the estimate and Lemma give rise to A- and n-independent constants Mj, u; > 0 and
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01 € (0, 02) such that, provided n € N is sufficiently large, the following two statements hold for
7 =1,..., M. First, the system

— W1 n;

(6.10) U = (A (@, Zim(2); ) — (g;)) U

has exponential dichotomies on (—oo,jnT] and [jnT,00) with A- and n-independent constants
and projections Q; 4+ n(jnT £+ ;A),x > 0 for each X € By (01). Second, the map Q; + »(jnT +
x;-): By, (01) — CF™*m ig analytic for each 2 > 0 and the estimates

1Q),—n((G = $)nT5X) = P (=3T; \)|| < My (6, + 17T
(6.11) 195+ + 5)nT5A) = Pt (5T VIl < My (8 770,
1Qj+n(InT5A) = Qj+(N)|| < Mid,

hold for all A € By, (01), where we denote by Q1 (\) the projection onto ran(P;_(0;)\)) along
ran(P; 4 (0; \o))* and Q;_(\) is the projection onto ker(P;_(0;\o))t along ker(P;—(0;A)). By
Lemma the maps Qj +: By,(01) — Ckm>km are analytic for j = 1,..., M.

Take j € {1,...,M}. Owing to [33, Section II1.4.2] there exist analytic maps ®;: By,(01) —
Ckmxlo and W;: By, (01) — Ckm*(Em=l) guch that ®;()\) is a basis of ran(Q; —(A\) ") and ¥;()) is a
basis of ran(I — Q;,—(A\) ") = ker(Q;—(A) ") for A € By, (01). Since B;4()) is a basis of ker(Q;.— (),
we have ®;(\) "B, 4()\) = 0 for A\ € By,(01). Therefore, we arrive at

det ((W5(0) | @;(0))7) &) = det (0,007 Bju(N) ) det (@500 Bjs(V))

for X € By,(01). Clearly, the matrix (¥;(\) | ®;(\)) is invertible for all A € By (p1), and so is
U;(A)' Bju(A) by Lemma We conclude that &; has the same zeros (including multiplicities)
in By, (01) as the analytic function &;: By,(01) — C given by

£i(\) = det (cpj(A)TBj,S(A)> .

Take j € {1,...,M —1}. We invoke Lemma use the T-periodicity of Q+(-; A) and employ
estimates and , to conclude that, provided n € N is sufficiently large, the subspaces
ker(Qj+n((j + 3)nT; ) and ran(Qj41,— ,((j + 3)nT; \)) are complementary and there exists a
A- and n-independent constant My > 0 such that the projection P;,(\) onto ran(Q,y1,—n((j +
3)nT; ) along ker(Q; 4 n((j + 5)nT; \)) is well-defined and enjoys the bound

(6.12) |Pin(N)]| < My

for A € By,(01). Since Qj 4+ n((j + $)nT;"), Qjr1,—n((j + 3)nT;-): Byy(01) = CF™ k™ are an-
alytic, Lemma affords analytic maps Bj i ,: By, (01) — C*™*l such that ran(Q;11,—((4 +
$)nT; X)) = ran(Bj— ,»(N)) and ker(Qj+n((j + 3)nT;A)) = {u € CF™ : 2Ty = 0forall 2 €
ran(B; 4+ n(A))}. Therefore, Lemma implies that P;,: By, (01) — CF™F™ is analytic.

By construction of the cut-off functions x; , and the weight w, system coincides with
on (—oo, 3nT] for j = 1, on [(M — $)nT,00) for j = M and on [(j — 3)nT, (j + 3)nT] for j =
2,...,M —1 (only in case M > 2). Hence, it follows, thanks to Lemma E and estimate ,
that system admits for all A € B)y,(o1) an exponential dichotomy on (—oo,nT] with A- and

n-independent constants and projections Q1 — »(x; A), an exponential dichotomy on [MnT, co) with
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A- and n-independent constants and projections Qps 4 »(z;A), and an exponential dichotomy on
[inT, (j + 1)nT] with A- and n-independent constants and projections

Qjon(@; ) = Talw, (7 + 5)nT; N Pjn(NTu((j + 5)nT, 23 X),

for j=1,..., M —1. In addition, there exist A- and n-independent constants M3, us > 0 such that,
provided n € N is sufficiently large, the projections obey

1Q).0m(3nT; A) = Qjy n(JnT; A)|| < Mge ",
19Qj.0,n((F + D)nT;A) = Qji1,—n((f + T A)|| < Mae™#emT
for A € By,(01) and j =1,..., M — 1. Combining the latter with (6.11]), we arrive at
(6.13)  1Qion(nT: N) = Qs I 1 Qion((G + DT A) — Qo1 (W < Mae T 1 M1y,

for A € By,(01) and j = 1,...,M — 1. Finally, we observe that Qj.,(z;-): By,(01) — Ckmxkm
is analytic, since 75]'7” and T, (x,y;-) are analytic for z,y € [jnT,(j+ 1)nT] and j =1,..., M — 1,
cf. |32, Lemma 2.1.4].

We define the analytic maps Zg 5, Zjn, Bjn, Brmn: By, (01) = Chmxlo 1y

Eon(A) = Q1 a(nT5;0)T@1(N),  Ejn(N) = Qjon(( + 1)nT;0) @51 (N)
and

Bj,n()‘) = Qj,o,n(jnT; )‘)Bj,s()‘)v BMJI()‘) = QM,-I—,n(MnT; )\)BM,S(A)

forj=1,...,M—1. Let oo € (0, 01). Employing estimates (6.11]) and (6.13)), using the compactness
of B),(00) and recalling that ®; and B, ¢ are analytic on Bj,(¢1), we obtain a A- and n-independent
constant My > 0 such that, provided n € N is sufficiently large, we have

I1Z-10 () = 25V 1Bjan(A) = Bjs (W < My (747 +8,)

(6.14) "
IEj—1n N IBja(N| < My,

for all A € By,(00) and j = 1,..., M. Because ®;()\) and Bjs()\) are bases, the estimate (6.14)
implies that, provided n € N is sufficiently large, =g, ()\) forms a basis of ran(Q; _ ,(nT;\) "),
Zjn(N) is a basis of ran(Q; o ((5 + 1)T;A) 1), Bjn()) is a basis of ran(Q; o »(jnT; N)), and Basn(N)
is a basis of ran(Qps 4 ,(MnT;\)) for j=1,...,M — 1 and X € By, (00)-

By [33, Section 11.4.2] there exist analytic maps =, Bjn: By, (01) — CF™* such that =;,,(\)
forms a basis of ran(Q; o, (jnT;\) ") and Bj,()\) is a basis of ran(Qje.((j + 1)nT;\)) for A €
By,(p1)and j =1,...,M — 1. By Lemma the matrices Z;,,(\) T Bj.(\) and Z;,(\) TB;n(N)
are invertible for A € By, (o) and j = 1,..., M — 1. Hence, one readily verifies that it must hold

i NTBL) &0,

Qjon((i + 1T A) = Bin(N) (0N Bin(N)  Zjn(N)

[1]x

Qs (T ) = BN (
(6.15)

for A € By,(00) and j =1,...,M — 1. Therefore, defining I1;,,, 0, ,,: By, (01) — Cloxlo by

00 = (23400 Bin(N) " Z50N) TG, (G + DT 0B (M) (200 Bin(h)
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and
0jn(A) = Zjn(A\)  Ta((j + 1)nT, jnT; ) Bja(N),
we deduce

O n(MILjn(A) =

[1]

inN) T Qjon((G + VT T (5 + 10T, jnT; \)

~ -1
Ta(GnT, G+ DT BN (Z5nN B (V) =1
and, similarly,
ILn(N)Ojn(X) =1

for A € By,(00) and j =1,..., M — 1. We conclude that ©;,()) is invertible with inverse IL;,())
for X € B, (00) and j =1,...,M — 1. Moreover, ®;, and ©;, are analytic for j =1,..., M — 1,
since =, Bjn, Zjn, Bjn and Tp(z,y;-) are analytic for 2,y € R by [32, Lemma 2.1.4].

By [12, p. 13], we can extend the exponential dichotomy of system on [MnT,o0) to an

exponential dichotomy on [nT', 00) with projections Qar 4 n(x;A), 2 > nT by setting
O 123 A) = Tolx, MnT5 N) Qng g o (ML N) T (M T, 5 X)

for each € [nT,MnT] and A € Bj,(01). As noted before, this implies that the unweighted
system (3.5 also admits exponential dichotomies on the half lines (—oo,nT] and [nT,0c0) with
projections Q1 — p(x;A),x < nT and Qs+ n(x;A),x > nT, respectively.

The Evans function for the multifront. By [33, Section I1.4.2], there exist holomorphic
functions Uy, Ty, : By, (01) — CFkm=lo) guch that U, ()\) forms a basis of ker(Q1 _ ,(nT;\)) =
ran(l — Q1 ,(nT;\)) and Y,,(\) is a basis of ran(I — Q1 _ ,(nT;\) ") for each A € By,(01). Upon
defining S,,: By, (01) = CF™*lo0 by S,,(\) = Tn(nT, MnT; A\)Basn()\), we find that S,(A) is a basis
of ran(Qps+»(nT; \)) for each X € B),(00), because By ,(A) is a basis of ran(Qps 4+ n(MnT; ).
Moreover, S, is analytic, since By, and T,(nT, MnT};-) are, cf. [32, Lemma 2.1.4]. Thus, an
analytic Evans function E,,: B),(g1) — C for system is given by

Ea(A) = detUn(A) | Su(N):

Leading-order factorization of the Evans function. Our next step is to multiply E,, () with
several nonzero analytic functions in order to relate it to & = &1 - ... - Ey, where &; is the Evans
function associated with system .

First, noting that =g, (\) "U,()\) = 0, we compute

det ((a(A) | Eo.0(N)T) EalA) = det (10 () TUn(N)) det (Z0,0(N)TSa(N))
for A € By,(00). Since the matrices (T,,(\) | Z0.n()\)) and T, (\) "U,(\) are invertible for all A €
By, (00) by Lemma the Evans function E,, possesses the same roots (including multiplicities)

in By, (00) as the analytic function E,: By,(01) — C given by

(6.16) Ep()) = det (EOW(A)TSn()\)) = det (EO,H(A)Tﬁ(nT, MnT; A)BM,H(A)) .
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Denote by Iy, the identity matrix in C®*¢ and by 0y the zero matrix in C*** for £,s € N. We
claim that, provided n € N is sufficiently large, there exists an analytic function h;,: By,(01) = C
such that

- B. ) - A .
1 En(A) = hjn(A)det | | 22" - H;n(\) |,

(6.17 ) =i den (T 0 ) + i)

for A € By, (0o) and j = 1,..., M —1. Here, Bj,(\) € C¥ 10x2 "'l js an upper triangular (Iy x ly)-
block matrix, whose blocks above the diagonal are equal to —1;,«;, or 0;,x;, and whose diagonal
contains exactly one copy of each of the blocks Zps—1.,(A) " Barn(N), ... ,EM_jm(/\)_TBM_jH,n()\)
and further only (lg x lp)-identity matrices. Furthermore, A;, C;,(\), Djn(\) € C¥ o7 gre
given by

A — (I(Qj—ll)lox(Qj—ll)lo 0(2j—11)lo><l0>

/ Olo><(21'—171)lo Olo><lo
Cin(A) = (I(Qj—l—l)lox(Qj—l—l)lo _ . Oc2r=1- 1)t xlq >
’ 079 x (20111 Eon(A) Ta(nT, (M — j)nT; N\)Bar—jn(N)
and
D]Jl<)‘) =
< O(Qj_lfl)loxlo M O(Zj_lfl)loXlo >
Eon(N) T Ta(nT, (M — j)nT; N Hj10(N) ... Eon(A) Tu(nT, (M — §)nT; \)H; 9i-1,(N) )’

for j=1,...,M —1 and A € By,(01). Moreover, Hj,(\) € Clo*l and H;,(\) € C20x2l ghey
the bound

(6.18) [ Hjen (M

)ﬁjm()‘) H S M5€7,u5nT

foré=1,...,277Y j=1,...,M —1and X € By,(00), where Ms, ju5 > 0 are A\- and n-independent
constants. Finally, h;, is nonvanishing on By, (00) for j=1,...,M — 1.

We prove our claim inductively for j = 1,..., M — 1. In our proof we rely on the identity .
We start our induction proof with considering the case j = 1. Here, we employ identities , (16.15))
and and use the fact that ©/_1 ,,()) is invertible with inverse IIp;_; () to derive

En(\) = det (Eofnﬁ(nT, (M = 1)nT)Bar—1 wTlas 1= 1. Brin

+ 4, T (0T, (M = 1)nT) T (M = 1)nT, MT) (I = Qar-1,0(MT)) Ba,p

=T
Siar BMn Ol x1 ]
:dtH_ndt M~1,n 5 0Xlo Hn
S llaa1,n) de << Din  ELTaT, (M = )aT)Bura,) T

for A € B, (00), where we suppressed A-dependency on the right-hand side and denote

D1n(A) = Eo,u(N) T To(nT, (M — 1)nT; X)) Hy1,0(N),
Hi1 n()\) = 7}( M — 1)nT, MnT; )\) (I - QM_ljoyn(MnT; )\)) BM,n()\),
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and

; Oyxty —Om—1 n()\)>
H n A — 0Xt0 B .
1, ( ) <Ol0><l0 Olo ><l0

Using the bound (6.14]) and the fact that Bys—1,(\) is a basis of ran(Qu—1,0n((M — 1)nT; X)), we
obtain, provided n € N is sufficiently large, A- and n-independent constants Mg, g > 0 such that

I1H110N],

V]| < Moo

for A € By,(0o). Finally, we note that the function hj,: By,(01) — C given by hi,()\) =
det(IIp7—1 (X)) is analytic and does not vanish on By, (00), since IIps_1 5, is analytic and IIps—1 ,(\)
is invertible for all A € By,(gp). We conclude that our claim is valid for j = 1.

Next, we perform the induction step. That is, we assume that our claim holds for some j = jg €
{1,..., M — 2} and prove that it then also holds for j = jo + 1. First, we recall that ©a7_j,—1,,())
is invertible with inverse IIps_j,—1,()\) and use

Ta((M — jo = V)T, (M — jo)nT; A) = Byr—jo—1 (M Mar—jo—1,n(N)Enr—jo-1,n(A) |
+ To((M — jo — 1)nT, (M — jo)nT5 A) (I — Qui—jo—1,0,m((M = jo)nT; A)),
cf. (6.15)), to express

Bjon(\) -4 -~ -
6190 (5270 &) o) = Cittn O A1) B0 + D100
Jo,m Jo,m

with
A' n )\ — (27071)l0><(23071)l0 (23071)lo><lo >7
jo+1,n(A) < Olg><(2j0—1)lo Or—jo—1,n(N)
Biyn(N) —A; ) . .
Bii1n(\) = [ 290 L0 ) D n(N) = Dyt + Hi (A
a0 = (520 6 M) Dita) = Digsan) + i)
and

Cinaty = (femmuxeonce Sae Y,

Olox(2j0*1—1)lo ‘:M*jO*l,n(A)TBM*jO,n(A)
~ 0 in—1 O jo—1
D. " ) = _ (2]0 —1)lpxlp _ (230 71)l0><l0 >
sotind) <:Mjol,n<A>%Hjo,1,n<A> e BN T Hy 1 n()

for X € By, (00), where the matrix Dj,1.,()\) is defined by setting
Hjo11,0n(A) = To((M — jo — 1)nT, (M — jo)nT') (I — Qum—jo—1,0m((M — jo)nT)) Hj, t.n
jo+1 Z, n()\) Olgxloa

(A) = Tal(M = jo = D)nT, (M = jo)nT) (I = Qu—jo—1,0n((M = jo)nT)) Bar—jo.n

for ¢ =1,...,2707 L and ¢ = 2001 41, 200 — 1, suppressing A-dependency on the right-hand
sides. Next, we take determinants in (6.19)), use that (6.17) holds for j = jo, and apply (6.5)) to

arrive at

- B. () —Ai _
En(A) = hign(N) det (Ipz—jo—1.0(N)) det [ | 270 ot >+H- n)\>,
() = i W)t (Tas o1, () et (o220 i )y 1)

]0+1 270, A
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with
- Bj,n(N) —A;
B‘ 1n )\ — ( Jo, R Jo )
0t ( ) 02j0l0x2j0l0 Cjo+1,n()\)

and

) Higr10(N)  Hjgp1.0(N)
Hi 1,(\) = lofhn JotLm )
Jo+1, (A) (Hjo,n()‘) 024010 x 29010

where we denote

a2 Og50-17x2i0-11y  O2d0-179x 2901
Hjo-l—lﬂl(/\) = ( D. ’ A 0 0 ’ . 0
J0+1,n( ) 290~ 1]y x 2701,

and

. 0. . 0,0
H. " A) = (270—1)lgx (270 —1)lo (270 —1)loxlo ) )
Jo+1, ( ) < Olgx(2j0—1)lo _GM—jo—l,N()‘)

Moreover, recalling that Ba—j,—1,,(A) is a basis of ran(Qar—jo—1,0,n (M — jo — 1)nT’; A)), employing
the bound (6.14)), and using that (6.18]) holds for j = jo and £ = 1,...,2%~! we establish A\- and
n-independent constants My, u7 > 0 such that, provided n € N is sufficiently large, we have

[ Hjo+1,en (M

)ﬁjwl,n()\)H < Mze #mT

for£ =1,...,2% and A € B),(¢o). Finally, the function hjy+1,,: Bx,(01) = C given by hj,11.,(\) =
Bjon(N) det(Ipr—jo—1,,(N)) is analytic and does not vanish on By, (o), since hj,, and i 1.5
are analytic, hj, »()) is nonzero and IIjy/—j,—1.,(A) is invertible for all A € By, (0o). Therefore, our
claim holds for 7 = jp + 1.

Inductively, we have thus established our claim for j = 1,..., M — 1 as desired. In particular,
applying our claim with j = M — 1 we find, provided n € N is sufficiently large, that

(6.20) En(N) = har— 1.0V En(N)
for A € By, (o) with E,: By, (00) — C given by

En()\) = det (Amain,n()\) + Ares,n()\)) 5

where we denote

Ognr—2 M—2 O9nr—2 M—2 ~
A A — 2 . l0><2 lo 2 l0><2 lo H _ A
res’n( ) ( DM—l,nO\) 021\172lo><21\/1—2l0 +Hu l’n( )

and where

Amain n(/\) = BM_L”()‘) ~_AM—1 c C2M71l0><2k[7110
) 02M—2l0><2M_2l0 CMan()\)

is an upper triangular (ly x lp)-block matrix, whose blocks above the diagonal are equal to —I;,
or to 0y, x1,, and whose diagonal contains (Ip % lp)-identity matrices and precisely one copy of each of
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the blocks Zpr—1.,(AN) " Barn(A), - .., Z0n(A) T Brn(A). Hence, by estimates (6.14]) and (6.18)) there
exist A- and n-independent constants Mg, ug > 0 such that, provided n € N is sufficiently large, we
have

| Amainn(A) = AoV < Ms (e +5,) AW < Ms, [ Aresn (V)| < Mge™™

for A € By, (00), where Ag()) is the upper triangular block matrix arising by substituting the blocks
Er—1.0N) " Barn (V) -+ s Z00(N) TB1n(A) in Amainn(A) by the blocks @1, Burs(N), ..., @] Bis(\),
respectively. Therefore, we obtain A- and n-independent constants My, ug > 0 such that, provided
n € N is sufficiently large, we have

Oy

(6.21) En(\) — (A)‘ < My (e T 4 5,)

for A € By, (00), where we denote

Moreover, since hyr—1, and E‘n are analytic and hps—1,, does not vanish on E)\O(Qo), we find by
identity (6.20)) that E, is analytic on By,(0o) and has the same zeros (including multiplicities) in
By, (00) as Ep.

Application of Rouché’s theorem. Let g € (0, 00). Since the Evans function &; has the same
roots (including multiplicities) as £; in By, (o1) for j = 1,..., M and £ does not vanish on 9B, (o),
we find that £ is also nonzero on 0B}, (). So, the bound (6.21]) yields, provided n € N is sufficiently
large, that

Ea(N) — é(x)‘ < ‘5‘()\)‘

for all A € 0B),(p). Therefore, noting that € has only one root in B Ao (0) having multiplicity my,
Rouché’s theorem implies that E, possesses precisely myq zeros in B 2o (0) (counting multiplicities).

Since the zeros of En, E, and E, in B),(e) and their multiplicities coincide, the first assertion
follows. The second assertion is a direct consequence of the first by Proposition [5.3 O

7 Spectral analysis of periodic pulse solutions

In this section, we study the spectral stability of stationary periodic pulse solutions to (1.1). We
consider an nT-periodic pulse solution wu, of the form (4.1). That is, we have u,, = w, + a,, where

wy, is the formal nT-periodic extension of a primary pulse Z = z +v € H*(R) @ ngr(O,T), and
ay is an error term converging to 0 in H{fer((), nT'). Our goal is to show that spectral (in)stability

properties of the primary pulse Z transfer to the periodic pulse solution u,,.

We begin by observing that Lemma implies that, if K is a compact subset of the resolvent
set p(L(Z)), then K is also contained in p(L(uy)) for n € N sufficiently large. Hence, if a-priori
bounds preclude unstable spectrum outside of the compact region IC, then this leads to the follow-
ing analogue of Corollary which asserts that strong spectral stability of the primary pulse is
inherited by the associated periodic pulse solutions.
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Corollary 7.1. Assume[(H4)| and[(H5)| Suppose that the pulse solution z-+wv is strongly spectrally
stable. Moreover, assume that there exist a compact set L C C and N € N such that

o(Ly)N{z€C:Re(z) >0} C K

for n > N, where u, is the periodic pulse solution established in Theorem and L, is the
operator L(uy) or Lper(un). Then, there exists Ny € N with Ny > N such that for all n € N with
n > Ny the spectrum of the operator L, is confined to the open left-half plane.

In the remainder of this section, we analyze the spectra of the operators L(uy) and Lper(un)
in more detail. Our approach relies on comparing the Evans function £ associated with £(Z), as
constructed in Proposition [5.3] with an Evans function for the first-order formulation

(7.1) U' = Az, un(z); U

of the eigenvalue problem along the periodic pulse solution u,. If T,(z,y;\) is the evolution of
system (7.1]), then this analytic Evans function E, ~: C — C is given by

Eny(A) = det (T(0, =3T3 A) = vTn(0, 5T M)

for v lying in the unit circle S' C C, cf. [21,/52]. Clearly, it holds E,, ,(Ag) = 0 for some \g € C
if and only if system possesses a nontrivial solution U(z) satisfying the boundary condition
U(—5T) = vU(5T). Hence, A\g lies in the spectrum of the Bloch operator L¢ per(un) if and only
Ao is a zero of E,, genr, cf. In fact, it was shown in [21], see also [32, Section 8.4], that the
algebraic multiplicity of Ag as an eigenvalue of L¢ per(un) equals the multiplicity of Ag as a root of
the Evans function E,, .¢.r. We conclude that Ag lies in the spectrum of Lyer(uy) if and only if
Ao € C is a zero of E, . Moreover, we have \g € o(L(uy,)) if and only there exists v € S 1 such
that E, (o) = 0.

The main result of this section establishes that isolated zeros of the Evans function £ associated
with the primary pulse perturb into zeros of the Evans function E,, ., of the periodic pulse solution,
thereby preserving the total multiplicity. That is, isolated eigenvalues (including their algebraic
multiplicities) of the linearization £(Z) about the primary pulse persist as eigenvalues of the Bloch

operator L¢ per(un) for each § € [—-T=, 7).

Theorem 7.2. Let z4+v € HF(R)QHE

per(0,T). Suppose there exists N € N such that, for eachn € N
with n > N, there exists a periodic pulse solution u, € HF

per(0,nT) of the form up = 2, +v + an,
(0,nT) satisfying ||anllgx_0nr) — 0 as n — oo, and

per

where {an}n is a sequence with a, € H{;er

zn € Hllfer(O,nT) s the nT'-periodic extension of the function xnz on [—%T, %T) and xn s the
cut-off function from Theorem [{.1].

Let Q be a connected component of C\oess(L(v)). Let £: Q — C be the Evans function associated
with the first-order system , as constructed in Proposition .

Suppose that \g €  is a root of £ of multiplicity mg € N. Then, there exists o9 > 0 such that
for each o € (0, 0o) there exists N, € N such that for alln € N with n > N, the following assertions

hold true.

1. For each v € S the Evans function E, . possesses precisely mg roots in the disk By,(0)
(counting multiplicities).
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2. For each & € [—75, 7s) the Bloch operator Le per(un) has precisely mo eigenvalues in By, (o)

(counting algebraic multiplicities).

3. The operator Lper(uy) has precisely mg eigenvalues in By,(p) (counting algebraic multiplici-
ties).

4. The operator L(uy) has spectrum in By, (o).

Remark 7.3. Theorem[7.2]establishes the convergence of the point spectrum of the Bloch operators
Le¢ per (uy,) within n-independent compact sets K C C\ 0ess(£(Z)) to the point spectrum of £(Z) in
KC as n — oo. This naturally raises the question of whether spectrum of L¢ per(un) converges to the
essential spectrum oess(£(Z)) as n — oo. In the case of constant coefficients, this question has been
answered affirmative. Specifically, it was shown in [52] that eigenvalues of L¢ er(un) accumulate
onto each point of the essential spectrum oess(L£(Z)) as n — oco. Consequently, on compact subsets,
the spectra of both L(uy) and Lyer(uy,) converge to o(L£(Z)) in Hausdorff distance as n — oo. We
strongly expect that, using the techniques developed in [52], a similar result can be obtained in the
spatially periodic setting considered here.

Theorem implies that spectral instability of the primary pulse is inherited by the periodic
pulse solution. Furthermore, it serves as an important tool in spectral (in)stability arguments based
on Krein index counting theory. In particular, we employ Theorem in §§ to demonstrate the
spectral and orbital stability of periodic pulse solutions to the Gross-Pitaevskii equation with a
periodic potential.

As mentioned in Theorem was established in the constant-coefficient case in [22], using
geometric dynamical systems techniques and topological arguments based on Chern numbers. The
result was subsequently refined in [52] by showing that there exists an n-independent constant
i > 0 such that the roots of E, , in By, (0) remain O(e™#")-close to Ao.

Our proof of Theorem builds upon the approach of [52, Theorem 2]. Specifically, we employ
roughness techniques to transfer exponential dichotomies on Ry for the eigenvalue problem (4.4)
along the primary pulse to the system

(7.2) U' = A(z, xn(x)2(z) + v(z) + an(z); \)U.

System coincides with the eigenvalue problem along the periodic pulse u,, on a single
periodicity interval [T, §7]. Denoting the projections of the exponential dichotomies of
on Ry by Qi ,(x;)), we construct analytic bases of ker(Q_ (=475 ) and ran(Q4 »(575A)).
Multiplying E, ,(\) with the nonzero determinant of the matrix formed by these basis vectors
yields an approximation of the Evans function £ associated with the primary pulse. The conclusion
then follows from an application of Rouché’s theorem.

Proof of Theorem [7.3. We start by collecting some facts from Proposition First, system ({4.4))
possesses for each A € 2 exponential dichotomies on Ry with projections Py(+z;A),xz > 0 of
some fixed rank lp, which is independent of A and x. Moreover, there exist analytic functions
By: Q — Chmxlo and By : Q — Ckmx(km=lo) guch that By(\) is a basis of ran(Py (0; \)) and By(\)
is a basis of ker(P_(0; X)) for each A € Q. The associated Evans function £: Q — C is given by

E() = det(By(\) | By(N).
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Because £ is analytic and )g is a root of £ of finite multiplicity, there exists a closed disk B),(01) C Q
of some radius g; > 0 such that g is the only root of £ in E,\O(gl). Finally, there exist constants
Ko, po, 70 > 0 such that system admits for each A\ € E,\O(gl) exponential dichotomies on R4
with constants Ky, g > 0 and projections Pi(:lzx; M),z > 0 satisfying for each = > 79, where
Q(+; A) is T-periodic. By uniqueness of exponential dichotomies, cf. [12, p. 19], Bs(\) is a basis
of ran(P; (0;\)) = ran(Py (0;\)) and By()\) is a basis of ker(P_(0; ) = ker(P_(0;\)) for each

A E B/\O(Ql)- o
Since 9,4 is continuous, By,(¢1) is compact, it holds z € H'(R) and v, a, € ngr((), nT'), and
H'(R) and H].,(0,nT) embed continuously into L*°(R) with n-independent constant, we obtain

by the mean value theorem a A- and n-independent constant R > 0 such that
[A (@, xn2(z) + v(2) + an(x); A) — Az, 2(z) + v(z); M| < Ré,
for x € R and A € B),(01), where

On = Sup (I = xa(@))2(2)[| + [lan(2)])

converges to 0 as n — co. So, by Lemma there exist constants M7,y > 0 and g € (0, 01) such
that system admits, provided n € N is sufficiently large, exponential dichotomies on Ry with
A- and n-independent constants and projections Q4 ,,(dz;A),x > 0 for each A € By, (00). Here,
the maps Q4 ,,(£2;-): By, (00) — CF™ ¥ are analytic for each # > 0 and the estimates

|Qen (575 ) = Pe(+5T5 N < My (6, +0727).
194,m(0;X) — QL (N)|| < M4,

(7.3)

hold for each A € B),(00), where Q4 () is the projection onto ran(Py (0; \)) along ran(Py(0; Ao)) "
and Q_()) is the projection onto ker(P_(0; \g)) " along ker(P_(0; \)).

Now set Bsn(A) = Q4 n(0;A)Bs(A) and Byn(A) = (I — Q- ,(0;X))By(A). Then, B, (A) and
Bun(A) are analytic in A on By,(0p). Moreover, the fact that the analytic maps Bs and B,

are bounded on the compact set Bj,(0p) in combination with estimate (7.3 affords a A- and
n-independent constant My > 0 such that

(7‘4) ”BS()\) - Bs,n(A)H ) ”Bu()‘) - Bu,n()‘)” < M25n7 HBs,n(A)H ’ ”Bu,n(/\)H < M27

for all A € By, (00). So, provided n € N is sufficiently large, B, ()\) is a basis of ran(Q4 ,,(0; \))
and By ,()) is a basis of ker(Q_ ,,(0;\)) for each A € B),(0o)-

Since Q(+; ) is T-periodic, estimates and and Lemmaimply that, provided n € N
is sufficiently large, the subspaces ran(Q-—, (=513 A)) and ker(Q4n(575A)) are complementary
and there exists a A- and n-independent constant Ms > 0 such that the projection P,(\) onto
ran(Q_ (—57T;\)) along ker(Qy (575 \)) obeys

(7.5) [Pu(N)| < Ms

for all A € Bj,(0o). In addition, since the functions Q4 ,(£2T5;-): Byy(00) — C*™**" are an-
alytic, Lemma yields analytic maps B, Ban: By,(00) — CF™ 0 with the property that
ran(Q_ ,(—2T; ) = ran(Bi,(A)) and ker(Qi,(2T;N) = {u € Ck™ : 2Ty = Oforall z €

ran(Bz,(A))}. So, it follows, again by Lemma that P,,: By, (00) — CF™ ™ is analytic.
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Since the evolution Ty, (x,y; A) of system (7.1]) depends analytically on A by [32, Lemma 2.1.4],
the Evans function E,, ., is analytic for each v € S*. Because system (7.1)) coincides with system (7.2))
n [—57, 577, it holds

By~ (X) = det (T,,(0, = 5T5 \) — ( 0,573 \))

for all v € S, where T, (x,y; \) denotes the evolution of , which depends analytically on A
by [32, Lemma 2.1.4]. Define H,,: By, (00) — CF™**m by

Hin(N) = (I = Pu(N) T (—27,0;0) Bun(A) | =7 ' Pr(N) T, (27,0;0) Bsn(N))

for v € S1. We note that H, , is analytic on B)\O(go). Moreover, T, (—%T,O; )\) Bun(X) consti-
tutes a basis of ker(Q_ ,(—5T; \)), whereas I —P,()) projects along the complementary subspace
ran(Q_ (—57T;\)). Hence, the first km — lo columns of Hy, () form a basis of ran(/ — Pn(N) =
ker(Qy (575 A)). Similarly, the last Iy columns of H,, () constitute a basis of the complementary
subspace ran(Q_ (=57 A)). Therefore, provided n € N is sufficiently large, H, () is invertible
for each A € By,(0p) and v € S*.

Recall that possesses exponential dichotomies on Ry with projections Q4 ,,(£z; ),z >
0 and A- and n-independent constants, which we denote by Ci,u1 > 0. Combining the latter
with and , we obtain a A- and n-independent constant M, > 0 such that

70, 275 0) (I = Pu(W)|| + || T (0, = 2T \)Pa (V|| < Mye 227,

(7.6)
1T (=57, 0; ) BunN)||, || Tn (5T, 0 M)Ben (V)| < Mye127,

for each A € B)y,(00). Therefore, using the estimates (7.4) and (7.6)), we find an n-, y- and \-
independent constant Mz > 0 such that, provided n € N is sufficiently large, it holds

(70, =5T52) ~ (0 BTIN) Ho, ()\)—( A | BaW)|| < Ms (6, + e 17T,
H( n(0,=5T52) = VTu(0, 5T30)) Hony (V)| < M,

for each A € By, (0p) and vy € S L. So, taking determinants, we establish an n-, y- and A-independent
constant Mg > 0 such that

|y (N) det(Hny(N) = EN)| < Mg (6, + e 1)

for each A\ € By (o) and v € S1.
Let o € (0, 00). Since £ does not vanish on 0B, (), the latter estimate yields, provided n € N
is sufficiently large, that

| En (M) det(Hn, (X)) = EQ)| < [E(N)]

for each A € 9B),(0) and v € S'. We recall that det(H,(-)) is nonzero and the functions &,
det(Hn~()) and E, ., are analytic on the open disk Bj,(g9) C €2, which contains 0B),(0). So,
applying Rouché’s theorem to the latter inequality and noting that Ay is the only root of £ in
B),(00), which has multiplicity mg, we find that the Evans function E, , has precisely mq zeros in
By, (0) (counting with multiplicities) for each v € S*. This proves the first assertion.

The second assertion immediately follows from the first assertion by taking v = e and
applying [21, Proposition 2.5], see also [32, Lemmas 8.4.1 and 8.4.2]. Since Lo per(tn) = Lper(un),
the third assertion is a direct consequence of the second. Finally, the third implies the fourth
assertion by evoking ([2.4)). O

ienT
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8 Applications

In this section, we employ our methods to construct multifronts and periodic pulse solutions in
specific prototype models and analyze their stability. To illustrate the applicability of our theory
in a simple setting, we first consider a reaction-diffusion toy model. We then focus on a Klausmeier
reaction-diffusion-advection system which describes the dynamics of vegetation patterns on periodic
topographies [5]. Finally, we consider the Gross-Pitaevskii equation with periodic potential, which
arises in the study of Bose-Einstein condensates in optical lattices [45]. Our findings are supported
by numerical simulations performed with the MATLAB package pde2path [61].

8.1 A reaction-diffusion model problem
We consider the scalar reaction-diffusion equation
(8.1) Opu = 0%u + eV (2)u — sin(u), u(z,t) e R,z € R, t >0,

where V € C1(R) is a given real-valued potential of period T' > 0. Here, the parameter ¢ > 0
measures the strength of the potential V' and will serve as a bifurcation parameter.

We are interested in the existence and spectral stability of stationary multifronts and periodic
pulse solutions to . Stationary solutions to solve the ODE

(8.2) O*u + eV (z)u — sin(u) = 0,

which is of the form (2.1)).
Let u € L>®(R). For the upcoming spectral stability analysis, we define the closed differential
operator L.(u): D(L.(u)) C L*(R) — L?*(R) with dense domain D(L.(u)) = H(R) by

Le(u) = 02 4+ €V — cos(u).

Since the operator L.(u) is self-adjoint, its spectrum must be confined to the numerical range,
leading to the following spectral a-priori bound.

Lemma 8.1. Let o > 0. Then, the spectrum of the operator L(u): D(L(u)) C L*(R) — L?*(R)
with D(L(u)) = H?(R), given by

L(u) = 97 + u,
satisfies o(L(w)) C (—o0, o] for all real-valued u € L (R) with ||u|lr~ < o.

Proof. Because L(u) is self-adjoint, its spectrum must be contained in the numerical range, which
is confined to (—o0, g]. O

8.1.1 Existence and spectral stability of fronts for ¢ =0

Stationary front solutions of (8.2]) for ¢ = 0 correspond to heteroclinic solutions to the autonomous
system

(8.3) 0%y — sin(u) = 0.
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2m(k + 1)

Figure 3: Left: phase portrait of the Hamiltonian system (8.4). Blue curves correspond to hetero-
clinic orbits connecting the fixed points 27k to 27w (k £ 1) for each k € Z. Black dots correspond to
equilibria of the system. Right: plot of the associated front solution ug x +1 to (8.3).

We introduce the coordinates (u,v)" = (u,d,u)" and write (8.3) as the first-order system

(8.4) D C}L) = JVH(u,v), J:= (_01 é) :

with Hamiltonian )
H(u,v) = 51)2 + cos(u).

Solutions to (8.4) lie on the level sets of H, see Figure (3] Thus, we find infinitely many heteroclinics
in (8.4)), connecting the fixed points (27k,0) " to (2w(k£1),0)" for all k € Z. The associated front
solutions to (8.3)) admit the explicit formula

(8.5) ok, +1(z) = darctan (e=) + 2w min{k, k £ 1}, keZ.

Fix k € Z. We examine the spectrum of the linearization Lg(ug ,+1) about the front solution
ug k41 of at e = 0. A simple calculation reveals o(Ly(27¢)) = (—oo, —1] for £ € Z. Hence,
Proposition yields oess(Lo(ugk,+1)) = (—00, —1]. Moreover, by translational symmetry of (8.3)),
0 is a simple eigenfunction of Lo(ugx+1) with eigenfunction ugyk, 4. Since u(xk’ +; has no zeros,
Sturm-Liouville theory, cf. [32, Theorem 2.3.3], yields that the front ug x +; is spectrally stable with
simple eigenvalue A = 0, cf. Definition [2.1

8.1.2 Existence and spectral stability of fronts for ¢ > 0

In the following, we prove that the front solutions, obtained in persist for small values of
€ > 0 under a generic assumption on the periodic potential V', which can be checked analytically
or numerically. The fronts connect T-periodic end states v_(g) to v4(e), see Figure |4l Moreover,
we establish the front’s spectral (in)stability and nondegeneracy.

The existence and spectral analysis of the front solutions to consists of three steps. First,
we construct their periodic end states by bifurcating from the fixed points 27k, k € Z of .
Second, we prove that the shifted front wg j +1,¢ 1= uo k,+1(- —<) perturbs into a nondenegerate front
solution of for small € # 0, provided that ¢y € R is a simple zero of the effective potential

(8.6) Vert(s) = /RV(I' + S)uo k1 (2)ug g 41 (2)d.
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In the third step, we derive a stability criterion saying that the fronts are strongly spectrally stable
if eV/;(s0) > 0 and that they are spectrally unstable if eV/;(cp) < 0.

Theorem 8.2. Let k € Z, 1 € {£1}, and T > 0. Let V € C1(R) be T-periodic. Assume that there
erists g9 € R such that the effective potential Veg: R — R, given by , has a simple zero at
co- Then, there exist C,ep, 0 > 0 such that for all ¢ € (—ep,e0) \ {0} there exists a nondegenerate

solution u(e) to (8.2), satisfying
(8.7) lu(e) = uoni(- —<0)llze < Ce,  xax (ule) — vs(€)) € HA(R),
where x+: R — [0,1] is a smooth partition of unity such that x4 is supported on (—1,00) and

X— is supported on (—o0,1), ug ., s the front given by (8.5), and v4(e) € ngr(O,T) are periodic
solutions to (8.2)) with

(88) lo—(e) — 2kl 12

per

1) lvt-(€) = 2x(k + Dl a2z, 0m) < Ce.
Finally, it holds
o(Le(u(e))) C (=00, =g U{Xo(e)}
for e € (—ep,e0), where \o(g) is a real simple eigenvalue of Le(u(e)) obeying the expansion

Ve(so)
Xo(e) = —EW + O(e?).
0,k 122

Proof. We begin with the construction of the period end states v4(g). To this end, we consider the
nonlinear map Fper: H2..(0,7) x R — L2,.(0,T) given by

per per
Fper(v,€) = V" 4+ eV — sin(v).
We observe that Fpe, is well-defined and smooth. Fix j € Z. Then, we have Fpe(277,0) = 0 and
Do Fper(274,0) = 02 — 1

is invertible. Therefore, the implicit function theorem implies that there exist €1 > 0 and a locally

unique smooth map v: (—e1,£1) — ngr(O,T) with

v(0) = 27y, Fper(v(e),e) =0
for all ¢ € (—e1,e1). We denote by v, (g) the locally unique periodic solution bifurcating from
27(k+1) and by v_(¢e) the periodic solution bifurcating from 27k for € € (—e1,1). The bound (8.8])
is a direct consequence of the smoothness of v.

In the next step, we construct the interface connecting the state v_(g) to v4(g). Accounting
for the fact that the potential breaks the translational symmetry of (8.2), we impose the ansatz

(8.9) u=v_(e)x- +v+(E)x4+ + o ks — 2mkx— = 2m(k + D)x+ +w

for the desired front solution to (8.3), where w € H?(R) is a small correction term and ug ;¢ =
ug (- — <) is the shifted front solution to (8.3). Abbreviating A = 82, N(u) = —sin(u), we write
the existence problem (8.2 as

(8.10) Au+eVu+ N(u) =0.
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Figure 4: Approximations of stationary 1-front solutions to , along with their spectra, for
system coefficients ¢ = 0.1 and V(z) = cos(wz). The insets provide a closer view of the small
eigenvalues near zero. The left and middle panels depict strongly spectrally stable 1-front solutions
that connect the periodic state near —27 to 0 and 0 to the periodic state near 2w, respectively.
The right panel depicts a spectrally unstable front solution connecting 0 to the periodic state near
27. The 1-front solutions are obtained through numerical continuation with the MATLAB package
pde2path [61] by starting from the explicit 1-front solutions w11 for k € {—1,0} and ¢ € R.

Inserting the ansatz into (8.10]) leads to an equation for the correction w and the shift param-
eter ¢ of the form

(8.11) F(w,e, ) =0
with
f(’UJ, g, §) = LE(uO,k,l,C + X*’a* (6) + X+f}+ (5))111 + R(Ea C) =+ N(wa g, §),
where we denote v_(g) = v_(¢) — 27k, 04 (¢) = v4(e) — 2w(k + 1) and
R(g,s) = A(uo k1, + X-0-(8) + x40+(¢))
+ N (uo ki, + x-0-
N(wv &, g) = N(Uo,k,l,c + X_?j_ (5
— N (g g1 + X0

+ eV(uo ks + X-0-(¢) + x+0+(€))

(e) + x40+(¢)),

) + X404 (8) + w) = N(uo g + x-T-(€) + x40+ (€))

—(€) + x40+ (e))w,

for ¢ € (—e1,21), ¢ € R and w € H*(R). We have F(0,0,¢p) = 0 and 9, F(0,0,50) = Lo(uok.1.c,)
for all ¢ € R. We recall from that the kernel of Lg(ug k) is spanned by u{)’k’l’go. In

particular, Lo(ug k) is not invertible. To address this, we employ Lyapunov-Schmidt reduction

to solve (8.11)). We note that, since Lo(uo ) is self-adjoint, its range is given by the orthogonal
complement {ug 1}
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We proceed by obtaining bounds on the residual R and the nonlinearity N'. We employ esti-
mate (8.8)), rely on the continuous embedding H!,  (0,7) < L*(R), apply the mean value theorem

per

twice, and use the identities A(uoic) = —N(uokic) and Av_(e) + eVu_(e) = —N(v_(¢)) to
establish e- and ¢-independent constants C2 > 0 such that the pointwise estimate

[R(e, <) (@)| = [eV(2) (o (@) — 27k) + N (o 6(x) + v-(e)(x) — 27k) — N (uo k6 (2))
— N(v-(e)()) — N(27k))|
< e[Vl pee [uo k1.6 (x) — 27|
+ sup N (v—(e)(x) + 2z) — N2k + 2)| |uo e (x) — 27k]|

|21< /w0, k,1,c —27k|| oo
< el|V[Lee|uo k(@) — 2mk| 4+ Crllv-(e) — 2mk| Loo [ug k1. () — 27k
< eCalug ko (x) — 27k

holds for x < —1, ¢ € (—€1,¢1) and ¢ € R. Similarly, we find an e- and ¢-independent constant
C3 > 0 such that

|R(e,)(@)| < eCsluopc(x) — 2m(k +1)|

holds for z > 1, € € (—¢1,¢1) and ¢ € R. Moreover, using estimate (8.8)), the continuous embedding
H!,.(0,T) < L*(R), the mean value theorem, and the identities A(ugy;c) = —N(uox,c) and

per

Avg(e) = —eVwuy(e) — N(v+(g)), we obtain an e- and ¢-independent constant Cy > 0 such that
[R(e, <) (@)] < |A(X-0-(e) + x4 04(e))ll Lo + ellV [ zoe luo ks + Xx-0-(€) + x40+(¢) [ oo
+ IV (o k6 + X=0-(8) + X+04(€)) = N (uo )l < eCy

holds for z € [-1,1], € € (—¢1,¢1) and ¢ € R. Combining the latter three estimates, we establish
for each compact e-independent subset K C R, an e- and ¢-independent constant Cy > 0 such that

(8.12) [1R(e, )12 < Colel

for e € (—e1,e1) and ¢ € K. On the other hand, it follows from Taylor theorem, the estimate (8.8]),
and the continuous embedding H,,(0,T) < L*°(R), that there exists an e- and c-independent
constant C' > 0 such that

(8.13) [N (w, e,6) |2 < Cllwlg
for e € (—e1,¢1), ¢ € R, and w € H*(R) with ||w| g2 < 1.

Our next step is to use Lyapunov-Schmidt reduction to solve equation (8.11). The reduction
relies on a parameter-dependent decomposition of the spaces H2(R) and L?(R), which is induced
by the orthogonal projections P, : H(R) — H(R) and Pt := I — P, given by

/
(u w) 2
0,k,l,5? L=
Pw = g0 ke

H%,k,l,g ”%2

for £ € Ny and ¢ € R. We decompose the problem ({8.11]) into a regular and singular part which we
complement with a phase condition, which leads to the equivalent problem

(8.14) PCLLE(uO’k,l’g +x-0_(g) + X+17+(5))P§lw + PgL (R(e, S) —i—./\7(w, €, g)) =0,
(8.15) P Le(ug e + X-0-() + X404 () Prw + P (R(e,5) + N(w,e,5)) =0,
(8.16) Pow =0,

44



First, we solve the equations (8.14]) and ({8.16|), corresponding to the regular part of the system. To
this end, we define the smooth nonlinear operator G: H(R) x (—¢1,¢1) x R — L%(R) by

g(wv g, C) = PgJ_LE(uo,k,l,C + X—ﬁ—(g) + X+,D+(6))ng_w + PgJ_ (R(€7 C) + N(wv €, §)) + P§w'
We observe that G(w,e,¢) = 0 is equivalent to the equations (8.14) and (8.16). We compute
g(oa 07 §) = 07 8wg<07 07 §) = PgLLO(UO,k,lS)PCJ_ + Pg

for ¢ € R. The derivative 9,,G(0,0,¢) is invertible in the space of bounded linear operators from
H?(R) to L*(R) for ¢ € R. Therefore, the implicit function theorem yields €2 € (0,£1), an open
neighborhood W C H?%(R) of 0, and a smooth map w: (—&2,e2) X R — W such that the triple
(w,e,6) € U x (—e2,e2) x R solves

G(w,e, ) =0

if and only if (w,¢,<) = (w(e,s),¢,5) for (g,¢) € (—e2,e2) x R. Moreover, we have w(0,¢) = 0 for

¢ € R. We plug the solution of equations (8.14) and (8.16) into (8.15)) to arrive at the reduced
problem

g(e,¢) =0,

where g: (—e2,e2) x R — R is given by

gle,s) = <u6,k,l,<, Le (ug ke + X-0-(€) + X404 (€)) Plrw(e, o) + R(g,5) + N (w(e, 6), e, <)>

L2’
We solve the equation by desingularizing the smooth function g. To this end, we define the function
g: (—e2,62) x R—= R by
g9(ex)
§(57 §) — { e € 7é 07
0:9(0,¢), €=0.

We observe that g is smooth and obeys §(0,50) = 0:9(0,50) = Veg(so) = 0 and 9.§(0,50) =
0.0:9(0,50) = Vig(o) # 0. The implicit function theorem yields e5 € (0,e2) and a smooth function
¢: (—es,e3) = R such that ¢(0) = ¢o and

g(e;s(e)) =0

for all € € (—e3,¢e3). Consequently, the triple (w(e,s(g)),e,5(¢)) solves the system (8.14))-(8.16)) for
all € € (—e3,e3). We conclude that u: (—e3,e3) — L>®(R) given by

u(e) = v_(e)x— + v (e)X+ + Up kie(e) — 2mhx— — 2m(k + 1) x+ + w(e, s(e)),

is the desired front solution to (8.1]), which satisfies ({8.7]).
It remains to prove the assertions on the spectrum of the linearization operator L.(u(e)). First,
we recall from that there exists ¢ > 0 such that

(8.17) o (Lo(u(0))) C (o0, —0) U{0},

where 0 € o(Lo(u(0))) is a simple eigenvalue. On the other hand, estimate (8.7) implies that
||lu(e)|| e is bounded by an e-independent constant for ¢ € (—e3,e3). Consequently, there exists
by Lemma an e-independent constant p; > 0 such that o(L.(u(e))) C (—o0, 01]. Combining
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the latter with the fact that L.(u(¢)) — Lo(u(0)): L?(R) — L?(R) is a bounded operator, we infer
by [33, Theorem IV.3.18] and estimate (8.17) that there exists g4 € (0,e3) such that

o (Le(u(e))) C (=00, —0) U{Ao(e)}

for all € € (—ey4,e4), where A\g(e) € R is again a simple eigenvalue of L.(u(¢)). By [35, Proposi-
tion 1.7.2] there exist e5 € (0,e4) and Cl-curves A\o: (—e5,e5) — R and z: (—e5,e5) — H2(R) with
2(0) = 0 and A\p(0) = 0 solving the eigenvalue problem

Le(u(€)) (up k1,60 + 2(2)) = Ao(e) (U 1160 + 2(€))

for € € (—e5,e5). Taking the derivative on both sides with respect to £ and evaluating at ¢ = 0
yields

(8.18) Lo (u0,k,1,6)0=2(0) + Vg gy + N (w0,1,1,60) [0c(0), 1 g 1.60] = A0(0)00 e,
On the other hand, differentiating the equation
Au(e) +eVu(e) + N(u(e)) =0
with respect to z and ¢ and subsequently setting ¢ = 0, we obtain
(8.19) Lo(u0,k,1,60)0-02u(0) + V"o k1.0 + VUl g6 + N (10,1,1,60) [0:1(0), gy 1.60] = O-
Subtracting (8.19) from (8.18)), we arrive at
Lo (u0,k,1,60)(0=2(0) — 0-0:u(0)) = Vg 1,60 = Xo(0)1 gy 1 o, -

Taking the L%-scalar product of the last equation with uf, « € ker(Lo(uo k¢ )), we establish

MO sl == [ V@010 (21 @) = ~Vinls).
which finishes the proof. O

We observe that the front solutions, established in Theorem obey the assumptions
and Therefore, given any collection of M such fronts with matching asymptotic end states,
Theorems and and Corollary yield the existence and spectral stability of multifront
solutions bifurcating from the formal concatenation of these M fronts, see Figure

Corollary 8.3. Let M € N. Let {Uj}j]\il be a sequence of front solutions to , established in
Theorem 8.4, with end states vj+(e). Assume that it holds vj () = vji1,—(e) forj=1,...,M—1.
Then, there exists N € N such that for any n € N with n > N there exists a nondegenerate
stationary multifront solution U, to of the form

M
ﬂn =ap + ZXj,nuj(‘ - ]nT)7
j=1
where Xjn,Jj = 1,..., M is the smooth partition of unity defined in @ and {an}n s a sequence in
H?(R) converging to 0 as n — oco. If the fronts u; are strongly spectrally stable for j =1,..., M,

then so is the multifront @,. Moreover, if there exists jo € {1,..., M} such that uj, is spectrally
unstable, then so is U,,.
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Proof. Theorems [3.1 and [8.2] yield the existence of the multifronts 4,. Since the primary fronts wu;
are nondegenerate for j = 1,..., M, Theorem|[6.2]yields that the multifront @, is also nondegenerate.
Due to the continuous embedding H'(R) < L% (R), ||@i,||z is bounded by an n-independent
constant. Therefore, the statements about the spectral (in)stability of the multifront a,, follow
from Corollary Theorem [6.2] and Lemma 8.1 O

Applying Theorem to the nondegenerate multifront solutions established in Corollary
we find that multifronts connecting to the same periodic end state at +oo are accompanied by

large wavelength periodic multipulse solutions. Their spectral stability follows from Corollary
Theorem [7.2] and Lemma [8.1]

Corollary 8.4. Let u be a multifront solution to (8.2), as established in Corollary . Assume
that u connects to the same periodic end state v € ngr(O,T) as © — *oo. Then, there exists

N € N such that for alln € N with n > N there exists a stationary nT-periodic solution u, to (8.1)
given by

un(x) = Xn($)U(IE) + (1 - XH(ZE))U(:E) + an(z)a T E [_%T’ %T) >

where xp s the cut-off function from Theorem and {an}n is a sequence with a, € ngr((), nT)
satisfying ||anHngr(07nT) — 0 as n — o00. Moreover, if u is strongly spectrally stable, then so is u,.

Finally, if u is spectrally unstable, then so is u,.

8.2 A Klausmeier reaction-diffusion-advection system

We consider a Klausmeier-type model with spatially periodic coefficients as an example for a 2-
component reaction-diffusion-advection system to which our theory applies. Using our methods,
we rigorously establish the existence of strongly spectrally stable stationary multipulse solutions
and corresponding periodic pulse solutions. These results extend the recent findings in [5], where
stationary 1-pulse solutions to this Klausmeier model were constructed using singular perturbation
theory and their stability was analyzed. The system of equations reads

dw = 02w + e (f(x) 0w + g(z)w) — w — wp* + a, (w(w, t)

eR%2 zeR, t>0
p(x,t)> -

Op = d*02p — mp + wp?,

with parameters d,a,m,e > 0 and real-valued functions f,g € C*(R) with period T' > 0. This
model is employed in ecology to describe the dynamics of vegetation patterns resulting from the
interaction between water w and plants p across a spatially heterogeneous terrain with periodic
topography modeled by the functions f and g. Here, d > 0 is a diffusion coefficient, a models
the amount of rain fall, 1/m is a quantity corresponding to the life time of plants, and ¢ > 0
measures the influence of the terrain on the vegetation dynamics. For more background on the
model, including the role of the individual parameters and the functions f and g, we refer to [5]
and references therein.

To fit the system in our framework, we set u = (w,p)' and write the equations as

(8.20) ou = A.u+ N(u,x)
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Figure 5: Approximations of stationary 2-front solutions to , along with their spectra, for
system coefficients & = 0.1 and V(z) = cos(wz). The insets provide a closer view of the small
eigenvalues near zero. Left: a strongly spectrally stable 2-front solution obtained through numer-
ical continuation by starting from the formal concatenation of the strongly spectrally stable front
solutions depicted in the left and middle panels of Figure 4l Right: a spectrally unstable 2-front
obtained through numerical continuation by starting from the formal concatenation of a strongly
spectrally stable and a spectrally unstable 1-front solution (left and right panels of Figure {4]).

with

(D2 +efo, O w ~ (eg(x)w —w —wp? +a
= (5 ) () )= ()

The existence problem for stationary solutions is then given by
(8.21) Acu+ N:(u,-) =0,

which is of the form (2.1)). The associated linearization operator L.(u): D(L.(u)) C L?(R) — L%(R)
with dense domain D(L.(u)) = H?(R) is given by
LE(E) = Aa + 8UN’E(H) )

for u € L*°(R). Given that the e-independent principal part Ay of the operator L.(u) is sectorial,
and the remainder L.(u) — Ay is relatively Ap-bounded, cf. [18 Definition III1.2.1], we obtain the
following spectral a-priori bound.

Lemma 8.5. Let f,g € L*(R) and C,d,a,m,e9 > 0. Then, there exists a constant o > 0,
depending only on ||fllre, ||g|| L, C,d,a,m and €y, such that we have

o(Le(w) N {A € C:Re()) > ~1} C Bo(o)
for all e € (—eo,£0) and each u € L*(R) with |lul|~ < C. Here, Bo(o) is the closed ball of radius

o centered at the origin.
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Proof. On the one hand, it is well-known that the diagonal diffusion operator Ay generates a
bounded analytic semigroup, cf. |18, Example 11.4.10]. On the other hand, the exposition in [18,
Example IT1.2.2] demonstrates that the residual L.(u) — Ay is relatively Ap-bounded with Ag-bound
0. The result then follows directly from [18, Lemma II1.2.6] and its proof. O

The main goal of this section is to show that admits stationary (periodic) multipulse
solutions corresponding to (periodic sequences of) localized vegetation patches. The fundamental
building blocks of these multiple pulse solutions are nondegenerate 1-pulse solutions. The existence
and spectral stability of stationary 1-pulse solutions to for small € > 0 were established
in 5] for a broad class of heterogeneities f and g. However, the spectral analysis in [5] assumes
that f and g are localized, leaving the spectral stability and nondegeneracy of the 1-pulse solutions
unaddressed for periodic f and g.

To bridge this gap, we begin by establishing the existence and spectral stability of nondegenerate
stationary 1-pulse solutions to for small € > 0 and periodic f and g. This is achieved by
bifurcating from even 1-pulse solutions to the unperturbed problem

(8.22) Apgu + Np(u,-) =0,

which were constructed in [5, Theorem 2.20] using geometric singular perturbation theory in the
regime v := a/m < 1, cl1/2ml/2,al/1/2 < C for some v-independent constant C' > 0. Since these
solutions correspond to homoclinics to a hyperbolic equilibrium in , they are exponentially
localized, see Figure @ Moreover, it follows from [5, Theorem 3.2] that they are spectrally stable
with simple eigenvalue A = 0 as in Definition With the aid of the implicit function theorem,
we prove that these 1-pulse solutions persist for € > 0 in case f is odd and g is even. Moreover, we
show that their spectral stability is determined by the sign of a Melnikov-type integral.

Theorem 8.6. Let T,d,a,m > 0. Let f € CY(R) be T-periodic and odd. Let g € C*(R) be T-
periodic and even. Let ug = zg + vo € H?(R) ® R? be an even solution to (8.20)) for ¢ = 0, which
is spectrally stable with simple eigenvalue A = 0. Assume that the Melnikov integral

M= / (' (2)0101 (2) + ¢ (2)1101 () o ()
R

*

does not vanish, where W,q € H?(R) spans the kernel of the adjoint operator Lo(up)
<8xu0, \I/ad>L2 =1.

Then, there exist constants C,e9,m > 0 such that for all € € (—eg,e0) \ {0} there exists a
nondegenerate even solution u(e) = z(¢) + v(e) € H2(R) ® H2,,(0,T) to (8.20) satisfying

per

and satisfies

(8.23) |lu(e) — ug||ze < Ce, lv(e) — VOHngr(O,T) < Ce.
Furthermore, we have
o(Le(u(e)) € {A € C: Re(A) < —n}p U{Mo(e)}
for e € (—ep,e0), where \o(g) € R is a real simple eigenvalue of Le(u(e)) obeying the expansion

Ao(g) = —eM + O(e?).
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Proof. We start with the construction of the periodic background wave v(e) by perturbing from
the rest state vo in (8.22). The smooth function F: H?2 (0,7) x R — L2 (0,T) given by

even,per even,per
F(v,e) = Av + Ne(v, )
obeys F(vp,0) = 0 and 0yF(vo,0) = Lo(vp). Since ug is spectrally stable with simple eigen-

value A = 0, the essential spectrum of Ly(ug) is confined to the open left-half plane, which, by
Proposition is given by Uess(Lo(U-o)) o(Lo(vo)). Therefore, 0yF(vp,0) is invertible as an
)-

operator from H2,., per(0,T) into L2, per(0, 7). An application of the implicit function theorem
yields e1 > 0 and a smooth map v: (—e1,e1) = HZen per(0,T') with v(0) = v such that
F(v(e),e) =0

for all € € (—e1,€1).
Substituting the ansatz u = z + v(¢) with z € H2,,(R) into (8.21]), we arrive at

0=A.(z+v(e)) + Ne(z+ v(e),") = Acz + No(z + v(e),:) — Ne(v(e), ).

Clearly, the smooth nonlinear operator G: H2,, (R) x (—e1,e1) — L2, (R) given by

G(z,e) = Acz+ No(z+ v(e), ) — Ne(v(e), )

is well-defined and satisfies G(zo,0) = 0 and 9,G(20,0) = Lo(uo)|pz,, where Lo(ug)|pz _ is the
restriction of the linear operator Lo(ug): H?(R) — L%(R) to the subspace HZ2,,(R) C Hré(R) of
even functions. Since ug is spectrally stable with simple eigenvalue A = 0, the kernel of Lg(up)

is spanned by the odd function 9;up. Therefore, 9,G(20,0) = Lo(uo)|gz, is invertible. Hence,

even

the implicit function theorem affords e € (0,21) and a smooth map z: (—e2,£2) — HZ,(R) with
z(0) = z¢ such that

G(z(e),e) =0
for all € € (—e9,e2). In particular, we obtain a smooth map u: (—52, 62) — H? (R)@ngr((), T') such

that u(e) = z(g) + v(e) is an even solution to (8.21). The bounds (8.23)) follows by the smoothness
of u and v and the continuous embeddings H'(R) < L>(R) and ngr(O, T) — L>®(R).

Next, we establish the nondegeneracy of u(e) as well as its spectral (in)stability. To this end,
we begin by tracing the simple eigenvalue of L.(u(e)) converging to 0 as € — 0. Since Lo(up) is
spectrally stable with simple eigenvalue A = 0, it follows from [35 Proposition 1.7.2] that there
exist e3 € (0,e2) and Cl-curves \g: (—e3,3) — R and w: (—e3,e3) — H2(R) with w(0) = 0 and
A0(0) = 0 solving the eigenvalue problem

Le(u(e))(0rup + w(e)) = Ao(g)(0zup + w(e)).
Taking the derivative on both sides with respect to € and evaluating at € = 0 yields

Orup1

(8.24) Lo(u0)0-w(0) + (fO + g) ( :DO ) + OuuNo(ug, -)[0-u(0), dyug] = Aj(0)d,up,

where we denote ug = (ug1,up2) . On the other hand, differentiating the equation

cu(e) + Me(u(e),) =0
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with respect to « and € and subsequently setting € = 0, we obtain

833“01

(8.25) Lo(uo)agaxuo + (fax + g) ( 0

) ot ) 0:0(0). 0] + (701 + o) (51 <0

Subtracting (8.25)) from (8.24)), we find

Lo(up) (9:w(0) — 8:0,u(0)) — ('8 + ¢') <“81> = A, (0)0pup.

Taking the L?-scalar product of the last equation with W,q4 € H?(R), we establish
)\6(0) = —<(f,893 + g/)um, qjadl)L? = —/R (f’(as)c‘)xum(x) + g'(x)um (:c))\IJadl(x)dx =-M 75 0.

Finally, we prove that the remaining part of the spectrum of L.(u(e)) lies in the open left-half
plane. Since ug is spectrally stable with simple eigenvalue A = 0, there exists a constant ¢ > 0 such
that

(8.26) a(Lo(ug)) N{A € C: Re(N) > —p} = {0}.

On the other hand, since |ju(e)|/z~ is bounded by an e-independent constant by estimate (8.23]),
there exists by Lemma [8.5| an e-independent constant g; > 0 such that

o(Lo(u(£)) N {A € C: Re(\) > —1} € Bo(or)

for € € (—e3,e3). Combining the latter with the fact that L.(u(e)) — Lo(up) is a bounded operator
on L?(R), [33] Theorem IV.3.18] and (8.26) yield 4 € (0,3) such that

o(Le(u(e)) N {X € C: Re(A) > —10}

contains exactly one algebraically simple eigenvalue of L.(u(¢)) for € € (—e4,e4), which is then
necessarily given by A(e) € R. This completes the proof. O

Remark 8.7. We emphasize that the Melnikov integral M in Theorem is generically nonvan-
ishing, since the integrand is an even function of .

Since the 1-pulse solutions, established in Theorem satisfy the assumptions [((H1)H(H3)|
Theorems and Corollary and Lemma yield the existence and spectral stability of

bifurcating multipulse solutions.

Corollary 8.8. Let M € N. Letu € Hz(R)EBHE,er(O, T) be a pulse solution to (8.21)) as established
in Theorem [8.6, Then, there exists N € N such that for any n € N with n > N there exists a

nondegenerate stationary multipulse solution @, to (8.20)) of the form

M
ﬁn =a, + ZXj,nu(' - jnT),
j=1

where Xjn,j = 1,..., M 1is the smooth partition of unity defined in @ and {a,}n is a sequence
in H?(R) converging to 0 as n — co. If the pulse u is strongly spectrally stable, then so is the
multipulse 0,. Moreover, if u is spectrally unstable, then the same holds for u,.
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Figure 6: A spectrally stable stationary 1-pulse solution to for e = 0 (top left), along with its
spectrum (top middle) with simple eigenvalue A = 0. The p-component in the left panel is scaled
by a factor 0.2 to improve visibility. We continued this 1-pulse solution in ¢ using the MATLAB
package pde2path and plotted its critical eigenvalue Ao(¢) as a function of € (top right). One
observes that the curve A\g(e) is to leading order linear, which is in agreement with the expansion
of A\o(g) provided in Theorem The bottom row depicts a strongly spectrally stable stationary
2-pulse solution to for e =1 (bottom left), along with its spectrum (bottom right). The inset
provides a closer view of the small eigenvalues near zero. The 2-pulse is obtained through numerical
continuation starting from the superposition of two spectrally stable 1-pulse solutions to . The
system coefficients are d = 0.04,a = 0.5,m = 0.4, f(z) = 0.2sin(2z) and g(z) = 0.4 cos(2z).

Proof. The existence of the multipulse @, is a direct consequence of Theorems [3.1] and [8.6] Since
the primary pulse u is nondegenerate, Theorem implies that the multipulse u,, is also non-
degenerate. Thanks to the continuous embedding H'(R) < L*°(R), ||@,||z~ is bounded by an
n-independent constant. So, the assertions about the spectral (in)stability of @, follow from Corol-
lary Theorem [6.2} and Lemma (8.5 ]

The nondegenerate multipulse solutions, established in Corollary are accompanied by large
wavelength periodic multipulse solutions. Their existence and spectral (in)stability are derived
from Theorems [£.1] and Corollary and Lemma [8.5

Corollary 8.9. Letu = z+v € H*(R)®H2,,(0,T) be a multipulse solution to (8.21)), as established

in Corollary [8.8, Then, there exists N € N such that for all n € N with n > N there exists a
stationary nT-periodic solution u, to (8.20) given by

(o) = xali)ul) + (1= o (@)V(0) + (o), € [4T4T).

where xn is the cut-off function from Theorem and {ay}, is a sequence with a,, € ngr(O, nT)
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satisfying ||a”HH§er(07nT) — 0 as n — oco. If u is strongly spectrally stable, then so is u,. Moreover,

if u is spectrally unstable, then the same holds for u,.

8.3 The Gross-Pitaevskii equation

Let T' > 0. We consider a nonlinear Schrédinger (NLS) equation with an external potential, which
is commonly referred to as Gross-Pitaevskii (GP) equation and arises, for instance, as a mean-
field approximation in the study of Bose-Einstein condensates in optical lattices, see [9,[34,47] and
references therein. The Gross-Pitaevskii equation is given by

(8.27) 10iu = —02u + pV (x)u + r|u*u, u(z,t) eC,z e R, t>0

with parameters x € {£1} and p € R, and real-valued potential V € C*(R). In the context of
Bose-Einstein condensation, u(x,t) represents a macroscopic wave function, |u(x,t)|? is its atomic
density, V' (z) is the external potential created by the optical lattice, u measures the strength of
the potential, and the sign of x determines whether the nonlinear interaction of the Bose-Einstein
condensates is attractive (k = —1) or repulse (k = 1). We say that the nonlinearity in is
defocusing if kK = 1 and focusing if Kk = —1. Here, we are interested in periodic optical trapping
lattices formed by the interference of laser beams. Thus, we consider T-periodic potentials V.

We search for time-harmonic solutions to (8.27). Thus, we insert u(z,t) = e“i(x,t) with
w € R into (8.27) to obtain

(8.28) 100 = =02 + PV (2)0 + wip + K1),
Real-valued stationary solutions of (8.28) then satisfy the ordinary differential equation
—O + uV (@) + wip + Ky =0,

which is of the from ([2.1)).
In order to study the stability of stationary solutions to (8.28]), we write the equation as a
system

(8.29) O = J (—054p + uV (2)9 + wip + k| *p)

in ¥ = (Re(v)), Im(z))) ", where
0 1
= (4 )

is skew-symmetric. System (8.29)) exhibits a rotational invariance, i.e., the map ¢ — R(7y)t with

_ ( cos(y)  sin(v)
R(7) = (— sin(7y) cos(’y)) ’ vER

maps solutions of to solutions. The advantage of the formulation over is that the
nonlinearity is differentiable, which allows for linearization about a real-valued stationary solution
¥ = (1,0)T. The associated linearization operator L, (¢): D(L,(¥)) C L*(R) — L?(R) with dense
domain D(L,()) = H*(R) is given by B N

_ o (Liu®) 0
nw=7("4% )
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for € L*®(R), where Ly ,(¢): D(L+,(¢)) € L*(R) = L*(R) with D(L4 ,(¢)) = H*(R) are
defined by

Lo,(@)p=—¢"+puVo+wo+rp®s, Ly () =—¢" +uVe+wed+ 3rpe.

One observes that the second-order operators L. , (1) are self-adjoint and bounded from below.

Moreover, the spectrum of L, (1)) possesses the Hamiltonian symmetry

Aeo(Lu(¥) = -AAeo(Lu(y)).

Therefore, a real-valued stationary solution v to (8.28)) can only be spectrally stable if the spectrum
of L, (1) is confined to the imaginary axis.

Let n € N. If ¢y € H2,(0,nT) is a real-valued nT-periodic stationary solution to (8.28),
then L, () has nT-periodic coefficients and its action on the space L2..(0,nT) is well-defined.
Thus, to analyze spectral stability against co-periodic perturbations, we introduce the differential
operator Ly per () : D(Lyper(¥)) € L2..(0,nT) — L2, (0,nT) with dense domain D(Lj,per(¢)) =

per hdt
H2,.(0,nT) by

per

_ 1 (Lrpper(®) 0 )
Lu,per(w) J ( 0 L_,u,per (%)

for ) € H'(0,nT), where the operators Ly yper(¥): D(L pper()) C Lfm
with D(Ly yper(¥)) = H2.,(0,nT) are defined by

¥ per

Lo ypa(@)p=—¢" +uVo+wo+rb®d, Ly upe()d=—¢" +uVo+wed + 3rp’e.

We recall from that the spectrum of L, e (1) consists of isolated eigenvalues of finite algebraic
multiplicity only. Moreover, due to Hamiltonian symmetry, we find that a real-valued nT-periodic
stationary solution 1 to can only be spectrally stable against co-periodic perturbations if
the spectrum of L, per(¢0) is confined to the imaginary axis.

In the following, we divide our analysis in two parts. In the first part, we consider the defo-
cusing Gross-Pitaevskii equation with kK = 1. Here, we prove the existence of nondegenerate
stationary 1-front solutions connecting periodic end states. These 1-fronts correspond to so-called
dark solitons, established in [4,64]. We apply Theorem [3.1] to obtain stationary multifront solutions
to lying near formal concatenations of these primary 1-fronts. Theorem then yields the
existence of periodic solutions bifurcating from the formal periodic extension of these multifronts
in case the multifront connects to the same periodic end state at oo. Since 0 lies in the essential
spectrum of linearization operator, the spectral stability of these solutions is a subtle and unre-
solved issue, beyond the scope of this application section. We refer to [46] for a stability analysis
of dark solitons in case of a localized potential.

In the second part, we consider the focusing case kK = —1. We first recall existence results
from [45] and references therein, yielding nondegenerate stationary 1-pulse solutions to (8.28]).
Taking these so-called gap solitons as building blocks, we then employ Theorems and to
construct multipulse solutions as well as periodic pulse solutions. Subsequently, we combine Theo-
rem with Krein index counting theory [30,31] to establish spectral stability of the periodic pulse
solutions. Our spectral analysis yields orbital stability against co-periodic perturbations through
the stability theorem of Grillakis, Shatah and Strauss [26]. Finally, we combine Theorem with
Sturm-Liouville theory [66] and Krein index counting arguments to derive instability conditions for
the multipulse solutions.

(0,nT) — L2..(0,nT)

per
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8.3.1 Fronts in the defocusing Gross-Pitaevskii equation

We consider the defocusing case x = 1. Moreover, we assume w < 0. We search for real-valued
stationary multifront solutions to (8.28)) connecting periodic states at £o0o. Real-valued stationary
solutions to (8.28]) solve the ordinary differential equation

(8.30) —p" 4 pV (x)ah + wip + > = 0.

We aim to employ Theorem to construct multifront solutions to lying near formal con-
catenations of front solutions with a single interface. These 1-front solutions, known as dark
solitons, have been rigorously constructed in [64] by leveraging a comparison principle, see also [59)
for the case of a cubic-quintic nonlinearity. However, dark solitons are degenerate solutions
to , obstructing an application of Theorem The reason is that a dark soliton ¥(u)
to necessarily connects to nonconstant periodic end states vy (u) € H2,.(0,7T), which obey

per
L_ perpu(v+(p))v+(p) = 0, since v (p) must solve (8.30). Hence, we arrive at 0 € o(L_ ,(v4+(p))) C

Oess(L— u(¥(1))) C o(Lu(p(p))) by and Proposition [5.2]

Here, we circumvent this issue by regarding dark solitons as nondegenerate stationary 1-front
solutions to the real-valued reaction-diffusion problem

(8.31) Db = =020 + uV (@) +wip + 9%, (@) ER, R, 120,

which obviously admits the same stationary solutions as (8.28)). In the following result, we construct
nondegenerate odd 1-front solutions to (8.31)) in the case of a small potential by perturbing from

the black NLS soliton
Yo(x) = vV —wtanh (1 / ?m) ,
which solves (8.30]) at p = 0.

Theorem 8.10. Let w < 0 and T > 0. Let V € C1(R) be even, T-periodic, and real-valued. Let
X+: R —[0,1] be a smooth partition of unity such that x4 is supported on (—1,00), x— is supported
on (—o0,1), and we have x4(x) = x—(—x) for all x € R. Assume

(8.32) /R V' ()o@ (x)da £ 0.

Then, there exist constants C,puy > 0 such that for all u € (0,ug) there exists a nondegenerate
stationary odd solution ¥ (u) to (8.31)) satisfying

(8.33) [9(k) = ol < Cu,  x((p) —ve(n) € HA(R),

where vy (u) € H2

per

(0,T) are even periodic solutions to (8.30) obeying the bound

(8.34) [va (1) F V=wl 12

per

o1 < Cp.

Proof. The proof proceeds along the lines of the proof of Theorem and is divided into two steps.
In the first step, we construct small-amplitude periodic solutions vy (i) to by bifurcating
from the equilibria +v/—w at g = 0. In the second step, we connect these periodic solutions by an
interface, which arises as a localized perturbation of the black soliton .
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Define the smooth nonlinear operator Fper: Hj (0, T) x R — L2 (0,T) by

per
Fper(v, 1) = =" + (v* + w)v + pVv.
Since Fper(v/—w,0) = 0 and
Oy Fper(V—w, 0) = —82 — 2w
is invertible, an application of the implicit function theorem yields that there exist 1 > 0 and a

locally unique smooth function vy : (—p1, p1) — ngr(o, T) with v4(0) = v/—w satisfying

Fper(v4 (1), 1) =0

for all u € (—p1,p1). Symmetry of the equation (8.30)) yields that & — vi(—z; u) is also a solution.
So, by uniqueness we find vy (z;p) = vi(—z;p) for x € R and p € (—p1, 1), after shrinking
w1 > 0 if necessary. Setting v_ () = —v4(u), we deduce that vy(u) € ngr(O, T') are even periodic

solutions to (8.30) obeying (8.34) for u € (—u1, p1).

We proceed by constructing the interface connecting v_(u) and v4(u). For convenience, we
abbreviate A = —92 + w and N (¢) = ¥3, and write in the abstract form
(8.35) Aty + N () + pVip = 0.
Inserting the ansatz
P =v_()x— + s (L)x+ + Yo + V—wx— — V-wxi + ¢
with error term ¢ € H2, (R) into (8.3F), we arrive at the equation
F(p,pu) =0,

where F: H2y(R) x (—pu1, 1) = L244(R) is the smooth nonlinear operator given by

Fp, 1) = Ly (X0 (1) + x4 04 (1) + v0) + R(n) + N (¢, 1)
with 04 (p) = v+ (1) F vV/—w and

R(p) = Ao + x-0- (1) + x+0+ (1)) + pV (Yo + x-0— (1) + x+0+ (1))
+ N (o + x-0-(p) + x+0+ (1)),
N, 1) = N (o + x—0- (1) + x40+ (1) + @) — N (Yo + x—0- (1) + x4+ 04 (1))
— N (3o + x—0- (1) + x+0+ (1)) p-

We emphasize that F is well-defined, because x+04(u) + x—0—(p) and ¢ are odd functions.

By Sturm-Liouville theory, cf. [32, Theorem 2.3.3], the kernel of the second-order operator
Ly o(1) is spanned by the even function ¢, € H?(R). Hence, using that L o(19) maps odd
functions to odd functions, its restriction Ly o(¢o)] g2, to the subspace of odd functions is well-
defined and invertible. In addition, by employing analogous arguments as for the estimates
and in the proof of Theorem m we find a p-independent constant C' > 0 such that

IR(@)l 22 < Clul, [N (s w)llzz < Cllgllzy
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for all y € (—p1,p1) and ¢ € HZ (R) with ||¢|lgz < 1. We conclude that F(0,0) = 0 and
0, F(0,0) = Ly o(v0)] w2, 1s invertible. Therefore, the implicit function theorem yields py € (0, p1)

and a smooth function ¢: (—pug, u2) — H2y4(R) with ¢(0) = 0 satisfying

F(p(p),pn) =0

for p € (—p2, p2). The 1-front

() = v-()x= + v4 () X+ + Yo + V—wx— — V—wx+ + ¢(u),

is an odd stationary solution to for p € (—pa, p2), which obeys by smoothness of vy
and ¢, and by exponential localization of y+(vo F v/—w) and its derivatives. The nondegeneracy
of ¥(u) as a stationary solution to follows from using analogous arguments as in the
proof of Theorem [8.2] and is therefore omitted here. O

Remark 8.11. Let ¢(u) be the nondegenerate stationary 1-front solution to (8.31]), established
in Theorem Thanks to the reflection symmetry of (8.31), we find that —(u) is also a
nondegenerate 1-front solution. It connects v4(p) to v_(p).

The nondegeneracy of the 1-front solutions +v(u) to (8.31)), established in Theorem and
Remark [8.11] permits the application of Theorems 3.1 and [6.2] yielding the existence of nondegen-
erate stationary multifront solutions to (8.31]), see Figure

Corollary 8.12. Let M € N. Let {@Z)j}j]vil be a sequence of front solutions to (8.30)), established in
Theorem and Remark with end states vj 4 (p). Assume that it holds vj 1 (p) = vjq1,— (@)
forj=1,...,M — 1. Then, there exists N € N such that for any n € N with n > N there exists a
nondegenerate stationary multifront solution 1, to (8.31)) of the form

M
wn =ap + ZXj,nwj(' - jnT),
j=1
where Xjn,Jj = 1,..., M is the smooth partition of unity defined in @ and {an}n is a sequence in
H?(R) converging to 0 as n — .

If the nondegenerate multifronts, obtained in Corollary connect to the same end state at
+o00, then Theorem [£.] yields large wavelength periodic pulse solutions approximating a formal
periodic extension of the multifront.

Corollary 8.13. Let v be a multifront solution to (8.30), as established Corollary . Assume

that ¢ connects to the same periodic end state v € ngr(O,T) as x — Foo. Then, there exists

N € N such that for allmn € N with n > N there exists a stationary nT'-periodic solution iy,
to (8.30) given by

%(96) = Xn(x>w($) + (1 - Xn(.%'))’l)(a}) + an(x), x e [_%Tv %T) ’
where xn 18 the cut-off function from Theorem and {a,}n is a sequence with a, € H?

per
satisfying ||an||ngr(07nT) — 0 as n — oo.

(0,nT)
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Figure 7: Approximations of stationary real-valued 1-, 2-, and 3-front solutions to the Gross-
Pitaevskii equation for system coefficients k = 1,w = —1,V(z) = 0.2cos?(z/2), and p = 1.
The solutions are obtained through numerical continuation by starting from a formal concatenation
of shifted black solitons +¢y(- — <), ¢ € R, which solve at u=0.

Remark 8.14. Under some Conley-Moser-type conditions, all bounded solutions to (8.30]) can be
characterized using symbolic dynamics [4]. Specifically, there exists a homeomorphism between the
set of all real bounded solutions of and the set of bi-infinite sequences of numbers 1,..., N
for some integer N € N. As explained in [4], this symbolic identification yields the existence of
multifronts in , as well as periodic solutions featuring multiple front interfaces on a single
periodicity interval. The Conley-Moser-type conditions are verified numerically in [4] in case of the
periodic potential V(z) = cos(2z) in (8.30). Notably, since we have

8
sinh (, / _lw 77)
for w < 0, Theorem and Corollaries and rigorously establish the existence of multi-

fronts and periodic pulse solutions to the defocusing Gross-Pitaevskii equation (8.30)) with potential
V(z) = cos(2x), provided p > 0 is sufficiently small.

/R V' (o ()l (x)dz = — 40

8.3.2 Pulses in the focusing Gross-Pitaevskii equation

We now turn to the focusing case k = —1. We are interested in the existence and stability of
real-valued stationary multipulses and periodic pulse solutions to (8.28)). Real-valued stationary
solutions to (8.28]) obey the ordinary differential equation

(8.36) —U" 4 pV(2)) + wip — ¢ = 0.

We first discuss the existence of 1-pulse solutions to . These so-called gap solitons will
serve as building blocks for the construction of (periodic) multipulse solutions. We emphasize that
any real-valued stationary pulse solution ¢ € H?(R) \ {0} to is degenerate, since (0,1)) " lies
in the kernel of the operator L_ ,,(¢). Therefore, we proceed as in the defocusing case and consider
the associated real-valued reaction-diffusion problem

(8.37) Opp = =02 + pV (x)ah + wip — >, Y(z,t) eR, z€R, t>0.

Existence of nondegenerate stationary 1-pulse solutions to (8.37) has been shown in different
regimes for the parameters w, i and the potential V. For instance, Lyapunov-Schmidt reduction
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was employed in [45] to find bifurcating 1-pulse solutions from the family of bright NLS solitons
do(:<.w) = VEwsech (Vi(x — <))

which solve at p = 0 and satisfy

1

Vw

for each ¢ € R and w > 0. Specifically, the analysis in |45 Section 3.2.3] yields the following result.

<aw¢0(§7 w)? ¢0(g7 w)>L2 =

Theorem 8.15. Let wy,T > 0. Let V € C?(R) be T-periodic and real-valued. Let o € R be a
simple zero of the derivative of the effective potential Veg: R — R given by

Vet (s) = /RV(m + <)o (; 0, wp) de.

Then, there exist pg > 0 and a smooth map ¢: (—po, o) X (wo — po,wo + po) — H2(R) with
#(0,wo) = do(s0,wo) such that for each p € (—po, po) \ {0} and w € (wo — o, wo + o) we have that
d(p,w) is a nondegenerate stationary solution to (8.37)) satisfying

(O (pt,w), ¢, w)) 2 > 0.

In addition, Ly ,(¢(u,w)) has precisely one negative eigenvalue in case uVyg(so) > 0, whereas it has
precisely two negative eigenvalues in case pV.i(sp) < 0 (counting algebraic multiplicies). Finally,
L_ ,(¢(p,w)) possesses no negative eigenvalues.

On the other hand, if w, x € R and V € C'(R) are chosen such that w lies in the so-called semi-
infinite gap (so,00) where sq is the spectral bound of the periodic differential operator 92 — pV
acting on L?(R), one can use variational methods [1,/37,|45]/58] to prove the existence of nontriv-
ial nondegenerate stationary HZ2-solutions to arising as critical points of the Hamiltonian
H: HY(R) — R given by

1

HW) =

2 21:1:495
[ (0@ + o+ v @) o)l - o) as

We refer to [45] and references therein for further details on the existence of gap-soliton solutions
to . In the remaining part of this section, we assume that w, € R and V € C'(R) are such
that a nondegenerate stationary 1-pulse solution to exists. Theorems and then
readily yield the existence of associated multifronts and periodic pulse solutions to , see

Figure [8

Corollary 8.16. Let T > 0 and w,pu € R. Let V € CY(R) be T-periodic and real-valued. Let
M €N and § € {£1}M. Let vy € H*(R) be a nondegenerate stationary solution to (8.37). Then,
there exists N € N such that for each n € N with n > N the following assertions hold true.

1. There exists a nondegenerate stationary M -pulse solution to (8.37)) of the form

M
(8.38) Un =Y Oito(- — jnT) + an,

Jj=1

where {a,}n is a sequence in H*(R) converging to 0 as n — 0o.
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2. There exists an nT-periodic solution Yperrn to (8.36) given by

wper,n(x) = Xn($)¢0(x) + an($)v S [*%Ta %T)v

where X, s the cut-off function from Theorem and {an}tn is a sequence with a, €

H2..(0,nT) satisfying HanHngr(o,nT) — 0 as n — oo.

Remark 8.17. It is also possible to construct multipulse solutions lying near the formal con-
catenation of different nondegenerate stationary pulse solutions 11,12 € H2(R) to (8.37) using
Theorem [3.11

Remark 8.18. The existence of multipulse solutions to (8.36|) is also addressed in [2,/45]. Corol-
lary reveals that pulse solutions are accompanied by a family of periodic solutions with large
spatial period. As far as the authors are aware, existence of these so-called soliton trains has so far
only been rigorously established in the case of the explicit periodic potential

(8.39) V(z) = cn? (\}ix k:> —1,

where cn(zx; k) is the Jacobi cosine function (cnoidal wave) with elliptic modulus & € (0, 1), cf. [10].
For such a potential, periodic waves exist for specific values of w and have the form

Y(z) = Vi + k2en (%x k:)

forw:u+kz2—%and,u2—k:2, and

W(z) = @ dn (\}ix k:)

for w =1+ pk=2 — %k:2 and 1 > —k%. In the homoclinic limit k& 1 1, the period tends to infinity,
the potential approaches = +— —pu tanhQ(x/ v/2), and the periodic waves approximate the pulse
x +— \/p? + 1sech(z/+/2) on a single periodicity interval. Thus, these periodic waves resemble
periodic pulse solutions, or soliton trains, for 0 < k < 1.

We proceed with analyzing the spectral stability of the stationary multipulses and periodic pulse
solutions to , constructed in Corollary To this end, we fix a nondegenerate primary pulse
solution g € H2(R) to for a frequency w = wp. Since L ,,(v0o) is invertible, it follows directly
from the implicit function theorem that g may be continued in w.

Lemma 8.19. Let T > 0 and p,wo € R. Let V. € CYR) be T-periodic and real-valued. Let
Yo € H?(R) be a nondegenerate stationary solution to at w = wg. There exist v > 0 and
a locally unique smooth map v: (wy — v,wo + v) — HZ(R) with ¥(wo) = tho such that Ph(w) is a
solution to for allw € (wp — v,wo + V).

We impose the following assumption on the existence and spectral properties of the primary
pulse.

(GP) There exist T > 0, p,wp € R, real-valued T-periodic V € C'(R), and a nondegenerate
stationary solution 19 € H?(R) to (8.37) at w = wy satisfying:
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Figure 8: Approximations of 1-, 2-, and 3-pulse solutions to (8.36) (black) pinned to minima of
the periodic potential V(z) = —0.1cos(z) — 0.05cos(2z) (blue) for the system coefficients w = 1
and g = 0.5. The solutions are obtained through numerical continuation by starting from a formal
concatenation of bright NLS solitons +¢q(s,w) for various ¢ € R, which solve at u=0.

1. L ,(to) has precisely one negative eigenvalue (counting algebraic multiplicities).
2. L_ (1) has no negative eigenvalues.

3. It holds (8“,1;((,‘)0),1&0) 12 # 0, where 1 is the continuation of 1y with respect to w,
established in Lemma [8.19

The spectral conditions in are typically imposed in the stability analysis of stationary
pulse solutions to the focusing Gross-Pitaevskii equation, see, for instance, [45, Section 4] and
references therein. We observe by Sturm-Liouville theory [66] that the second assertion in
holds if and only if ¥ has no zeros. Moreover, Theorem [8.15shows that, as long as the derivative of
the effective potential Vg has a simple zero, there exist nondegenerate pulse solutions 1y € H2(R)\
{0} to , obeying the spectral conditions in see also the forthcoming Remark

The following result demonstrates that spectral stability of the periodic pulse solution ¥pern,
obtained in Corollary is inherited from the constituting primary pulse 1. Its proof employs
Krein index counting theory [29}30] to show that, if the linearization L, per(%per,n) has unstable
eigenvalues, then they must be real and are separated from the imaginary axis by an n-independent
spectral gap. We use Theorem to relate the number of negative eigenvalues of the self-adjoint
operators L+ ,; per(¥per,n) to those of Ly (1)), and to show the existence of an n-independent ball
centered at the origin, in which 0 is the only eigenvalue of L, per(tVn). Having established that
any unstable eigenvalue of L, per(¢per,n) is real and bounded away from the imaginary axis, an
application of Lemma together with standard spectral a-priori bounds, rules out the presence
of unstable eigenvalues of L per(¢pern)-

Theorem 8.20. Assume . Suppose wy is larger than the spectral bound of the operator 02 —uV
acting on L*(R). Then, there exists N € N such that for all n € N with n > N the following
statements are equivalent:

1. The 1-pulse vg € H*(R) is a spectrally stable solution to (8.28)).
2. We have (d,0(wo), o) 2 > 0.

per
is spectrally stable against co-periodic perturbations, i.e., the spectrum of Ly per(Vperm) 45

confined to the imaginary axis.

3. The periodic pulse solution Ypern € H2,.(0,nT) to (8-28)), established in Corollary
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Moreover, if one of these statements holds, then we have the following:
a. L_ , per(tn) has no negative eigenvalues and a simple eigenvalue at 0.
b. Ly yper(tn) is invertible and has precisely one negative eigenvalue, which is simple.

c. There ewist v, > 0 and a smooth map ﬁper,n: (wWo — Vnywo + V) — ngr(O,nT) such that

Qﬁper,n(wo) = Yper,n and lﬁper,n(w) is a solution to (8.36) for allw € (wy—vp,wo+vy). It holds

(8.40) (Buthpern(0), Wpern ) >0,

L%er(O,nT)

Proof. The fact that the first two statements are equivalent follows from [45, Theorem 4.8].

We prove that the third implies the second statement by contrapositon. If <8w1;(w0), o)z <0,
then v is spectrally unstable by [45, Theorem 4.8] with an element A € o(L,(?)) in the point
spectrum with Re(A) > 0. Upon applying Theorem we infer spectral instability of ¥pern,
provided n € N is sufficiently large.

Finally, we prove that the second implies the third statement. To this end, we assume that
(8,0 (wo),%0) 2 > 0. First, we note that the essential spectrum of L+ (o) is by Proposition
given by o (L ,(0)) = o(—02 + uV + wp), which is, by assumption, confined to the positive half-
line. Therefore, Ly ,(0) is invertible and 0 does not lie in the essential spectra of L+ , (1) and
L, (o). On the other hand, L_ ,(10)o = 0 and Sturm-Liouville theory, cf. [32, Theorem 2.3.3],
imply that 0 is a simple eigenvalue of L_ ,(1g). Differentiating L_ ,(1(u 1) = 0 with respect
to w and setting w = wy, we obtain L+,H(1,Z)0)8w1j~}(w0) = —1)g, cf. Lemma % Therefore, 0 is an
eigenvalue of L, (1) whose algebraic multiplicity is at least 2. Using that L_,(¢y) is self-adjoint
and Fredholm of index 0, observing that 0 ¢ oess(L, (%)), and noting (9,4 (wo), o) 2 > 0, we find
that 0 is an isolated eigenvalue of L, () of algebraic multiplicity 2. Hence, Theorem yields
n1 > 0 and Ny € N such that for all n € N with n > N; the total algebraic multiplicity of the
eigenvalues of Ly, per(¢per,n) in the ball By(n:) equals 2.

Next, we employ Krein index counting theory [29,130] to prove the absence of eigenvalues of
L per(¥per,n) of positive real part. We start by counting negative eigenvalues of the self-adjoint
operator Ly , per(¥per;n). Since Ly (1) has precisely one negative eigenvalue A\; < 0 (counting
algebraic multiplicities) and 1)y is a nondegenerate solution to , there exists 179 > 0 such that
(L4 u(v0)) C {A1} U (12,00). Moreover, since ||t)per,n| > can be bounded by an n-independent
constant by Corollary[8.16/and the continuous embedding H*(0,nT’) < L>®(R) with n-independent
constant, there exists by Lemma[8.1an n-independent constant n3 > 0 such that the spectrum of the
operator L, per(¢per,n) is confined to [—n3, 00). Combining the last two sentences with Lemma
and Theorem we find that there exists No € N with Ny > Nj such that for all n € N with
n > No the operator L , per(¢per,n) has precisely one eigenvalue in the set [—73,72], which is
simple and negative. In particular, this implies assertion b. Since L+,p,per(¢per,n) is invertible, the
implicit function theorem yields v, > 0 and a smooth map '(;per,n: (wo — Vp,wo+1p) — ngr(O, nT)
with ¥per,n(Wo) = Yper,n such that Yper,(w) is a solution to for all w € (wy — Vp,wo + V).

Our next step is to count eigenvalues of the operator L_ ,, per(¢per,n). Since ¥pern € ngr(O, nT')
is a nontrivial solution to , we find L_ ,; per(¥per,n)¥per,n = 0. So, by Sturm-Liouville theory,
cf. [66, Theorem 6.3.1.(8)(3)], we deduce that 0 is a simple isolated eigenvalue of L_ ,, per(¥per;n)-
Therefore, using analogous arguments as for the operator L , per(¥per,n), We infer that the facts
that L_ (1) has no negative eigenvalues and 0 is an isolated simple eigenvalue of L_ (1) imply
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that there exists N3 € N with N3 > Ny such that L_ ,, per(¢per,n) has no negative eigenvalues for
all n € N with n > N3. This yields assertion a.

Next, we show that the eigenvalue 0 of L, per(¢per,n) has geometric multiplicity one and algebraic
multiplicity two. The fact that 0 has geometric multiplicity one follows from the analysis of the
operators L+, per(¥per,n). An associated eigenfunction is given by (0, ¢per,n)T- Differentiating the
equation L,7u7per(@l~1per7n(w))quperm(w) = 0 with respect to w and setting w = wp, we obtain the
identities

7 aw b er,n 0
L-l—,u,per(wper,n)awwper,n(w[)) = _wper,m Lu,per(wper,n) ( wp 0’ (WO)> = - (T/}per n) .

Using that the total algebraic multiplicity of the eigenvalues of L, per(¢per,n) in Bo(m1) is 2, we
conlcude that 0 is an eigenvalue of meer(wper,n) of algebraic multiplicity 2. Combining the latter
with the Fredholm alternative, we arrive at <6w¢per,n(w0), Yper,n) L2,.(0,nT) £ 0.

Therefore, we can apply the instability index formula from [30] to find k, <1 and k. = k; =0,
where k£, is the number of real unstable eigenvalues of L, per(¥per,n), ke is the number of quadruplets
of eigenvalues with non-vanishing real and imaginary parts, and k; is the number of purely imagi-
nary eigenvalues of L, per({per,n) With negative Krein signature [30] (all counting algebraic multi-
plicities). In the following, we prove k, = 0, which establishes by [30, Theorem 1]|. To this
end, we first show that there exists an n-independent constant p > 0 such that A € o(L, per(¥per,n))
implies | Re(\)| < p. To establish this spectral a-priori bound, we consider the principal part of
Lyper(per,n), which is the skew-adjoint operator Ag: D(Ag) C L2, (0,nT) — L*(0,nT) with dense
domain D(Ag) = HZ..(0,nT) given by Agp = —Jap". By Stone’s Theorem, cf. [18, Theorem 3.24],
Ag generates a unitary group on the Hilbert space Lger(O,nT). In particular, [18, Theorem 1.10]
yields the resolvent bound
1|22, (0.n7)

per

(8.41) H(AO -N ¢‘ LaOnT) = [Re(N)] 7

for ¢p € L2,.(0,nT) and A € C with [Re(\)] > 0. Using that [¢pernllz~ is bounded by an
n-independent constant, we obtain an n-independent constant C' > 0 such that the residual

L per(¥per,n) — Ao enjoys the estimate

| (L per(pern) = 40) $l 2 (0.nry < Clbl 2, 00

per

for ¢ € Lger(O,nT). Combining this estimate with and |33, Theorem IV.1.16] yields an
n-independent constant p > 0 such that L, per(¥pern) — A = Ao — A+ Ly per(¥per,n) — Ao is bounded
invertible for each A € C with |Re(\)| > p. On the other hand, Lemma and the spectral
stability of 1y imply that there exists Ny € N with Ny > N3 such that for all n € N with n > Ny
the compact set [—p, —n1] U [n1, p| lies in the resolvent set of L, per(¢per,n). Combining the latter
with the spectral a-priori bound and the fact that 0 is the only eigenvalue of L, per(¥per,n) in

(—=m1,m ), we conclude that k, = 0, which establishes the third statement and (8.40)). O

Using that the Gross-Pitaevskii equation (8.29) may be expressed as the Hamiltonian system

O = IV Hper (V)
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on H},.(0,nT) with Hamiltonian Hper: H),(0,nT) — R given by
Lot 2 2 1.4
Hper(¥) = 5 ; %2 ()" + (w+ uV (@) [P ()" - 51¥[" ) da,

it immediately follows from Theorem [8.20] and the stability theorem from Grillakis, Shatah, and
Strauss [26] that the periodic pulse solu‘mons established in Corollary m are orbitally stable if
Assumption holds and we have (8,9 (wp), tho) 2 > 0.

Corollary 8.21. Assume and (awzﬁ(wo),wo)g > 0. Suppose wq is larger than the spectral
bound of the operator 8> — uV acting on L*(R).
Then, there exists N € N such that for all n € N with n > N the periodic pulse solution

Yoerm = (Uperm,0)T € HZ,.(0,nT) to (B29), where Ypern is established in Corollary (8.16] -
orbitally stable. Specifically, for each e > 0 the're exists 6 > 0 such that, whenever vy € H nT)

satisfies ||U0HH1 (0.nT) < 0, then there exists a global mild solution ¥ € C([0,00), H T))
to (8.29) with initial condition P(0) = Ypern + v0 0beying

I"(O
(0,n

per

inf H?,ZJ )"/’pernHHl L(0,nT) <€

To the authors’ best knowledge, Theorem [8.20] and Corollary [B.21] present the fist rigorous
spectral and orbital stability result of any perlodlc wave in the Gross-Pitaevskii equation with
periodic potential. In the case of the explicit periodic potential , rigorous instability results,
as well as numerical simulations indicating spectral stability, can be found in [10].

Remark 8.22. For fixed wy,T > 0, real-valued T-periodic V € C?(R), and simple zero ¢y € R of
Vi, Lemma 8.1{ and Theorem yield p € R\ {0} such that the spectral bound of the operator
02 — uV, acting on L?(R), is smaller than wy, and equation possesses a nondegenerate
stationary solution ¢y € H 2(R) at w = wy satisfying the spectral condltlons mE (GP)! Since it holds
(8,0 (wo),10) L2 > 0, the associated stationary periodic pulse solution per, € ngr(O nT) to (8.28),
established in Corollary [B.16] are spectrally and orbitally stable against co-periodic perturbations
by Theorem [8.20] and Corollary B.21] provided n € N is sufficiently large.

Next, we turn to the spectral analysis of the multipulse solutions, obtained in Corollary
For this, we first establish the following lemma.

Lemma 8.23. Let T > 0 and p,wp € R. Let V € C1(R) be T-periodic and real—valued. Let M € N
and 0 € {£1}M. Let ¢y € H*(R) be a nondegenerate stationary solution to at w = wy.
Then, there exists N € N such that for alln € N with n > N there exist v, > 0 and a smooth map

U (wo I/n,w0+l/n) — H?(R) such that wn( ) is a solution to - 8.36) for allw € (wp— Z/n,wo+1/n ,
and we have wn(wg) Yn, where ¥, € H*(R) is the multipulse solution obtained in Corollary|S.
Moreover, it holds

n—00 2

(8.42) lim (On(w0),tn) = M (Otb(wn),th) -

where 1; is the continuation of Yy with respect to w, established in Lemma .

Proof. Since 1, is a nondegenerate stationary solution to (8.37) by Corollary the existence
of the map 1, follows from the implicit function theorem. So, all that remains is to prove (8.42)).
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Differentiating the equations L_,M(@i(w))l/;(w) = 0 and L_#(l/;n(w))l/;n(w) = 0 with respect to w
and setting w = wp, we arrive at

(8.43) Ly (o) [0ub(@0)] = =0, Lyu(®n) [Buthu(wo)| = —tn.
We claim that there exists a sequence {b, }, in H?(R), converging to 0 as n — oo, with
~ M ~
(8.44) Ousthn(w0) = bn + Y _ 0,000 (wo)(- — jnT).
j=1

Inserting the ansatz for 8,9, (wo) into the linearization L ,.(1y) and using (8.43)), we obtain

M
L () | oo+ 0,0, (wo)(- — jnT)
j=1

= Lo u(4n)bn Zejwo (- = jnT) +Ze (L u(¥n) = L u (o (- = jnT))) Dup(wo) (- — jnT).

Jj=1 Jj=1
Thus, we infer from (8.38]) and (| m ) that the correction b, has to solve the equation

L+,u(¢n n = — Ze L—l—,u % L-&-,,u(wO(' - ]nT))) 8oﬂ;(w0)(' - ]nT)

Using that Ly , (o) is 1nvert1ble, we deduce from Lemma that, provided n € N is sufficiently
large, L4 (1) is also invertible and there exists an n-independent constant C' > 0 such that

Ly (W) ') 12 < Cll]l 2
for 1 € L2(R). In particular,

M
by = =Ly u(bn) ™" | an + D05 (L (W) = Ly u(dho(- — jnT))) Dt (wo) (- — jnT)
Jj=1

satisfies (8.44) and obeys

—0

L2

M
onllze < € | Nanllze +33 || (02 = do- = jnT)?) dutb(wo) (- — jnT)|
7j=1

as n — oo by Corollary [8.16 m and the continuous embedding H'(R) < L*(R). Therefore, us-
ing (8 and (8.44)), we arrive at

<aw¢3n(wo),wn>L2 = % (8,05 (w0) (- = JnT), b0 (- = knT) ) + (b, an) 12

J,k=1

L2

M M
+ Z <0 aww(wO)( — ]TLT an> + Z bn7 ekwo - knT)>L2
k=1

Jj=1

M (Db(w0), o)

as n — oo. O
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By combining Krein index counting theory with Theorem [6.2] we establish spectral instability
conditions for the multipulse solutions 1),,, obtained in Corollary

Theorem 8.24. Let M € N with M > 2. Take 6 € {£1}M. Assume . Suppose wy is larger
than the spectral bound of the operator 02 — uV acting on L?*(R). Then, there exists N € N such
that for allm € N with n > N the following statements holds.

1. If <8w1;(w0) o) 2 is negative, then the M-pulse 1, obtained in Corollary 1s spectrally

unstable.

If { ww(wo) Yo) 12 1s positive, then the M-pulse 1y, obtained in C’omllary is spectrally
unstable in each of the following cases:

(i) pn has no zeros;
(i) There exist m, ¢ € N such that M = 2m and 1y, has 2 zeros;

(iii) 1y, is odd, V is even, and there exist m € N and £ € Ny such that m+/{ is even, M = 2m,
and 1y, has 204+ 1 zeros;

(iv) Yy, and V are even, and there exist m,{ € N such that m + ¢ is odd, M =2m + 1, and
Uy has 20 zeros;

(v) There exist m € N and ¢ € Ny such that M = 2m + 1 and 1, has 20+ 1 zeros.

Proof. In order to prove the first assertion, we observe that Theorem yields that g is spec-
trally unstable. Therefore, provided n € N is sufficiently large, 1, is also spectrally unstable by
Proposition and Theorem

We proceed with proving the second assertion. For notational convenience, we denote by n(L) €
Np the total algebraic multiplicity of all negative eigenvalues of an operator L: D(L) C L*(R) —
L?*(R) and by z(L) € Ny the dimension of its kernel. Moreover, we denote by k(L) the number
of real unstable eigenvalues of L, by k.(L) the number of quadruplets of eigenvalues with non-
vanishing real and imaginary parts, and by k; (L) the number of purely imaginary eigenvalues of
L with negative Krein signature (all counting algebraic multiplicities).

To prove instability in case (i), we notice, using similar arguments as in the proof of Theo-
rem that n(L4 4(¢0)) = 1 and the nondegeneracy of g imply that n(Ly ,(¢n)) = M > 2
and z(L4 ,(¢n)) = 0. Thus, [45, Theorem 4.8] applies, which yields spectral instability.

Next, we consider case (ii). As in case (i), we find n(L4 ,(¥n)) = 2m and 2(L4 u(¢n)) = 0.
Moreover, combining L_ (1)1, = 0 with Sturm-Liouville theory, cf. |66, Theorem 6.3.1.(8)(3)],
we obtain n(L_ ,(¢,)) = 20 as well as z(L—,(¢n)) = 1. Using Lemma [8.23] we find that the Krein
index formula in [30, Theorem 1] yields

k(L (o)) + 2ke(Lu(¥n)) + 2k (Lu(¢n)) = 2(m + £) — 1

Hence, we have k,(L,(1,)) > 1, which means that 1, is spectrally unstable.

We proceed with case (iii). Using similar arguments as before, we obtain n(Ly ,(1n)) = 2m,
2(L4u(¢n)) = 0 and n(L_ ,(vn)) = 20 + 1, and find that the odd function ), spans the kernel
of L_ (). Since 1, is odd and V is even, the operators L+ , (1) and L,(1y) leave the space
of even functions invariant. Therefore, we can apply the index formula to these linear operators
restricted to even functions, yielding

kT(Lu(d’n”even) + 2kC(Lu(¢n)’eV6n) + 2k; (L (wn”even) = n(L-i—,,u(wn)‘even) +n(L- (wn)’even)
=m+l+1,
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where we used that by [66, Theorem 6.3.1.(8)(3)] the eigenfunctions of the Sturm-Liouville operators
L () are alternating between even and odd functions and that the principal eigenfunction is
even. Since m + ¢ + 1 is odd, the number of real unstable eigenvalues of L, (1)) is greater than 1,
yielding spectral instability.

We turn to case (iv). Arguing as before, we have n(L ,,(¥n)|even) = m~+1, 2(Ly ;,(¥n)]even) = 0,
n(L— 1 (¥n)|even) = €, and the even function 1, spans the kernel of L_ ,,(1r,)|even. Using Lemma
and applying the index formula, this amounts to

kr(Lu(wn”even) + ch(Lu(wn)‘even) + Qk;(Lu(q/}nMeven) =m+L+1-1.

Using that m + ¢ is odd, we infer k,(L,(1n)) > 1, which implies spectral instability.
Finally, the proof of spectral instability in case (v) follows as in case (ii). O

Although the first instability condition in Theorem is well-known, cf. [45] Theorem 4.8]
and [25, Theorem 6.5], the authors are not aware that the other instability conditions in Theo-
rem [8.24] have been derived in the literature before.

A Projections

In this appendix, we prove some auxiliary results on finite-dimensional projections, which corre-
spond to block matrices P € C"*" satisfying P2 = P.

The first result asserts that, if two projections P, Q € C™*" are close in norm, then their range
and kernel are complementary subspaces and the associated projection onto the range of P along
the kernel of () can be bounded in terms of P and Q.

Lemma A.1. Letn € N. Let P,QQ € C™*" be projections with
IP-Q| <1

Then, ran(P) and ker(Q) are complementary subspaces and the projection R onto ran(P) along
ker(Q) obeys the bound

1P|
Al R .

Proof. Let v € ran(P) Nker(Q). Then,
[oll = [I(P = Q)vll < [P = Qlll|v]]

implies v = 0 as |P — Q| < 1. Hence, we infer ran(P) N ker(Q) = {0} and, similarly, ran(Q) N
ker(P) = {0}. So, we must have rank(Q) + dimker(P) < n and, thus, we arrive at

rank(Q) — rank(P) = rank(Q) + dim ker(P) — dim ker(P) — rank(P) <n —n = 0.
Similarly, rank(P) + dim ker(Q) < n yields rank(Q) — rank(P) > 0. We find
dim ker(Q) + rank(P) = dimker(Q) + rank(Q) =n

and conclude that ran(P) and ker(Q) are complementary subspaces. Now let R be the projection
onto ran(P) along ker(Q). Since we have RP = P and RQ) = R, it holds

R=RQ— RP+ P,
which readily yields the estimate ((A.1]). O
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Next, we show that, if two projections have the same kernel and there exist bases of their ranges
which are close in norm, then the projections themselves are close in norm.

Lemma A.2. Let n € N and k € {1,...,n}. Let A,B,C € C"™*. Suppose C*A € CF*F s
vertible and we have

1
2 4= 50 < T Tier
Then, the projections
(A.3) P =A(C*A)~'C*
onto ran(A) along ran(C)* and
(A.4) Q= B(C*B)"'c*
1

onto ran(B) along ran(C)— are well-defined and satisfy

(A.5)

) il (141 + 14 - B || llC)
1P =@l <14 Bilfj(c"4) H”C“<l+ T ACTA- B[ )

12 < JlAll e~ lell-

Proof. Since C*A is invertible, ran(A) and ran(C)* are complementary subspaces and the projec-

tion P given by (A.3|) is well-defined. Upon rewriting
C*B=C*A(I - (C*A)"'C*(A- B))
and recalling (A.2]), expansion as a Neumann series yields that C*B is invertible with

. AN—1112
[(c*A)~ 7 c|llA - B
—[[(C*A)~HIClA - B

(A.6) [(Cc*B)~" = (C*A)7!|| < 1|

Hence, the subspaces ran(B) and ran(C)* are complementary and the projection @ given by (A.4)
is well-defined. Finally, writing

P-Q=(A-B)(C*A)'IC*+(A+B - A) ((C*A)' —(Cc*B)™ ") C*
and applying (A.6) yields (A.5)). O

The following result shows that a projection matrix depends analytically on a parameter A € C
if and only if its range and the real orthogonal complement of its kernel are analytic subspaces.

Lemma A.3. Let n € N and k € {1,...,n}. Let Q@ C C be open. Let V(N\),U(N) C C" be
complementary subspaces with dim(V (X)) = k for each A € Q. Denote by P(\) € C™™" the
projection onto V(X) along U(N). Then, the map P: Q — C™*™ is analytic if and only if there exist
analytic maps By, By: Q — C™* such that

(A7) V) =ran(Bi()), U\ = {u eC:2Tu=0 forall z € ran(BQ()\))}

for all A € Q.
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The proof of Lemma is partly based on [8, Lemma 3.3] and requires the following technical
lemma.

Lemma A.4. Letn € Nandk € {1,...,n}. Let P € C™™ be a projection of rank k. If B; € C"*F
is a basis of ran(P) and By € C™ ¥ is a basis of ran(P "), then By By € C**F is invertible.

Proof. Assume that v € CF satisfies By Byjv = 0. Then, u := Bjv € ran(P) satisfies z"u = 0 for all
z € ran(By) = ran(P"). Hence, for all w € C" it holds 0 = (PTw) v = w' Pu implying Pu = 0.
We conclude that u € ker(P) Nran(P) = {0}. Since B; has full rank, we have v = 0. O

Proof of Lemma[A.3 Assume that P is analytic. Then, by [33| Section II.4.2] there exist analytic
maps By, By: Q — C™F such that By ()) is a basis of V() and By()) is a basis of ran(P(A\) ") for
all A € Q. Now, it follows

ueker(POA)=U(N) &  YoeC':0=v P(\u= (P()\)TU) u
& Vzeran(Bo(A\): 2 u=0
for all A € Q.

Conversely, assume that there exist analytic maps By, By: Q — C™** such that (A7) holds for
all A € Q. Let A € Q. We have z € ran(Bz()\)) if and only if 2 "u = 0 for all u € U(\) = ker(P()\)).
If € ran(P(\)") we find v € C" such that x = P(A)Tv. This yields 2"u = (P(\)Tv)Tu =
vT P(MNu = 0 for all u € U()), which proves the inclusion ran(By(\)) D ran(P(\) ). Equality then
follows from

dimran(By(\)) = n — dimker(P()\)) = dim ker(P(\))*
= dimran(P(\)*) = dimran(P(\) ).
Thus, by Lemma the matrix Ba(\) " B1(\) € CF*F is invertible. Clearly,
T -1 T nxn
(A.8) I = B (BN Bi(Y)  Ba() €€

is a projection with ker(II(\)) = U(X) and ran(II(\)) = V(\). So, we must have P(\) = II(\). The
formula (A.8]) readily yields that P is analytic. O

B Exponential dichotomies

Exponential dichotomies are powerful tools in the spectral analysis of linear differential operators.
By reformulating the associated eigenvalue problem as a first-order nonautonomous system, they
can be used to characterize invertibility as well as Fredholm properties [38,40}42].

A linear (nonautonomous) ordinary differential equation possesses an exponential dichotomy if
it admits a fundamental set of solutions that decay exponentially in either forward or backward
time.

Definition B.1. Let n € N, 7 C R an interval and A € C(J,C"*"). Denote by T'(z,y) the
evolution operator of the linear system

(B.1) ¢ = A(2)o.
Equation (B.1)) has an exponential dichotomy on J with constants K, u > 0 and projections P(x) €
C™*™ if for all z,y € J it holds
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o P(2)T(z,y) =T(z,y)P(y);
o |T(z,y)P(y)| < Ke #@=Y) for x > y;
o [[T(z,y)(I — P(y))ll < Ke Hy=2) for y > z.

In this appendix, we establish several results on exponential dichotomies that are relevant to
our analysis. For a comprehensive introduction, we refer the reader to [12].

We start with an extension of the so-called “pasting lemma”, which was first established in [14,
Lemma B.7]. The pasting lemma provides a tool for gluing together exponential dichotomies on
two adjacent intervals.

Lemma B.2. Let n € N, a,b,c € R with a < b < ¢ and A € C([a,c],C"™™). Suppose that
equation has exponential dichotomies on both [a,b] and [b,c] with constants K, > 0 and
projections Py(z),z € [a,b] and Py(z),z € [b,c|, respectively. If ker(Pi(b)) and ran(Py(b)) are
complementary subspaces, then has an exponential dichotomy on [a, c] with constants C,pu > 0
and projections Q(z) = T'(z,b)QT(b,x),x € [a, ], where Q is the projection onto ran(Pa(b)) along
ker(Py (b)) and T(z,y) denotes the evolution of system (B.1)). Moreover, we have C = K+ K?| Q||+
K3 and

|Pi(a) — Q(a)|| < CKe 21b=), |Po(c) — Q(c)|| < CKe21(eb),

Proof. Observe that Q(z)T'(z,y) = T'(z,y)Q(y) for x,y € [a,c]. The exposition in |12, pp. 16-17]
shows that possesses an exponential dichotomy on the intervals [a, b] and [b, ¢] with constants
C, i > 0 and projections Q(z). We need to show that the dichotomy estimates persist on the union
[a,c] = [a,b] U [b,c|]. Take x € [b,c| and y € [a,b]. We estimate

1T (2, ) Q)| < IT(x, b) PO QUL (D)T (b, )| < K2 Qle™ ") < Cemre=),

where we use P»(b)Q = Q and QP;(b) = Q. Similarly, one estimates ||T(y,z)(I — Q(z))|| <
Ce===Y) for ¢ € [b, ] and y € [a,b]. Finally, using QP;(b) = Q again, we infer

1P (a) — Q(a)|| < | T(a,b)(I — Q)| | PL(D)T (b, a)|| < CKe =),
Similarly, we derive ||Py(c) — Q(c)|| < CKe 2#(c=b), u

Next, we obtain an approximation result for the projections of two exponential dichotomies
defined on the same interval.

Lemma B.3. Let n € N, a,b € R with a < b and A € C([a,b],C" ™). Suppose equation (B.1))
admits two exponential dichotomies on [a,b] with constants K2, 1,2 > 0 and projections Py o(x).
Then, we have

1Pi(z) — Po(z)|| < K1K> (e—(m-ﬂu)(w—a) + e—(u1+uz)(b—w)> ’

for all x € [a,b].
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Proof. Let T'(z,y) be the evolution of system (B.1)). We estimate

[1P1(z) = Pa(a)|| < [[Pr(2)(I = Pa() | + [(1 = Pr(x)) Pa ()|
< |[[P(@)T(z, a)[[ [ T(a, 2)(I = Pa(@))|| + [[(I = Pr(x))T (2, b) || [|T(b, z) Pa()]]

< KK, (e*(ﬂl+ﬂ2)($fa) + e*(#1+u2)(bfx)> 7

for all = € [a, b]. O

The following result establishes periodicity of the evolution operator, as well as the dichotomy
projections, when the underlying system has periodic coefficients.

Lemma B.4. Let n € N and L > 0. Let A € C(R,C"™") be L-periodic. Then, the evolution

T(z,y) of (B.1) satisfies T(x,y) = T(x — L,y — L) for each xz,y € R. Moreover, if (B.1) has an
exponential dichotomy on R with projections P(x), then P(-) is also L-periodic.

Proof. By Floquet’s theorem, cf. |32, Theorem 2.1.27], there exist an L-periodic function @: R —
C™™ and a matrix B € C™*™ such that Q(z) is invertible for each x € R and we have T'(z,y) =
Q(x)eBE=¥)Q(y)~! for each x,y € R. Hence, we arrive at T(x,y) = T(x — L,y — L) for each
z,y € R. Now suppose that has an exponential dichotomy on R. Then, the matrix B must
be hyperbolic. Let P be the spectral projection of B onto its stable space. Then, by uniqueness of
the exponential dichotomy, cf. [12, p. 19], it holds P(x) = Q(z)PQ(x)~! for x € R and, thus, P is
L-periodic. O

We proceed by showing that the operator % — A(z) is invertible as a map from H'(R) to L?(R),
and, in case of L-periodic coefficients of A, also as a map from ngr(O, L) to L%er(O,L), provided

that (B.1)) has an exponential dichotomy on R. Moreover, we prove that the inverse operator can
be bounded in terms of the dichotomy constants and the supremum norm of A.

Lemma B.5. Let n € N and L > 0. Let both g € C(R,C") and A € C(R,C™*™) be bounded.
Suppose that (B.1) has an exponential dichotomy on R with constants K, > 0. Then, the inho-
mogeneous problem

(B.2) ¢’ = A(z)¢ + g(z),
possesses a unique bounded solution ¢ € C*(R). If g € L?>(R), then ¢ lies in H'(R) and obeys the

estimate

2K
(B.3) Il < ((1 ) 2+ 1) Il 2.

Moreover, if A is L-periodic and g € L?.(0,L), then ¢ lies in H'..(0, L) and satisfies

per per

2K
(B.4) lollng 000 < (@4 141=) 25+ 1) lollzg, o

per per

Proof. Let T'(x,y) be the evolution operator of (B.1). Denote by P(x) the projections associated
with the exponential dichotomy of (B.1)) on R. Define ¢: R — C" by

o)

¢(z) :/m T(x,y)P(y)g(y)dy—/ T(z,y)(I — P(y))g(y)dy.

—0o0 T
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We note that the properties of the exponential dichotomy, the fundamental theorem of calculus and
the fact that ¢ and A are bounded and continuous, readily yield that ¢ is well-defined, bounded,
continuously differentiable and solves . Due to the exponential dichotomy of system on
R its only bounded solution is 0. Therefore, the bounded solution ¢ of is unique. Finally, we
estimate

(B.5) na@n<Kﬁfﬂ”ﬂmmwMy=KAfwwmm—ym@,

for z € R.
Take g € L?(R). Applying Young’s convolution inequality to (B.5) leads to the estimate

2K
e < =gl

which implies ¢ € L?(R). So, using the fact that ¢ solves (B.2)), we establish

2K
16122 < IAl=lolie + ol < (1Al=22 +1) gl

which proves ¢ € H'(R) and establishes (B.3)).
Suppose A is L-periodic and g € L2,.(0,L). Then, by Lemma we deduce

per

z+L 00

T@+J%MP@M@My—/;;Nx+LwMI—P@Dﬂw®/

s+ = [

—00

z+L
— / T(z,y— L)P(y — L)g(y — L)dy

—00

_ /OO T(z,y — L)(I — P(y — L))g(y — L)dy = ¢(z)

+L

for z € R. Hence, ¢ is also L-periodic. Using (B.5)) and Holder’s inequality we estimate

L
1612501 / lé(x \dx<K2//e ullul+1) / Hg(m—y)HHg(x—z)dedydz

4K
< KQ//G w(lyl+12l) Hg”2 oL dde < 2 ||g||Lper

which proves ¢ € Lper( , L). Combining the later with the fact that ¢ solves (B.2)), we obtain

2K
16133, 001 < 1416123, 00) + lolzz 00 < (141225 + 1) o, 000

per per

which implies ¢ € H],(0, L) and establishes (B.4)). O

Our next step is to prove that, if the linear differential operator L(u) — A, defined in
is invertible, then the first-order formulation of the associated eigenvalue problem has an
exponential dichotomy on R. In conjunction with lemma this characterizes invertibility of the
differential operator £(u) — A in terms of exponential dichotomies.
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Lemma B.6. Let u € C(R) be bounded and \ € C. If the linear operator L(u) — X is invertible,
then system (2.3) has an exponential dichotomy on R.

Proof. By assumption there exists for each g € L?(R) a unique solution u« € H*(R) of the resolvent
problem

(B.6) (L(w) =N u=g.
This implies that for each 1) € H*"'(R) the inhomogeneous problem
(B.7) U'= Az, u(z); \) U + ¢

possesses a solution U € H'(R), which is given by U = (u, pu — 11, ..., 05 u— Zf;ll k=1l )T,
where u € H¥(R) is the solution of the resolvent problem with inhomogeneity

k i
= a;y 07y € L*(R).
=1 7=1

Let J = (—o0,0] or J = [0, 00). For each ¢ € H*"1(J) we find a solution U € H*(7) of (B7).
In the language of Massera and Schiffer, the pair (H¥='(7), H'(J)) is regularly admissible for
equation , cf. [38, §51]. Moreover, in the ordered lattice bA'(J) of all Banach spaces, which are
stronger than the Bochner space L(J) of strongly measurable, locally Bochner integrable functions
h: J — CF™ endowed with the topology of convergence in mean, the space H*~1(7) is not weaker
than L'(7), and H'(7) is not stronger than L$°(J), where L3°(J) is the L>-closure of all functions
with compact (essential) support in L°°(J) endowed with the supremum norm, see |38, §20 and §21].
That is, the pair (H*1(7), H'(J)) is not weaker than (L*(J), L§(J)), cf. [38, §50]. Now, [38,
Theorem 64.B] yields that system has exponential dichotomies on both half-lines, 7 = (—o0, 0]
and J = [0,00). We denote by Pi(%x),z > 0 the associated projections.

We show that the exponential dichotomies for on both half-lines can be pasted together
to yield an exponential dichotomy for on R. First we observe that it must hold ker(P_(0)) N
ran(P,(0)) = {0}, since any solution U € H'(R) of ( with U(0) € ker(P-(0)) Nran(P4(0))
is exponentially localized and, thus, generates an element u = U; € H¥(R) lying in the kernel of
L(u) — A, which is invertible. On the other hand, the adjoint problem

(B.8) U'=—-A(z,u(z);\)" U

has the evolution ®aq(z,y) = ®(y,z)*, where ®(z,y) is the evolution of (2.3). Therefore, (B.3)
also possesses exponential dichotomies on both half lines with projections I — Py (£x)*,z > 0. Any
solution U € H'(R) of with U(0) € ker(I — P_(0)*) Nran(I — P (0)*) = ker(P_(0))* N
ran(P; (0))* yields an element u = Uy, € H*(R) in the kernel of the adjoint operator (L£(u) — \)*,
which is invertible since £(u) — X is. Hence, we have ker(P_(0))* N ran(P.(0))* = {0}, which,
in combination with ker(P_(0)) Nran(P1(0)) = {0}, implies that ker(P_(0)) and ran(P4(0)) are
complementary subspaces. Hence, Lemma implies that admits an exponential dichotomy
on R. O

An important property of exponential dichotomies, often referred to as roughness or robust-
ness, is their persistence under small perturbations, cf. [12, Section 4]. Additionally, exponential
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dichotomy projections can be chosen to depend analytically on parameters if the underlying sys-
tem does, see [13, Appendix A] and references therein. Leveraging the results from [12,13], we
show that, if a system, depending analytically on a complex parameter A, admits an exponential
dichotomy on a half line with A-uniform constants, then the exponential dichotomy persists under
perturbations and an analytic choice of projection is always possible.

Lemma B.7. Letn € Nandk € {1,...,n}. Let Q C C be open and let \g € Q2. Let A: [0,00)xQ —
C™™™ be such that A(-;\) is continuous for each A € Q and A(x;-) is analytic for each x > 0.
Suppose that there exist K, u > 0 such that for each \ € Q system

(B.9) ¢’ = A(z; \)¢

has an exponential dichotomy on [0,00) with constants K, > 0 and projections P(xz;\) of rank k.
Then, there exist constants C, o, 00,0 > 0 such that the closed disk By,(0o0) lies in Q and for all
5 €(0,00) and B € C([0,00), C™ ™) with ||Bl||r~ < d the perturbed system

(B.10) ¢' = (A(x;A) + B(x)) ¢
has for each X € By,(00) an exponential dichotomy on [0,00) with A- and §-independent constants
and projections Q(x; \) satisfying the following properties:
1. The map Q(x;-): By,(00) = C™*™ is analytic for each x > 0.
2. We have
IQO;X) =PI <Cs, PNV <C
for each X\ € By, (00), where P(\) is the projection onto ran(P(0; X)) along ran(P(0; \g))™*.

3. The estimate
(B.11) 1Q(ws X) = P(a N < € (6+¢7)

holds for each x > 0 and X € By,(00)-

Proof. Since system depends analytically on A and the subspace ran(P(0; \)) is by |12} p. 19]
uniquely determined, [13| Lemma A.2] and [33, Section II.4.2] yield that there exists an analytic
map By: Q — C™** such that Bs()\) is a basis of ran(P(0; \)) for each A € Q. Since B is analytic,
there exists a closed disk B),(00) C © of some radius gg > 0 such that det(Bs(\o)*Bs()\)) # 0 for
all A € By, (00). Thus, ran(P(0; A\g))* complements ran(P(0; \)) for all A € B, (0o).

By roughness of exponential dichotomies, cf. |12, Theorem 4.1], there exists a constant dy > 0
such that, for each 6 € (0,09) and B € C([0,00), C"*") with ||B||r < 0, the perturbed sys-
tem admits an exponential dichotomy on [0, co) with constants K71, p; > 0, depending on K
and p only, and projections Q(z; \) satisfying

(B.12) 1Q(x; A) — Pla; N)|| < K1d

for all z > 0 and A € By, (00)-
Let 6 € (0,609) and B € C([0,00), C™*™) with ||B||p~ < . Since (B.10)) depends analytically on
A and the subspace ran(Q(z; A)) is by [12, p. 19] uniquely determined, |13, Lemma A.2] and [33,

74



Section I1.4.2] yield that ran(Q(z;A)) possesses a basis, which is analytic in A on By, (o). Set
Bg(X) = Q(0; \)Bs(A). Estimate (B.12)), analyticity of Bs on €2 and compactness of B, (go) yield
a A- and d-independent constant My > 0 such that it holds

1B — Ba|| < Mos, BN < Mo

for each A € By, (00). So, taking &y > 0 smaller if necessary, By()) is a basis of ran(Q(0; \)) and
we can arrange for

1
2 H(BS(AO)*BS(A))‘IH IBs(Xo)|

[Bs(V) = Bs(V) <

for each A\ € E,\Q (00). Hence, taking §p > 0 smaller if necessary, Lemma demonstrates that
the projections P(A) onto ran(P(0;\)) along ran(P(0; \g))* and Q(0; \) onto ran(Q(0; \)) along
ran(P(0; A\g))* are well-defined and there exists a A- and d-independent constant M; > 0 such that

1Q(0;2) = POV < Mo, [PV QO V)| < My

for each A € B),(00). Since ran(P(0;\)) and ran(Q(0; \)) have bases which are analytic in A on
By, (00) and the subspace ran(P(0; \o))* is independent of A, the projections P(\) and Q(0; \) are
analytic in A on By, (00) by Lemma Hence, recalling that has an exponential dichotomy
on [0, 00) with constants K7, u1 > 0 and projections Q(x; A), the exposition in |12} pp. 16-17] implies
that admits an exponential dichotomy on [0,00) with constants C1,p1 > 0 with C; =
K1+ K?M; + K3 and projections Q(x; \) = T'(x,0; \)Q(0; \)T'(0, z; \) for each A € B, (o), where
T(xz,y; A) is the evolution of system which depends analytically on A by [32, Lemma 2.1.4].
Therefore, Q(x; \) is for each x > 0 analytic in A on B),(¢o). Finally, Lemma yields

(B.13) 1Qa: A) — Qa3 N|| < 201 K e~

for each A € B),(00) and z > 0. Combining (B.13)) with (B.12)) we arrive at (B.11]), which completes
the proof. 0

C Compactness of a multiplication operator

In this appendix, we prove an auxiliary compactness result for multiplication operators mapping
from H'(R) into L*(R).

Lemma C.1. Let g € HY(R). The multiplication operator A: H'(R) — L?(R) given by Au = gu
is well-defined and compact.

Proof. The fact that A is well-defined follows directly from the embedding H'(R) < L*®(R).
Let V € H'(R) be a bounded subset and let ¢ > 0. Since the embedding H'(R) < L*®(R) is
continuous, there exists K > 0 such that for each u € V' we have ||u||ze < K. There exists R > 0
such that

[ @res
g(z)|"dr < —,
R\[-R,R] 2K
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implying

[ @i <fulis [ lg@Pde< S,
R\[-R,R] R\[-R,
for all w € V.

By the Rellich-Kondrachov theorem the embedding H!((—R, R)) — L*((—R, R)) is compact.
The set W = {(gu)|(_pg,g) : u € V} is bounded in H'((—R, R)), because we have ||(gu)|_ g gr)llm <
g9l llullze < Kllg|lg for each u € V', where h|_g r) denotes the restriction of a function h €
H'(R) to the interval (—R, R). So, by compactness of the embedding H!((—R, R)) < L*((—R, R)),
there exists a finite subset G C L?((—R, R)) such that for each h € W there exists f € G with

R 2,52
/ h(a) — F@)Pdr < 5
-R

We conclude that for each u € V' there exists f € G such that

2 2 R 2 2
[ 0@~ s @l = [ @@k s [ - e <<

_RvR]

where 1(_pg ) is the indicator function of the interval (=R, R), whence ||Au — f1_g g)llz2 < e
We conclude that the set A[V] is precompact in L?(R), which concludes the proof. O
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