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FINITE ELEMENT DISCRETIZATION OF NONLINEAR MODELS OF
ULTRASOUND HEATING

JULIO CAREAGAY, BENJAMIN DORICH!, AND VANJA NIKOLIC?®

ABSTRACT. Heating generated by high-intensity focused ultrasound waves is central to many emerg-
ing medical applications, including non-invasive cancer therapy and targeted drug delivery. In this
study, we aim to gain a fundamental understanding of numerical simulations in this context by an-
alyzing conforming finite element approximations of the underlying nonlinear models that describe
ultrasound-heat interactions. These models are based on a coupling of a nonlinear Westervelt—
Kuznetsov acoustic wave equation to the heat equation with a pressure-dependent source term. A
particular challenging feature of the system is that the acoustic medium parameters may depend on
the temperature. The core of our new arguments in the a prior error analysis lies in devising energy
estimates for the coupled semi-discrete system that can accommodate the nonlinearities present in
the model. To derive them, we exploit the parabolic nature of the system thanks to the strong
damping present in the acoustic component. Theoretically obtained optimal convergence rates in
the energy norm are confirmed by the numerical experiments. In addition, we conduct a further
numerical study of the problem, where we simulate the propagation of acoustic waves in liver tissue
for an initially excited profile and under high-frequency sources.

1. INTRODUCTION

High-intensity focused ultrasound (HIFU) waves are known to act as a source of heat within
the body. This heating phenomenon is at the core of many developing medical applications, in-
cluding non-invasive ablation of cancer and targeted drug delivery; see, e.g., [2, 8] for details.
Rigorous mathematical research into the underlying (inherently nonlinear) models of wave-heat in-
teractions has been initiated relatively recently with the contributions of, e.g., [1} [, 2], which have
investigated local and global well-posedness of the exact models. To the best of our knowledge,
rigorous numerical understanding in this context is currently missing in the literature. In this work,
we investigate conforming finite element approximations of the underlying models and develop a
theoretical framework for their a priori error analysis. Ultrasound-heat interactions present
in HIFU-induced heating can be captured using a coupled system based on a damped nonlinear
acoustic equation and the heat equation as follows:

ug — A(0)Au — B(0) Aug + N (u, ug, ug, Vu, Vg, 0) = f, in Q x (0,7),

(1.1)

0y — KAO + v0 = Q(u, uy, 0), in Q x (0,7),
with damping coefficients «, v > 0. Heating occurs due to the acoustic energy that is absorbed
by the tissue, which is here modeled by having a pressure-dependent source term Q in the heat
equation. The acoustic medium parameters are known to depend on the temperature, resulting in
the so-called thermal lensing effect, where the focal region of the ultrasound waves may shift with
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changes in the temperature. In particular, this temperature dependency is seen in the speed of
sound ¢ and sound diffusivity 3; the latter is computed using the relation
~ .3
ac
5 = 2727
w

where @ = &(#) denotes the acoustic amplitude absorption coefficient and w the angular frequency;
see [5].

The acoustic wave equation in (|1.1)) generalizes the classical Westervelt and Kuznetsov equations
in nonlinear acoustics. In the case of the Westervelt equation, u in represents the acoustic
pressure p, whereas in the Kuznetsov equation u represents the acoustic velocity potential ). The
two quantities can be related using p = pvy, where p is the medium density. Concerning the
nonlinearities, these two classical equations are recovered with the following choices:

kw(6) (u2)tt = 2kw(0) (uuy + uf) Westervelt’s equation,
B ki (0) (u%)t + (|Vu|?)s = 2k (0)usug + 2Vu - Vg Kuznetsov’s equation,

where the temperature-dependent nonlinearity coefficients are given by

1 1 B
1.2 kw = —(1+ 5 ke = — —.
( ) W pc2 ( +3 A)v K 294
In (1.2), % represents the acoustic nonlinearity parameter of the medium. Note that this parameter
is also known to depend on the temperature; see, for example, [2 Fig. 7].

1.1. Mathematical generalization of the model. To encompass both nonlinearity cases we
assume in the analysis that the functional N is given by

(13) N(U,Ut,Utt, V’LL, VUt, 6) = kW<0) (UQ)tt + kK(e) (u?)t + E(’vu‘Q)ta teR.
Concerning the nonlinearity coefficients in (|1.3), we assume that
kw, kk € CO’I(R).

loc

Assumptions on the medium parameters. Let ¢ = c>. Regarding the temperature-dependent speed
of sound and sound diffusivity, we assume that ¢ € P,,,(R) and b € P,(R) are polynomials over R
of maximal degree m € N and n € N, respectively, and such that

q0 :=¢q(0) >0, o= B(0) > 0.

These positivity assumptions correspond to the usual assumptions of positivity of the speed of
sound and sound diffusivity at constant temperatures. We emphasize that the condition By > 0
is particularly important as the presence of strong damping in the acoustic component (that is,
having —(BpAuy) will allow us to employ parabolic estimates in the numerical analysis.

In practice, the speed of sound and the acoustic attenuation coefficient are indeed typically
determined via a least-squares fit from data assuming polynomial dependence on the temperature;
see, e.g., [1l Bl [5].

Assumptions on the absorbed energy. In the literature, different forms of the functional Q in (|1.1))
are employed; see, e.g., [I, [I, 5], and the references contained therein. We assume here that Q has
the following form:

O(u, ug, 0) = a(0)(Cru? + Gu?)  with o € CEY(R), (1, ¢ € R.

loc
This allows us to cover, for example, the plane wave approximation for the volume rate of heat
deposition (see [I, eq. (10.2.11)]) given by Q = p%pz in both Westervelt and Kuznetsov regimes,
where the acoustic pressure is p = v and p = puy, respectively. Another expression for the absorbed
energy found in the literature (see, e.g., [1]) is Q = %pf, which is covered here in the Westervelt

regime, where p = u.
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Remark 1.1. Note that according to the available well-posedness results for the Westervelt—heat
systems, the non-degeneracy condition

q(0) >4 >0
is expected to hold for sufficiently smooth and small pressure-temperature data. Thus, in the case
a ~ B/q?, the assumed regularity of o follows by the assumed properties of ¢ and (3.

Notation. We use = < y below to denote x < Cy, where C' > 0 does not depend on the spatial
discretization parameter h. By (-,-);2 we denote the scalar product on L?(£2). We often omit the
temporal domain (0,7') when denoting the norms in Bochner spaces; for example, || - ||rr(re())
denotes the norm on LP(0,7;L4(S2)). We use the subscript ¢ to emphasize that the temporal
domain is (0,¢) for some t € (0,T); for example, || - [|1r(Lq(q)) denotes the norm on LP(0,¢; L(2))
fort € (0,7).

1.2. Assumptions on the exact solution. Let Q C R? d € {1,2, 3}, be an open and bounded
set. Considering data, we assume homogeneous Dirichlet boundary conditions for the pressure and

temperature and sufficiently regular initial pressure and temperature data. That is, we consider
the approximation of the following initial-boundary value problem:

ug — q(0)Au — B(0)Aup + N (u, ug, ugt, Vu, Vug,0) = f in Q x (0,7T),

0y — KAO + vl = Q(u, uy, 0) in Q x (0,7),
(1.4)

up0 = Blaa =0,

(u,ur)j4=0 = (uo,w1), Oi=0 = o,
with N as in ([1.3). Given n > 1 (which will denote the polynomial degree of the finite element
basis functions on an element), we assume that there exists a unique solution of the problem such

that
(U,G) € Xy, X Xy,

with
lellz, + 6l1x, < €
for some C' > 0, where the two spaces are defined as follows:

X, = {u:ue L®0,T; H"H(Q) n WH(Q) N Hj(Q)),
ug € L0, T; H™HQ) nWh(Q) N HE(Q))
uy € L*(0,T; H™ ()}

and
Xo={0:0€ L®0,T; H"™(Q) nW>(Q) N H}(Q)) N L*(0, T; WA (Q) n withee(Q)),
0, € L=(0,T; H™(Q)) n Wh>=(Q)}
with d 4 § € [2,6]. For the upcoming analysis, it is worth noting that
Xy, Xg = L>=(0,T; L>=(Q)).

Furthermore, our main theoretical result (see Theorem [1.2)) assumes that there exists a sufficiently
small r > 0, such that

(1.5) [[(B = Bo) (@)l oo (oo ()) + kw (@) ullc(roe )y + 1Ex (O)ut]l oo )y + lla(@)utllore )y < -

The small-data well-posedness analysis of in the Westervelt case (and somewhat simplified
function Q) based on energy arguments can be found in [I], ], under the assumption that the
function ¢ does not degenerate and that § = const. > 0. In [2], the concept of maximal LP-L4
regularity has been utilized to show local and global well-posedness of the non-isothermal Westervelt
equation. The small-data local and global well-posedness of the Kuznetsov equation with constant
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medium parameters can be found in [I]. Although wave-heat system in its full generality
assumed here does not appear to have been studied rigorously in the literature in terms of well-
posedness, we expect that the general framework of [2] can be utilized for this purpose. The
smallness assumption in can then be enforced (via continuous dependence on data) by the
smallness of initial data (ug, u1,6p).

1.3. Main result. We next present the main theoretical result of this work. We employ Lagrange
finite elements here on a quasi-uniform triangulation 7; and introduce the finite element space
incorporating the homogeneous boundary conditions

(1.6) Vi, = {¢h € Co(Q) | dnlxc € Py(K) for all K € n}

of piecewise polynomials of degree 1 > 1, which is used both for the pressure and temperature. We
introduce the Ritz projection defined for ¢ € H}(Q) via

(Vo,Von)r2 = (VRpp, Vop) 12

for all ¢p, € V},. Further, we rely on the nodal interpolation operator I: C(2) — V},, and define
the discrete Laplacian operator Ay : V, — V}, for ¢y, ¢p € V3, via the relation

(Anton, dn)rz = —(Von, Von) 2.

Further, we introduce the bilinear functional a(-,-) : V}, x Vj, — R as follows:

a(tbn, on) = (Vibn, Vo) 2.
With these preparations, we consider the semi-discrete acoustic problem:
(07un, )12 + alun, q(0n)dn) + a(Ovun, B(On)dn)

+ (N (up, Ovup, OFun, Vg, Vouun, 0h), on) 2 = (fry én) 12

for all ¢, € V3, t € [0,T], with
(1.7b) (up, 3tuh)|t:0 = (uon, u1h)-
Note that

(1.7a)

a(un, @(0n)¢n) = alun, Ru[q(0n)on]) = —(Anun, Rulq(0n)dn]) 12,

a(Orun, B(On)on) = a(Orun, Ru[B(0n)dn]) = —(AnOeun, Ru[B(0n)dn]) L2-

The semi-discrete heat equation is given by

(1.8a) (0iOn, on) 12 + ka(On, on) + v(On, dn) 2 = (Q(un, Opun, 0n), én) L2
for all ¢y, € V3, t € [0,T7], with
(1.8b) Onje—o = Oon.

Our main theoretical result establishes a priori error bounds for (up,6p,) in the energy norm.

Theorem 1.2 (A priori error estimate). Let the assumptions made on the temperature-dependent
functions in Section and on the exact solution (u,8) of (1.4) in Section hold with n > 1.
Assume that f, fr, € L*(0,T; L*(Q)) are such that

1f = fall2(z2e)) < CR'
and that the approximate initial data are chosen as the Ritz projections of the exact ones; that is,
(up(0), Opup(0)) = (Rpuo, Rpu),  0r(0) = Rpbp.
Then, there exist hg > 0 and r > 0, independent of h, such that for all h < hy and
(1.9) 1B = Bo)(O) Loe (oo )y + kw (@) ulloroe )y + Ik (O)utllone )y + lla(@)udll ey < 7
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problem ([1.7), (T.8)) has a unique solution (up,0) € H?(0,T;Vy) x H*(0,T;V4), which satisfies the
following error bound:

107 (u — un)ll 22y + IVO:(u = un)||Lee (z2)) + IV (v — wn) || Lo (s ()
+110:(0 — Ol Lo (22 T IV(O = 08) | oo (s < Cl[ullx, [10]2,) 7.

Discussion of the main result. Theorem establishes sufficient conditions for the optimal
order of convergence of (up,0p,) in the energy norm. Let us discuss some of the assumptions. The
need for using the Ritz projection of the initial values comes from bounds involving Ay applied to
the initial error; see Sections [ and [5] A different choice, say, for example, the nodal interpolation,
would lead to an order reduction in the error analysis.

The assumption that the exact temperature should satisfy § € L%(0,T; W"t14+9(Q)) comes from
the need to estimate the error in the temperature dependent coefficients 8 and ¢. In particular, we
need to employ the following estimate for w € {q, 8} (see below):

[w(0) — w(Op)ll L2wra+s ) SN0 = Onll L2wravs (@)
S10n — Rl 2wrars(qyy + 10 — Rl L2wravs )

and then further use the bound [|6 — Rp0|| 2 (p1.avs(qyy S R70] L2wn.avs () (see Section 2.4/ for the
approximation properties of the Ritz projection).

Similarly, the assumption that 8 € L?(0,T; W"t1%°(Q))) comes from needing to estimate the error
in the temperature-dependent coefficients kw and k. In particular, we will employ the following

bound (see below):
[kw (6) = kw (0r))] 12100 (0)) + 1k () — K (6))]] L2(100 (0))
SN0 = Onll L2z )
S6n = Rubll L2 zos )y + 116 = Rubll 222 (02))

and then further need to rely on the fact that || — Rpf||p2(ne())y S R0l 2(wntr00(q)). Even
though this regularity assumption could be improved, we still need it for a technical estimate
within the proof of Lemma

Finally, let us note that there is a large literature available on the discretization of nonlinear
wave equations originating from the seminal work [I]. However, they do not consider the coupled
wave-heat case, and we thus refrain from a further discussion.

1.4. Organization of the rest of the paper. The rest of the paper is organized as follows.
In Section [2, we provide background results on parabolic estimates which are used in the well-
posedness and error analysis of the semi-discrete problem, as well as certain useful properties of
the Ritz projection and known embedding and inverse estimates. In Section [3| we prove that the
semi-discrete problem has an accurate solution, however, on a possibly h-dependent time interval.
Toward prolonging the existence of this solution to [0, 7], we then focus on deriving uniform energy
estimates for the wave and heat subproblems in Sections [4 and [5] respectively. These are combined
in Section [6] to prove of the main theoretical result of this work stated in Theorem Finally,
in Section [7] we validate the theoretical convergence rate through numerical experiments and pro-
vide additional numerical examples, where we show the performance of the model and developed
numerical schemes.

2. THE APPROACH AND AUXILIARY RESULTS

Our numerical analysis follows by first proving the existence of a solution (uy, 6p) on a possibly
discretization-dependent time interval [0,¢;] and then extending the existence to [0, 7] by means of
a suitable uniform bound on this solution. This approach is in the general spirit of, e.g., [1l, [6, [7],
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which have investigated single-physics wave models. The focal and most delicate point of the
numerical analysis here is the derivation of a suitable energy bound for the nonlinear wave-heat
system. To this end, since the acoustic component is strongly damped, the idea is to rewrite the
semi-discrete problem in the following parabolic form:

(2 1) 6t2uh — ,BoAhat'LLh = q(G)Ahuh + B(Gh)Ahatuh — J\/(uh, atuh, quh, Vuh, Vatuh, Gh) + fh,
. 040y — KAROK + VO, = Q(up, Opup, Oy),

with 8(6) := B(0) — Bo. This setup will allow us to exploit, to a certain extent, estimates for semi-
discrete parabolic problems. For this reason, we present next two estimates for linear parabolic
problems that will be used in Sections [4] and

2.1. A maximal regularity estimate for linear parabolic problems. Given g, € L?(0,T;V3),
bo > 0 and v > 0, consider the problem

(2.2) (Oswh, @n) 2 + boa(wn, on) + v(wn, n)r2 = (gn, ©n) L2, Vop € V.

The finite element analysis of this problem with homogeneous initial data using a maximal LP
regularity approach can be found, for example, in [I, Theorem 1.1]. For completeness, we present
here the derivation of the L2-based energy bound, where compared to [I] we allow for non-zero
initial data.

Lemma 2.1. Let g, € L?(0,T;V},). The solution of ([2.2)) satisfies
1 [t bo t v t
2/0 18swn (5)[172 () ds + (5 + 1) Vw20, + §Hwh||%2(m’o

b t t
(23) + 3 [ 1) ds + [ ITun ()]0

1 1y [* 5
<501+ 5) [ 19n(@) e as

Proof. We test (2.2) with ¢}, = 0wy, and integrate over (0,t) for ¢ € (0,7") to obtain

t b v t
/0 |9kwn($)|F2(@y ds + 5 IVwnl|Z2oy o + 5 lwnlFa@ly = /0 (gn(s), rwn(s)) 2 ds.

By choosing instead ¢, = —Apwy, we obtain

¢ ¢ ¢
t
IV wnll72(0y o + bO/O [ARwh(8)]172(6) ds + V/O IVwn ()72 (0 ds :/0 (9n(s); Apwp(s)) Lz ds.
Adding the estimates and employing Young’s inequality yields ([2.3)). ([l

The bound in Lemma will be employed in the error analysis of the semi-discrete wave sub-
problem in Section [4| with wy, = 0,(Rpu — uyp).

2.2. Additional estimate for a more regular right-hand side. When working with the semi-
discrete heat equation, we will have a relatively regular in time right-hand side due to the properties
of the semi-discrete pressure field. For this reason, we also derive here an additional bound for
parabolic problems that assumes more regularity in time of the right-hand side.

Lemma 2.2. Let g, € HY(0,T;V},). Then the solution of ([2.2)) satisfies

t b v
||3twh(t)||%2(g) +/0 ||Vatwh(8)||%2(9) ds + §0||Ahwh(t)||%2(g) + §||th(t)||%2(ﬂ)

S e (llgnllin 2 + 1ARwR(0)[1Z2() + Vwn(0)[172(q))-

(2.4)
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Proof. Note that g, € H'(0,T;V},) < C([0,T];V3). Testing with ¢ = —Apdwy, and integrating
in time leads to

t b v t
| 1900y s + 18wy + 5 IVl = = | (a0, Andrwn(s)) s

To treat the right-hand side, we integrate by parts in time:

—/0 (91 (), Andywn(s)) 2 ds = —(gn(s), Apwn(s)) 12| +/0 (Orgn(s), Apwn(s)) 2 ds.

Using Young’s inequality, we have for any € > 0

t
bo t v t
| 19090y s + F1Awwnlaaly + 5 IV nle
S M) ey + <1 8un(t) By + ()20 + 1 Ann ()220,

t t
T /0 109 (5)]120 s + /0 1A (3)]20 ds.

Then by choosing e sufficiently small and employing Gronwall’s inequality, we obtain
t b v
| IV0 )0 ds + A 0) ey + 5 IV un (O]
0

S €T (llgnllin 2y + 1ARwR(0)[1Z2() + Vwr(0)[172(q))-
Additionally, since Oywy, = boApwy, — vwy, + gp, we can bootstrap the above estimate to obtain
|10swn (8) 172 () = [1boAnwn (£) — vwn(t) + gn(t)[I72(0)
SJ@CT(thH%p(Lz(Q)) + HAhwh(O)H%Z(Q) + |Nwh(0)H2L2(Q))-
By adding the two bounds, we arrive at . ]

The bound in Lemma will be employed in the error analysis of the semi-discrete heat sub-
problem in Section [B| with wj, = R0 — 0y,.

2.3. Embeddings and inverse estimates. When deriving estimates in Sections {4f and |5, we
will utilize (discrete) embedding results and inverse estimates for finite element functions in the
upcoming error analysis. In particular, the following embedding holds:

H%(Q) = WhHo(Q) — L®(Q), de{1,2,3}, §>0.
For ¢, € V3, we have the discrete Sobolev embedding
(2.5) [onllLos () + |nllwis@) < CllARGRIL2()

where C' is independent of h; see, for example, [I],[6, 9]. Furthermore, the following inverse estimates
are used in the analysis:

(2.6a) IVenllL2i) < Chlenll L2 (),
(2.6b) ARl L2y < ChHIVenll2(0),
(2.6¢) lenllzo0y < Ch™P|lgnll o),

for ¢y, € Vi, and p € [1, 00|, with constants independent of h.
We also recall the following bounds for the interpolant:

e = Tnell o) + hlle = In@llwrn) < CE M @llwenng), @ € WHP(Q),
for2<p<ocand1</{¢<Ek.
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2.4. Properties of the Ritz projection. In Sections [] and [5], we also heavily rely on certain
properties of the Ritz projection. We collect these results here for convenience. For the purpose of
estimating the approximation errors in the upcoming analysis, we need the following approximation
result for 0 < £ < n:

(2.7) hlle — Rugllwin) < CR T ollwennq), @ € WHP(Q),

for all 2 < p < oo; see, for example, [4, Thm. 8.5.3]. In particular, we often employ the stability
bound

[Rrll e (@) < Cllellwe(q)-

Note that one could also replace the right-hand side with the WP-norm for p > d, but for better
readability, we employ the above bound. We further need the estimate

(2.8) IRhe — @l o) < ChY 2ol 20,

which is obtained by inserting the nodal interpolation operator, using the inverse estimates (2.6}),
and the L*-estimate in [4, Theorem 4.4.20].

Lemma 2.3. Let § > 0, d € {1,2,3}, and p € C"™(R). Then, there is a constant C > 0,
independent of h, such that for all ¢, € V}, it holds

IRa[1(n) nlll 20y < (W)l @llonll 2y + B/ CWnllwr.ass @)l 2(0)-
Proof. The proof can be found in Appendix [A] O

3. EXISTENCE AND UNIQUENESS ON A DISCRETIZATION-DEPENDENT TIME INTERVAL

In this section, we show that the problem has a solution on a possibly h-dependent time interval
[0,%7]. In subsequent sections, we will carry out the estimates on this time interval with the goal of
obtaining a uniform bound on (up, 6p,) in a suitable norm that will allow us to prolong the existence
to [0,7]. As usual, we split the errors as follows:

u—up = (u—Rpu) + (Rpu — up),
60— 0y, =(0—Rpb) + (Rub —6),

and denote the discrete errors by e} = Rpu — uy, and ez = R0 — 0y,
We aim to prove that the semi-discrete problem has a solution on the time interval [0, t}], where
we define ¢} as follows:

1y = sup {t € (0,7 | a unique solution (up,8s) € C*([0,t]; Vi) x C([0,t]; Vi)
of and exists and
(3.1) B2 (04 () ey + A€l () 2gay) < Con
hY272 | Apef (5) 2 () < Co,
for all 5 € [O,t]}

for some € € (0,1/2), and a constant Cyp > 0 independent of h. The particular choice of terms
and norms involved in is motivated by the needs of deriving the estimates, as will become
apparent below and in Sections [] and 5l The first claim of this section concerns the accuracy of
the approximate initial data.

Lemma 3.1. Under the assumptions of Theorem (1.2, with the approximate initial values chosen

to be (up(0), Opup(0),0,(0)) = (Rpuo, Rpur, Rubo), we have
10cer (0) | () + | AneR (0)[|L2) < CRT
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and
1AReR(0)] L2y < Ch.

Proof. With our choice of the initial data we immediately have e}(0) = 9% (0) = €% (0) = 0, and
thus the statement trivially holds. O

We next tackle the existence of a unique solution of the semi-discrete system on a possibly
h-dependent time interval, which will allow us to conclude that ¢} > 0.

Proposition 3.2. Under the assumptions of Theorem [1.3, we have tj > 0.

Proof. The statement will follow by considering a first-order rewriting of the system and applying
on it a local version of the Picard-Lindel6f theorem on the open set

(3.2) Uh = {(uh,atuh,eh) € V;? : ka(Qh)uhHLoo(Q) + HkK(Qh)atuhHLoo(Q) <r-+ (5}

with 6 > 0 to be determined below, and radius r from Theorem To see that the initial values
belong to Up, we can uniformly bound 65(0) using the inverse estimate in (2.6¢) and discrete
embedding ([2.5)) as follows:

10(0) — 0(0)|| oo 0y Sh™YC)101(0) — R(0) || (@) + IRO(0) — O(0)]| 1o ()
(3.3) Sh 8|V (04(0) — Rub(0)) | £2(0) + [IRAO(0) — 0(0)[| 1< ()
ShYO | Apef ()]l 120y + hl/QHHHLt‘X’(H?(Q)) < Ok,

where we have used Lemma in the last step. Considering the u(0) and Oyup(0) terms, we
similarly have

lun(0) = u(0) | oo () S B0 Anef(0) |l oo (z2(ay) + 12 lull poo (rr2(0y) < CBF,
1051, (0) — s (0) | oo () S B0V Ouef (0| 120y + B2 e Lo rr2(0)) < CRS,
using . Combining the three estimates yields

[ew (64(0))un(0) — kw (6(0))u(0)|| L) < ChS,
15K (01.(0))Orun (0) — kk (0(0))ut(0)|| oo () < CBS,

and thus (up(0), drur(0),0,(0)) € U, for any 6 if h < hg is small enough.
To state the semi-discrete problem in a compact manner, we introduce the operator Aj, defined
by

(3.4)

(3.5)

(An(uns Opun, On)pn, Yn) 2 = (1 + 2kw (On)un + 2kk (0n)Orun)ph, Yn) 2
for p, 1, € Vi. Further, given u € C%1(R), we introduce the operator

(An(12(0n))pn, Yr)r2 = (Von, V(u(On)¥n)) r2-

The time-differentiated semi-discrete problem can then be written as (with L2-projection 7y,)
A (un, Oun, On)0F un = An(q(0n))un + An(B(0r))drun
(3.6) — 27, (k‘w(@h)atu% + NV uy, - atuh) — fn,
0:0n, = — KARLOL — VO, + T Q(uh, 6tuh, Hh).

Note that the operator Ay is invertible on U for small enough r, since we can find v,d > 0,
independent of A, such that

1+ 2kw (0n)upn + 2kk (0r)0pup, > v > 0.
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Therefore, the semi-discrete problem can be further rewritten as a first-order system for vy, =
(uha atuha eh)T:

(3.7)
v1,(0) = (uon, uin, Oon)”

{ 8t’vh :F(’Uh),
where the right-hand side is given by
F((Uh, 8tuh7 eh)T)
(38) = ((n(un, Oun, 02) " (An(a(8n))un + An(B(0))Butn, — mn (2w (81) it
T
—Th (QEVU}L . Btuh) — fh) , Owup, —kAROE — VO, + Q(uh, Oyup,, 9h)>

Furthermore, system (3.7) has a locally Lipschitz continuous right-hand side (3.8)). Indeed, Lips-
chitz continuity of the right-hand side follows by the fact that V}, is a finite-dimensional space in

which we can use inverse estimates ([2.6a)—(2.6b)).

Thus by the local version of the Picard-Lindelof theorem, a unique solution (up,0p) €
C2([0,T); Vi) x C*([0,T7]; V3,) of (3.6), supplemented with approximate initial data, exists on [0, ]
for some ¢ > 0. Since the initial errors in Lemma in fact vanish, we have by the continuity and
the equivalence of norms on V}f’ that the errors e} and ez still satisfy the bounds in for a short
time. Therefore, we conclude that ¢; > 0. O

We also prove two uniform boundedness results on [0,¢;] that will be useful in the next step of
the error analysis.

Lemma 3.3. Let the assumptions of Theorem hold. Then the following bounds hold on [0,t}]:

lunllLse (o)) + [IVunllpse (oo @)) + 10sunllLse (L (o)) S1
and
101l Lge (Lo @)y + 108l oo wr.a+s )y + 100n | Lo (23 (0)) S 1-

Proof. The statement follows by a repeated use of the stability properties of the Ritz projection
and inverse estimates ([2.6a)—(2.6c|). We have already shown in the previous proof that for s € [0, ;]

[un(s) | Lo (@) + 10kun(s)l| Lo @) S 1.
Further, by , we have
IVun ()l oo (@) S IRnu(s) lwiee() + ll€i(9) Iy S luls)llwre @) + b~ Anefi(s)] L2(0)-
Similarly, for d + § < 6, by , we have
10n(5) | o0 () < IRRO(S) ooy + llen(s)lwass () S IRO() lwr.ass(ay + 1 2neh(5) ] 22(0)-

Lastly, inserting the equation (2.1)) for 6}, the stability of the L2-projection 7, in L3, and the
relation ARy, = 7, A, we obtain

10:0n(s)l| L3y S 1ARORIIL3(0) + 10kl 23 () + [|Q(un, Orun, Oh) 3 ()
S hYO Aed ()l 2 + 17R A0 L3y + 161 30
+ C([Jun(s)ll oo (@), 10sun(8) || Loo ()5 100 ()| oo () S 1-
The definition of ¢ in (3.1]) closes the proof. O

As a corollary of Lemma 3.3} on account of the assumptions made on the temperature-dependent
medium parameters, we also have the following uniform bounds.
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Corollary 3.4. Under the assumptions of Theorem|[1.3, we have
18O Lee (Lo () + a(On) | oo (22 ()
+ 1ow (On)l| oo (Lo () + 1Rk (On) | oo (Lo ()) + l(On) | oo (Lo () S 1
on [0,t7].

In the next step of the a priori error analysis, we wish to derive a uniform estimate for (uy, 6)
that will allow us to show that

(un(th); Qeun(ty), On(ty)) € Uh,
which will lead us to the conclusion that (up,0p) exists on [0,7]. We focus first on the acoustic
subproblem and estimating e} = Rpu — up,.
4. ESTIMATES FOR THE SEMI-DISCRETE WAVE SUBPROBLEM

In this section, our aim is to derive an energy estimate for e} = Rpu — up on [0,t)] with ¢}
defined in (3.1). Toward estimating e}', we observe first that the Ritz projection of u satisfies

(07 Rnu, 1) 2 + Boa(ORpu, ¢n)
— (D, q(0)én) 12 + (Adeu, B(O)bn) 12
+ (N (Rpu, Rpu, 0FRpu, VRyu, VORyu, 0), ¢) + (f, 1) 2 + (8%, én) 2,
where the defect is given by
(6", on)re
(07 Rpu — uge, dp) 12
— (N (u, ug, uge, Vu, Vg, 0) — N (Rpu, O Rpu, 07 Rpu, VRyu, VORyu, 0), ép) 2.
We can estimate the defect using the following result.
Lemma 4.1. Under the assumptions of Theorem[1.3, the following estimate holds:
160 L2(12()) < ClJull 2, )"
Proof. The proof follows by rewriting the difference of the N terms as follows:
N (w, ug, ug, Vu, Vug, 0) — N (Rpu, O Rpu, 0PRpu, VRyu, VORyu, 6)
=2kw(0)((u — Rpu)uy + Rpu(uy — athu)) + 2kw(0)(ur — O Rpu)(ur + O Rpu)
+ 2k (0)((us — OsRpu)ug + O Rpu(ug — 02Rpu))
+ 20V (u — Rpu) - Vuy + 20VRpu - V(uy — O Rpu)
and using the properties of the Ritz projection. Indeed, we have
12w (0)((u — Rpw)us + Rpu(ug — 0PRpu)) + 2kw(0) (us — O Rpu) (us + ORpu)|| L2 (L2 (02))

Sew ()] poo (1o () 1t = Rl oo (p2 () 1wl 2 (roe () + IRRwl oo (£oe () luee — O7Raull p2(2(0)
+ [[kw (0)[| Loo (Lo () |t — OsRpull L2 (raqay) llue + OrRpul L2 (ra(qy)-
Next,
||2kK(9)((Ut — 8,5Rhu)utt + 8tRh’U,(Utt — atZRhu))HLQ(LQ(Q))
SRR (O] oo (roe () e — OiRuutl| poo (r2(0) el £2 (200 () + 10 RAul| oo (oo () luee — OFRpull r2(r2(0))-
Finally,
||€V('LL — Rhu) . Vut + KVRhU . V(Ut — 8tRhu) HLQ(LQ(Q))
SIV(u = Rpw)ll 22 Vel oo (poe (@) + IVRRUl Loo (Lo (@ llue — ORpull 1222 (0))-
Combining the bounds and relying on (2.7) leads to the claim. O
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Hence, the error e} = Rpu — uy, satisfies the following parabolic problem:

(87?6’}%7 ¢h)L2 + /Boa(ateZ7 ¢h) = (F}?7 ¢h)L27
with the right-hand side given by

(F's &n) L2
(41) = (0% @n)r2 + (f = fn, &)z + (A, q(0)dn) 2 — (Antun, Rula(On)dn]) 12
+ (Au, B(0)dn) 12 — (AnOrun, Rp[B(0n)dn]) 2
+ (N (up, Opun, Ofun, Vun, Vopup, 0) — N (Ryu, O Rpu, 07 Rpu, VRyu, VORyu, ), ép).
We wish to apply the maximal regularity estimate result of Lemma to this problem. Toward

estimating the right-hand side, we can use Lemma to bound §%. The next result will allow us
to estimate the difference of ¢ and S terms in (4.1).

Lemma 4.2. Under the assumptions of Theorem the following bounds hold on [0,t}]:

sup |(Aug, B(0)¢n) 12 — (Andyun, Ra[B(0n)Pn]) 2]
(4.2) nllL2(q)=1

ST+ (| Apdieill 2 (1B(0R) | oo @) + 0(1)) + 1B(8) — B(Ow)llyw1.a+s(qy »

and

sup  [(Au, q(0)on)r2 — (AnOrun, Ru[q(0n)on]) 12|
(43) H¢hHL2(Q):1

S+ ([ Aneq ]l 2 ) ([a(0n)] Lo (@) + 0(1)) + [[a(0) — a(On)llwr.a+5 (),
where the hidden constants are independent of h and tj .
Proof. We only prove as estimate follows analogously. We first have the following
rewriting:
(Auyg, B(0)dn) 2 — (Andyun, Ra[B(0n)dn)) 12
= a(Qyun, Rn[B(0n)dn]) — alus, B(0)dn)
= a(Qun — Ryue, Ru[B(0n)dn)) + a(Rpus, Ru[B(O)6n]) — a(Rius, B(6)¢n)
+ a(Ruuy — ug, B(6) )
= a(Orel, Ru[B(0n)dn]) + a(Rpue, RulB(0r)dn — B(O)dn]) + a(Ruuy — ug, (I - Rp)B(6)dn)

= — (Anoeey,, Ru[B(0n)én)) 12 — (AnRpus, Ry [B(0n)dn — B(0)dn]) 12

+ a(RhUt — U, (I - Rh)[ﬁ(9)¢h])7
where we used the orthogonality of Ry, in the a-inner product. Thus, employing Lemma yields

sup  [(Aur, B(0)¢n)r2 — (AnOun, Ri[B(0n)dn]) 2]

H‘bh”LQ(Q):l
< N Andeedl 2y (1B00) | Lo () + (1)) + [1A0kull 20y | B(6) — B(Ow) lwr.avs(0y

+ Wl i) sup (11— Ra)[BO)Snllla 0)-
||¢h||L2(Q):1

By the best approximation property,
1T = R)BOSl 1) < A=) BO)dnlll ) S NBO) w1000l dnll L2

where the last estimate can be obtained analogously to the proof of [6, Lemma 5.2]. Thus, we have

(E2). O
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Thanks to Lemma [4.2] we have
I3 2222y
SO([ull v + |1 Andeeiill 122200y (1O | eo (1 ) + 0(1) + 1B(8) = BO) | p2w1.045 (52
+ 1 Aneqll 220y (120n) | g (o) + (1)) + l[a(0) — a(0n) ]l 2 (w0460
+ [N (un, Opun, O un, Vun, Vyun, 0n) — N (Ryu, OiRpu, 97 Ryu, VRyu, VORyu, 0 12(12(0))-
In the next step, we bound the difference of the N terms.

Lemma 4.3. Under the assumptions of Theorem the following estimate holds on [0,t}]:
(4.4)
||N(uh, 8tuh, afuh, Vuh, V@tuh, Qh) — N(Rhu, BtRhu, BERhu, VRhU, VatRhu, 9) HLf(LQ(Q))

< C(lullx,, WHX@){HkW(Q) — kw(0n) 2L )y + 1k (0) — Kk (60))]] 21 ()
+ [[kw (0r)l| 2go (oo () lenl 2 (zoe )y + 19eehll 222 () + I1FK (Or) | g (Lo () 19¢en Nl L2 (22 ()
+ IVerllzr2 ) + HvatezHLf(LZ(Q))}
+ {||/<?W(9h) up || oo (zoo () + 1Kk (0n) 3tUhHL;>°(L°o(Q))}||3152€%HL3(L2(Q))7
where the constant is independent of h and tj .

Proof. We first rewrite the difference of N terms as follows:
N Rpu, ORpu, 07 Rpu, VRyu, VORyu, 0) — N (up, Osup, 02upy, Vuy, Voun, 0y)
= (kw(0) = kw () (Rnw)?)ee + kw () (Rnw)® — uip )i

+ (kg (0) — kw(0n) (Rpue)®)s + Ekx (0n) (Rpug)? — Opus )i + 20Ved - VRyuy
+ 2EVU}L : V@tez.

(4.5)

Using the fact that
((Rpu)? — up)u
=2(Rpu — up)0?Rpu + 2up, (0P Rpu — 02up,) + 2(0:Rpu — Opup) (O Rpu + Opup,),
we have by Holder’s inequality
[(kw (8) = kw (00)) (Ruw)?)er + kw (0n) (Ruw)? — it )eell 12220
S ew (8) = kw (0n)1] 22 (oo ) | (Rnw)?)eel| Lo (220
+ [[kw (0n) | oo (2o () 1€ ] 22 (£o0 () 10 Rivtull oo (z2(0) + 1w (0n) wn | oo (oo ) 107 €l | 1222000
+ 10k || L2 (22 (0)) 1O Rnul oo (£oo ()) + 10runllLge (£ ()
we note that ||kw(0n)[| e (Lo () < 1 thanks to Corollary Next, since
(Rpue)® — Opud)e = 2(Rpug — Opup,) 07 Rpu + Oyun (2 Rpu — uyge)
we have
(K (6) = Fic(0n)) (Ruue)®)e + ki (0n) (Rnue)® — rup )il £2 (120
S ks (8) = K (0n) 1| 22 (10 () | (Ruwe)®)e | oo (L2(2y)
+ 1k (00) || oo (oo () 1 VOl Nl oo (120 107 Rivul| L2 (130

+ |1k (1) Drun | oo (oo ) 197 el 22200
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where we have relied on the embedding H'(2) — L%(Q). We can further employ the fact that
[k (On)]| Lo (Lo ()) S 1+ Lastly, we can estimate the gradient terms on the right-hand side of (4.5)
as follows:

”EV@;“Z . VRhUt + KVU}L . Vf)teZHL?(LQ(Q))

SIVenll 2z IVRrul| oo (oo () + [[Vunl Lge (moo () IV OreR ] 212y

where we recall that [|[Vup| peo(z(@)) S 1 on [0,¢;] thanks to Lemma Combining the derived
bounds leads to (4.4). O

We have now all the ingredients to estimate JF}'.
Lemma 4.4. Under the assumptions of Theorem 1.2, we have
IF N2 2 ()
<C([Jullx. llellxg){h” + [[kw(0) = kw (0n)) |l L2 (Lo () + 1k (0) = Ex (0r))]| 22 (10 (02))
+ ew (On)l ge (L= llenll L2z )y + 10k 222 (0)) + 15K (Or) || g (Lo () Orenl L2 (12 ()
+IVerllzze) + 1IVOerllrz 2y + ”AhGZHLf(H(Q))}
+119(8) — gl 2 wr.a+s )y + 18(0) = B(On)I| L2 (wrr.ava o
+ ”AhatGZHLg(L?(Q))(||5(9h)||L§°(Loo(Q)) +o(1))
+ (1w (0n) unl Lo (o @)y + 1k (On) Deunll oo (oo () )10F €l ll 1222 (52))-
Proof. The estimate follows by combining the results of Lemmas and O
By employing the maximal regularity estimate of Lemma [2.T) with the choice wy, = e}, we obtain
107 ehll L2 (r2 () + 12n0eeh | r2(r2(y) + IVOeeh | oo r2()) S IFR N2 (r2(0y) + Vi€l (0)] L2()-
Note that we can also bound |[Apej||peo(12(q)) by using
[Aneq |l e (2(0)) S [Ar€R(0)lI22(0) + 101 Anepll 222 ())-
Since by our choice of discrete initial data the terms at zero vanish, we have
(4.6) 187 ekl 22 (r2 () + 1An0eeh | r2(r2()) + 1 Aneh | o (L2()
+ [VOepll e 2y S I1Fi 22220
This bound will be combined with an analogous one for the semi-discrete temperature equation,
where we will look to either absorb the right-hand side terms by the left-hand side or handle them
via Gronwall’s inequality.

5. ESTIMATES FOR THE SEMI-DISCRETE HEAT SUBPROBLEM

In this section, we derive an estimate of ez on [0,¢7] by suitably testing the semi-discrete heat
subproblem. Recall that the heat equation in weak form is given by

(01, 9) 12 + Ka(0, 8) + (0, 6) 12 = (a(0) (Qru” + Caui), @) 12
for all ¢ € HZ (). The semi-discrete version is then given by
(0eOn, Dn) 12 + Ka(On, 1) + v(On, dn) 2 = (a(0n)(Cruj, + C20rui,), dn) 12
for all ¢, € Vhe . The Ritz projection of @ satisfies
(ORR0, ¢1) 2 + ka(Rib, o) + v(Rib, ¢n) 2
= (a(Ru8) (CL(Rhw)* + C2(8:Rnu)?), dn) 12 + (67, dn) 2



FINITE ELEMENT DISCRETIZATION OF MODELS OF ULTRASOUND HEATING 15

with the defect given by
(8%, 0n)12 = (ORRO — Or, &) 2 + v(Rub — 0, 6n) 2
+ (a(0) (G + Guf) — a(Rub) (G (Rpu)® + G(9Rau)?), én) 2.

Thus, the error eZ = Rp0 — 6y, solves the parabolic problem

(5.2) (Dech, dn)r2 + waleh, én) + v(eh, dn)rz = (Fy, én)re

with the right-hand side

(Fh>on)re = (87, én)r2 + (a(Rn0) (G (Rnw)* + C(ORn)®) — a(0n) (Cruaf + C20rui), én) -
Looking at the estimate of the acoustic right-hand side /}' in Lemma we see that we have

(5.1)

to further bound [|q(6) — q(6n)|l L2(wr.a+s(q)) and 16(6) — B(eh)||L?(W1,d+§(Q)) in the course of the
analysis of the semi-discrete heat equation. We intend to rely on the properties of the temperature-
dependent speed of sound and sound diffusivity to conclude that
(5.3) [w(8) = w(On) |l 2wr.arsy) S 10 = Onllp2wrass(ayy,  w € {g, 5},
since ||0]| oo (rr.a+s(q)y 10nllLec(wrats(qy) < C. Similarly, we will exploit the estimate
lkw (6) = kw (6n) [ 2L ) + 1k (0) — Kk (0n) ]| L2 (Lo ()

(5.4) SN0 = Onll L2z~ @y

Slehll 2oy + 10 = Rabll 220 ()
since [|0]|lpeo(zoo())s N0nllLsoze() < C. The error analysis of the heat equation should

lead to bounds on HGZHL?O(LOO(Q)) and He?LHL?o(WLdH(Q)) so that the terms ||e‘zHLg(Loo(Q)) and

led]] L2(wha+s(q)) could be handled using Gronwall’s inequality. These can be obtained via the
embedding
et Lo (Lo () + llehll oo qwrass i)y S | AneRI Lo (r2(5)
and a suitable bound on ||Ah€z“Ltoo(L2(Q)).
To this end, we plan to employ Lemma on the semi-discrete heat subproblem, provided
we have control of the right-hand side in the H'(0,¢; L?(2)) norm. We thus need to estimate
H.F,(fHHtl(Lz(Q)) via bounds on H.FEHL?(LQ(Q)) and Hat]:}?HL?(LQ(Q))' We first estimate the defect term

within ]:2 using the usual approximation properties of the Ritz projection. To improve the read-
ability, we postpone proofs of the next two lemmas to the Appendix.

Lemma 5.1. Under the assumptions of Theorem[1.9, the following estimate holds:
16%11 2220 + 10:0° |2 20y S Clllull, s 1012, )BT
Proof. The proof is given in Appendix [A] O
This result enables us to estimate .7-"2 and 6,5]:2 .

Lemma 5.2. Under the assumptions of Theorem we have the following two estimates on [0, ]

18 3 2y < Cllullas 10010 { A7 + ekl z zaqeyy + I0eeklz ez + el zaa |

10:F 7 | 22220 < C(llull 2., H9||X9){hn+1 +lleql 22y + 19eehll 22y + 1ARER 2220
+ llerllzzz2)) + 10kenll 22 )y + IVOeh |l 22y
o+ lla(On) punl e (1w 192k 2 a2 b

where the constants are independent of h and tj.
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Proof. The proof is given in Appendix [A]l O
From via parabolic estimate with the choice wy, = efl, we have
10venll poe r2(y) + 1 AREN I Loo (L2(y) + 1VER £o0 (12000

SIFR N 2y + 18R 0) 220 + 1VeR (0l 2 () = I1FR a2 (2 -

on [0,%;]. In the next section, we will combine this bound with the results of Section |4|to complete
the proof Theorem

(5.5)

6. PROOF OF THE MAIN RESULT: A priori BOUNDS FOR THE COUPLED SYSTEM

In this section, we prolong the existence of (up,0y) to [0,T] and prove the main theoretical result
of this work stated in Theorem 1.2

6.1. Uniform bound for the wave-heat system. We first combine the two bounds for the
semi-discrete pressure and heat subproblems to obtain the following result.

Proposition 6.1. Let the assumptions of Theorem[1.9 hold. The following estimate holds:
(6.1) 107 ekl 2 (r2(y) + 1 An0eeh | 12 120y + A€kl 220y + 10eehll oo (1 ()

+ |Aned || Lo z2(0)) + 10kl o (r2()) < Clllulle, 16]1 ;) 0"
fort €[0,t;], where the constant is independent of h and t; .

Proof. Adding the two derived bounds (4.6) and (5.5) for the semi-discrete acoustic and heat
subproblems leads to

102 ehll 2 (r2 () + 1An0eeh | 12 (r2(y) + 1 Aneh | Lo (L2(0y) + 10eeh oo (a1 ()
+ | Anel | oo (r2(y) + 10eehll oo 20y + 1VER Loo (220
SIFl ez ey + IF N r2g))-
On account of Lemmas [4.4] and [5.2] we then find that
107 €]l 22y + 120kl 2 (r2(y) + 1 Anehl| o L2y + IV Oiel | oo L2()
+ HAhS?LHL;’O(L%Q)) + \\8t€ZHL§°(L2(Q))
©2) S CO(Jlullx, ||9||X@){h77 + [kw (0) = kw (0n)) | L2 (Lo () + 1k (8) = Ex (0n)) ]| L2 (2o (02))
+ llerllzz(zoe ) + 10eerl 22 )) + IVeRllL22 )y + 1VOerll 22y
+ Ianekllzz ey + lehllzaizacay + 19l 2ay }
+119(0) — (Ol 2 wr.a+s () + 18(0) = BO)I| 2wy + R
where we have introduced the following short-hand notation:
R = [[Andsei |l 22 () (1800 Lo (1ov () + (1))
+ |[Bw (0n) unllzse oo ) |07 €l ll 1220
+ |1k (1) Bun | oo (oo ) 197 el 2 (2200
+ ([ (On) Bun | oo (oo ) 197 el ll L2 2200 -
We first have, using ,
1w (0) = kw (0r))] 2(zo0 (0)) + 1Kk (0) = kk (6r))] L2 (2 ()
SIAReR 2220y + 10 = Rubll 2 (1o o)
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The approximation properties of the Ritz projection stated in then yield
[kw (0) — kw (O] L2 (Lo () | + 175 (0) — Fxc(0n)l L2 (Lo ()
SIAre 2220y + R101| 2w (@)
The difference of ¢ and /3 terms can be further estimated as follows:
19(8) = q(On) | L2 wr.av5 @y + 18(0) = B(O)I| L2 (wr.avs e

SO0l Lge (wr.avs @)y, 101l Lo (wr.a+s ) (10 = Onll L2(wravs )

< C(10ll go wra+s (@) 108 ]| Lo wrars ) (llebll Lz sy + 10 = Rabll L2 w5 (),
and together with the discrete Sobolev embedding (with d + 0 < 6) it holds

et ll 2 qrravs@y < ClAnehll22()-

Again by the approximation properties of the Ritz projection stated in (2.7, we then have (with
d+6>2)

19(8) = a(On) || 2w+ @y + 18(6) = BOW)I| L2 (w150
Sllehllzvrarsay + B0l L2gyienars (),
where we have also used the fact that [|0]| Lecy1.a+5())s [|0nllLsewiars )y S 1.

It remains to discuss the terms within R. Observe that these terms cannot be handled using
Gronwall’s inequality. Instead we rely on the smallness of

18Ol £ge (Lo () + 1w (On)un | oo (1o ) + s (On)Opunl| Lo (£oo )y + 1 (On) Detin || oo (1. (52))

to absorb them by the left-hand side of (6.2)). This smallness can be achieved by the same com-
putations as in (3.3) and (3.4]) for time ¢ instead of 0, and performing the estimate (3.5)) also for
B(0r) and a(0r)0pup. In fact, by the smallness condition ([1.9)) of the exact solution, we obtain

1B(0) | oo (120 (02))+ I1ew (On )t || Lo .20 (02)) F I exc (0 ) Brtan | Lo (oo (c2))+ |t (1) Bt || oo (100 (2)) < 7+Ch.

Then by decreasing r and hg, the e} and ez terms within R can be absorbed by the left-hand side.
An application of Gronwall’s inequality thus yields

Hag@ZHLf(B(Q)) + [[Andeenll 222y + [1AneR I Lse(L2(0)) + [V OreR oo (12(0))
+ [1Anel | nse (r2()) + 10eehll Lo 20y < Cllullx, » 110]]2,) 27,
as claimed. ]

6.2. Prolonging the interval of existence. We are now ready for the final step in the well-
posedness and error analysis, which will complete the proof of the main theoretical result of this
work.

Proof of Theorem[1.4. Since the energy estimate holds on [0, ¢}], we have
[Aneq ()l L2() + 10en(t) ) < Cllullx,, [10]x,)R"
1AReR (th)2() < Clllull, 1161l )h"-
On account of n > 1, we can then guarantee that
1Aneh () 20y + 10eeh (E) | 1) < Coh/?*2,
1ARe] (ti) ] 220 < Coh'?,

provided hg is sufficiently small. Therefore, by the same estimate for time ¢} as in (3.3)), (3.4)), and
(13-5) (un(t}), Opun(ty),0n(ts)) € Uy, where we recall that Uy, was defined in (3.2)). We can thus use
the same reasoning from before but starting at the time ¢ = ¢} to prolong the existence of solutions
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beyond t;. The definition of ¢} in (3.1) then implies ¢; = T'. Thus, the error estimate in (6.1)) holds
on [0,7]. This completes the proof. O

7. NUMERICAL EXPERIMENTS

In this section, we explore fully discrete numerical approximations of the pressure-temperature
system and present numerical examples in two-dimensional spatial domains. For all the
numerical examples of this section, we set Q to be a bounded open domain of R%. We let {73 }r0
be a family of quasi-uniform triangulations of €2, which for a given meshsize h > 0, every element
K € T, corresponds to a triangle of diameter hx < h. For the spatial discretization, we make
use of the continuous Lagrangian finite element space V}, of polynomial degree 1 > 1 introduced in
for both the wave and heat equations.

To handle the nonlinearity arising in the functional A present in the wave equation in , we
used a fixed-point iteration method. In addition, to treat the nonlinear #-dependent functions in
the heat equation, we use a semi-implicit discretization in time. We let 7 > 0 be the timestep and
define t" := n7 as the discrete time points for all n € N, and use the superscript notation (-)" to
denote time evaluations with ¢t = t". Regarding the time discretizations, given a time-dependent
function a = a(t), we consider the backward Euler scheme:

1 1
(7‘1) 8Tan+1 _ ;(an—‘rl _ an) and azan—‘rl _ ;(an—‘rl — 2"+ CLn—1)7
and the second-order backward differentiation formulae (BDF2):
1
Oa"t = ;(%Q"H —2a" + %u”_l),

(7.2) 1
azan-‘rl — ﬁ(2an+1 — 5a" + 4an—1 _ an—2)_

We point out that in [I], it is shown that estimates as in Lemma carry over to time discretization
with the implicit Euler and the BDF2 scheme. To facilitate the writing of the fixed-point iteration
method employed in the approximation of the wave equation, we define the following discrete
operators

. " Euler, . 2a" — a™ ! Euler,
(510/ = (520/ =

20" — $a"~! BDF2, 5a" —4a" 1 + a2 BDF2,

and the pair of constants (s1,2) = (1,1) for the implicit Euler method and (c1,s2) = (2,2) for
BDF2. Note that ¢; and ¢ are the numbers multiplying a”*! in the first and second time derivatives,
respectively, given for both time approximations. Then, with this notation, we can readily write

%((1(1"“ — 51(1") and iﬁa = % (gga"H — 52a”).

(7.3) 0-a =

Fully-discrete scheme. In order to perform the fixed-point iteration procedure, we first separate
the terms containing the second-order time derivative of w in ([1.3)). For this purpose, we introduce
two additional functionals N7 and N5, defined by

1+ 2kw(0)u Westervelt,
1+ 2kg(0)u; Kuznetsov,

2kw(0)u?  Westervelt,
2Vu - Vuy  Kuznetsov.

Nl(evuvut) = { NQ(Q,Ut,VU, Vut) = {
Observe that independent of the type of wave equation in ([1.1)), N7 corresponds to the nonlinear
coefficient of 9?u, while N5 contains the remaining non-linear terms of N.

Next, given uj, uz_l, ;' € Vi, and eventually u2_2, 92_1 € Vy, (cf. (7.2)), the fixed-point iteration
procedure to update the wave equation from time ¢" to t"*!, is established as follows. We define
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(4)

auxiliary variables ug) €V, with ¢ € N, and set uéo) = up. Then, given u,’, the iterative process

continues by finding uELH) € V}, such that

(M qu ™Y s ) 12+ m2a(ul ™ (67 o) +ra(qul™ 867 bn)
— (N 63, dn) 2 + Ta(Srult, BOD)ER) — (N, 60 1o + T2 dn) 2,

for all ¢y, € V},, where the first and second time derivatives have been written using ((7.3)) to separate
the variables arising in the iterative process from those of the discrete unknown at previous time
steps, and

(7.4)

N =M <0h, uh .- (glug) — 51uz)>,

N = Ny <0h, = (glug) — 51UZ),VU§:), %V(qu%) — 51u2)>.

The stopping criterion of the fixed-point iteration is set as follows:

(i+1) (%) ||

w7 =y 220
D) < tol,
luy, N2
and the unknown is updated by setting u"Jrl = quH). For the Pennes bioheat equation, we

discretize the equation in a semi-implicit fashlon, and we solve for HZH € Vj, such that

(@0t dn) e + TR ()T d) + T (07T dp) 2
= (510, )z + (U D 08), )

for all ¢, € Vj. All numerical examples in this section have been implemented in Python using
the open source finite element library FEniCSx [2]. For the fixed-point iteration method, we use
the tolerance tol = 10710, In addition, we remark that in order to properly initialize the BDF2
method, we perform the first time step with the implicit Euler method. The codes to reproduce
the results are available at

(7.5)

https://github.com/juliocareaga/wave-heat

7.1. Example 1: Accuracy tests. To determine the numerical errors produced by our numerical
scheme 7.5)) along with time discretizations ((7.1] . or , we consider the unit square domain

and manufactured solutions uex = Uex(z,t) and Oex = Oox(z,t). Then, the resulting
terms arlslng after replacing u = uex and 0 = e in (1.1) are supplemented to the wave and heat
equations through the respective source terms:

fex(x, t) = atQUex - C2(eex)Auex - B(GEX)A(atueX)
+ N(UeXa atueXa at2ueXa vuem V(atuex), eex)a
gex(xa t) = atgex - ’QAeex + Vgex - Q(ueX7 8tUeXa eex)‘

We note that the forcing term gox was originally not present in the second equation of and is
introduced only for numerical testing. However, one could easily extend the error analysis above
to this case, but we refrain from giving any details here. Given \;, A; > 0 for j € {1,2}, we define
the following smooth manufactured solutions:

(7.6) Uex (X1, T2, 1) = Ay sin(27x1) sin(27wxo)exp(A1t),
(7.7) Oex (71, x2,t) = Agsin(4dmxy) sin(4dmzs)exp(—Aat),


https://github.com/juliocareaga/wave-heat
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5 Westervelt 5 Kuznetsov
10 ] T 10 i
0.83536 0.83536
e 095 e e 0oL e
ol Sy 0.98772 1.8409 ol S 0.98772 1.8409
/Q 1o F 0.98586 s 1.9528 i 2.9406 /Q 1o ¥ i o 19528 s 2.9406
N 19874 A+ N 1.9874 A
ml‘ o964 A 2.9965 ml‘ Lov6a T 2.9966
210 g -20 A
10 1.9936 10 1.9936
29623 2.9635
T —+—Euler,n =1 - —+—Euler,n =1
1.9462 —+—BDF2, n=2 19401 —+—BDF2,n=2
[ 0.12745 BDF2,n =3 012403 BDF2,n =3
1074 8 104 =
10° 10° 10° 10°

Ficure 1. Total error ([7.10) computed from the numerical scheme making use of
the implicit Euler method with n = 1, and BDF2 method with n = 2, and n = 3,
respectively. The errors are ploted against the meshsize h, for the common final
time 7' = 1s and timestep 7 = 1/128s = 0.0078125s. The manufactured solutions

are Uey (cf. (7.6))) and Oy (cf. (7.7)) with A; =1, Ao = 1074, A\; = 1, and Ay = 1/2.

which satisfy the zero Dirichlet boundary conditions Uex|y = 0 = 0. In addition, we set the

discrete initial conditions as

exX|an

uo,h = Riftex(21,22,0)], w1 p = Ru[Outex(z1,22,0)], 00 = Rp[fex(z1, 22,0)],

for all (x1,x2) € Q. For the error computations, we use a second order polynomial for the speed
of sound (truncated polynomial function for liver tissue in [5]) and respective sound diffusivity
function:

c(0) = 1529.3 + 1.6856 (0 + ©,) + 6.1131 x 1072 (0 + O,)2,

with ©, = 37°C being the ambient temperature, & = 4.5 x 10*6pr m~! and w = 27Tf, for

f = 1Hz. Furthermore, we set the coefficient functions kw and kg as

6 )
(7.8) kw(0) = PREION kx(0) = 20)

where B/(2A4) =5 (cf. (1.2))). For the heat equation, we set the constants x = 1 and v = 107, the

absorbed energy function
L (au2 + 26(9)u2> Westervelt,

A t
(7.9) Q(Qy u, Ut) _ ipad 0(9) c (9)
alt 9o
o(0) U Kuznetsov,

with p, = 1050kg/m3. Given 7 > 0 and ¢t = t"*!, we define the total error associated with our
coupled numerical scheme at the time t = t"*! as follows

(7.10) E (") = [V (0uu(t™") = 0rup )| 2y + 100 = 0:07| 12 g
+HIVOE") = 67 L2

for all n > 0. Figure [1| shows the total error committed by our fully discrete numerical scheme for
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1 1
' '
. .
1 1
Ty | ) Ty .
! focal point ' ' focal point v
01 0,0 | 0-! 0,0 ;
: / : /
h .
1 1
1 1
1 1
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0.04=}= == === — = - ---q------------ N e
0.03 0 1 -0.03 0 1 0.03

FIGURE 2. (a) Initial pressure ug = up(x1,z2) used in Example 2, and (b) source
function f = f(z1,x2,t) at t = 0 employed in Example 3. The continuous red lines
correspond to the respective functions at o = 0 for 0 < 21 < rg, and the red-
dashed lines stand for the functions’ plot at the angles —7/4 and 7/4 respectively.
The black-dashed contour coincide with the boundary 0f2.

the two time approximations, implicit Euler and BDF2, with polynomial degrees n = 1,2, 3, and
for the Westervelt and Kuznetsov wave equations. For the two wave equations, the results show
that in both cases, implicit Euler with n = 1, and BDF2 with n = 2, the orders of convergence are
in agreement with what is predicted by Theorem For the case of BDF2 with = 3, we observe
that the errors slopes tend to 7 = 3 until the order of convergence gets deteriorated due to the fact
that 7 overcomes h in the error O(72 + h3). The later, explains the generation of a plateau as h
reaches the smallest values.

7.2. Example 2: Westervelt wave equation (initial excitation). We let now € be composed
by the union of the square region [—0.03, 0.03] x [-0.04, 0.04] and the circular segment between —m /4
and 7/4 of the circle centered at the origin with radius 0.05m. Therefore, 2 is not a polygonal
domain and in this example (and in Example 3), we partially step aside from our theoretical
framework. However, we still consider a polygonal approximation of the curved boundary of 2 to
set the regular triangulation 7,. The domain, shown in both plots of Figure [2] is delimited by the
black-dashed lines accounting for 02. For this example, we simulate the Westervelt equation with
manufactured initial condition described by the functions (in polar coordinates)

go(r,9) = 105 cos (%19) i—gr exp ( — i’—gr) sin (%’Tr),

a1 (r,9) = 10° cos (%19) %TT exp ( — i’—gr) cos (1:’—0”7*),
where r is the radius measured from the origin and ¢ is the angle with respect to the xi-axis, and
0.048m = rg < 0.05m. Then, at t = 0, we set u and J;u as follows

(go(r,0),g1(r,9)) if —2Z <9< Z 0<r <,

(0,0) otherwise in 2,

(7.11) (uo(r, ), ur(r,9)) = {

and the zero initial temperature 6y = 0. Figure |2 displays the plot of ug as a function of (x1,x2)
in . We remark that the initial conditions are built in order to satisfy the zero Dirichlet bound-
ary conditions and being continuous functions within the domain. The initial wave amplitude is
maximal at the xj-axis, when ¥ = 0 (see the continuous red line in Figure [2)) and it decreases to
zero towards the lines ¢ = £27/7 and r = 0.

For the coefficient functions in , we set the temperature-dependent speed of sound as the
fifth order polynomial function modeling liver tissue in [5]

c(0) = 1529.3 + 1.6856 (0 + ©,) + 6.1131 x 1072 (0 + 0,)*
—2.2967 x 1073 (0 4 0,)% +2.2657 x 1072 (0 + ©,)* — 7.1795 x 1078 (6 + ©,)°.
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-3.58e+05 0.00 3.25e+05 -3.58e+05 0.00 3.25e+05 -3.58e+05 0.00 3.25e+05
t = 2007 t = 3007 t = 4007

Up, —— Uy, —— L ——
-3.58e+05 0.00 3.25e+05 -3.58e+05 0.00 3.25e+05 -3.58e+05 0.00 3.25e+05

F1GURE 3. Example 2: Snapshots of the discrete pressure uj = up(x1, r2) computed
with the Westervelt wave equation in , initial coditions and 0y = 0, and
setting the source term f = 0. The time step is 7 = 10" s and 1 = 1, and the time
approximation is by the BDF2 method.

In addition, the corresponding sound diffusivity 6 and kw function are taken as in Example 1
after setting the frequency f = 100kHz. No source term is included in the wave equation in this
example, i.e., f = 0. The parameters used in the heat equation, which are related to liver tissue as
the ambient ’a’; and blood 'b’ are taken from [5, Table 3] to be

By =6kg®m 4s72,  p,=1050kgm™3, p, =1030kgm=3, ©,=37°C
C, =3600Jkg K™, C,=3620JkgK™!, k,=0.512Wm K,
and the constant diffusion x and parameter v are respectively given by

Ka ppCh
kK= ——y, v= .
paCa Paca
For the absorbed acoustic energy functional, we use the definition given in ([7.9)).

For the numerical simulations, we use the BDF2 scheme with 7 = 10™" s together with a poly-
nomial approximation of degree 1 = 1, linear piecewise polynomials, and set 7' = 4 x 10™°s. The
meshsize is set to h = 7.6 x 107*m and the number of elements of the used mesh is 38912. In
Figure El, we show the simulated pressure profiles u} at n = 10,50, 100,200 and 300. The combined
effect of having the initial time derivative wy, and ug given by is that the wave amplitude
reaches its maximum towards the focal point instead of directly dissipating, and travels towards
the left boundary. Furthermore, it can be clearly seen that initially the acoustic wave traveling in
the direction of the xq-axis gets reflected from the curved boundary. The discrete temperature, on
the other hand, is presented in Figure [4 in which it can be observed the heating effect that the
ultrasound wave has on the focal area, where the temperature reaches its maximum.

7.3. Example 3: Kuznetsov wave equation (source excitation). In this example, we explore
the case of a high frequency excitation due to a source term on the wave equation for the Kuznetsov
equation. Unlike Example 2, the unknown wu represents now the acoustic velocity potential. Under
the same conditions of Example 2, meaning the same domain, parameters and coefficient functions
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t=10T1 t =501 t = 1007

[ —— g, —— g, ——
0.00e+00 1.37e+00 0.00e+00 1.37e+00 0.00e+00 1.37e+00
t = 2007 t = 3007 t = 4007

On On On
0.00e+00 1.37e+00 0.00e+00 1.37e+00 0.00e+00 1.37e+00

FIGURE 4. Example 2: Snapshots of the discrete temperature 0, = 0, (x1,x2) com-
puted with the Westervelt wave equation in , initial coditions and 0y =0,
and setting the source term f = 0. The time step is 7 = 10~ s and 7 = 1, and the
time approximation is by the BDF2 method.

(with kk as in (7.8)), we set the source term function similarly as the initial conditions in Example 2
through the function (in polar coordinates)

(7.12) fo(r,9,t) = 10% cos (%ﬂ)%r(exp (—40r/ro) —exp (— 40)) cos(wt),

where the pair (r,4) corresponds to the polar coordinates relative to (1, z2) € Q, and ro = 0.048 m.
Then, we define the source term function as follows:

{fomﬂ,t) if —Z<9<E 0<r<r,
flr,0,t) =
0 otherwise in €.
Figure ) shows the plot of function f at the time ¢ = 0. Varying time ¢, the described source
term oscillates with angular frequency w = 27 f , with f = 100kHz. This function is intended to
mimic the effect of having an excitation due to Neumann boundary conditions, but keeping the
unknowns to zero at the boundaries. To perform this numerical example, we use the BDF2 method
with 7= 10""s, T' =4 x 10~ °s, linear elements with 7 = 1, and the same mesh as in Example 1.
In Figure , we show snapshots of the discrete solution wy, (top row), and discrete temperature
(bottom row) at three times ¢"™ with n = 200,300 and 400. Unlike the previous example, in
which the wave is induced by the initial condition, in this case the oscilations of the source term
continuously drive the wave. Then, sequential peaks of u reach the focal area as time evolves.
The approximated temperature 6, is presented in Figure |5, which is in the order of magnitude of
1079°C. The later can be explained due to the reduced magnitude of u,, which directly influences
the strength of the absorbed energy function Q.
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t = 2007 t = 3007 t = 4007

Up,  —— Up  (— Up  [e——
-4.34e-02  0.00 5.00e-02 -4.34e-02  0.00 5.00e-02 -4.34e-02  0.00 5.00e-02
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FiGure 5. Example 2: Snapshots of the discrete acoustic velocity potential up =
up(z1,22) (first row) and discrete temperature 0, = 0p(z1,22) (second row), at
three time points, computed with the Kuznetsov wave equation in with zero
initial conditions and source term f given by . The time step is 7 = 1077 s
and 7 = 1, and the time approximation is by the BDF2 method.

APPENDIX A. POSTPONED PROOFS

In this section, we finally give the proofs from Sections [2.4] and [5] on the bound of the Ritz
projection and the defects from the error analysis of the heat part

Proof of Lemma[2.3 We add and subtract u(vy,) ¢p, to obtain

IRA[(vbn) @nlllz2c) < N(¥n) énllL2) + 11— Ru)[p(@n) onlll L2 (q)
which yields

IRA[(¥n) Sl z2() < lw(n) L @)llPnll2) + (T = Ra)[1(vn) dulll 22

To estimate the second term on the right-hand side, we note that

(L= Rp)[p(¥n) dnlllz2) S PIT = Ra)[(¥n) dulll gy S PN = 1n) [1(¥n) dulll a1 (o)

Using the standard interpolation estimate, we obtain

B2 = Tn) (o) o) 7 <CZ (R (wbn) Gnl s (1))

We use that on each cell ¢, is a polynomial of degree 7, together with the inverse estimate in [4]
Lemma (4.5.3)], to derive

n+1 n+1
W (n) S ey S BT (om0l @l -y S 10nlnz) D P 1n(Wn) lwe )
j=1 j=1

The observation that

J
| (n) lwrsoo (i ZhZHV%/)th:oo(K)
=1
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allows us to conclude

n+1 n+1

. . 9

PRI = T) ) 0y < € D bnlZaiey D2 W2 IVl iy < CllnlZaay D (RlIVeRl o) .
K j=1 j=1

Finally, we employ
hHVT/JhHL‘X’(Q) 5 ha/(dJﬂ;)HVT/Jh”WLdH(Q)
to obtain the claim. O

Next, we turn to the defect defined in (5.1)).
Proof of Lemma[5.1 (a) We have the rewriting
(6%, én) 2 = (0RO — b1, dp) 12 + V(RO — 0, 6p) 2 + (((6) — a(R))(Gru® + Gou?), dp) 2
+ ((Rp0)(C1 (v — Rpu) (u + Rpu) + Go(ug — ORpu) (ug + ORpu)), dn) 2.

The statement then follows by the approximation properties of the Ritz projection.
(b) For the time derivative of the defect, we note that

(08°, én) 2 = (OFRnO — Out, 1) 12 + V(RO — 61, 1) 2
+ (@ (0)0:(Cu? + Guf) — o RaO)FRAI(C1(Rpw)? + C2(0Rpu)?), ¢n) 2
— 2(a(0)ur(Gru + Cousr) — (Ru0)IRau(Ci R + GO Ryu), dn) 2
We have the following rewriting:
(& (0)0,(C1u? + Guf) — of (Rp0)ORAO(C1 (Rpu)? + G (0Rpu)?), én) 2
= ((0/(0) — &/ (R8))0e(Gru® + Couf), ) 2
+ (o (Ru8) (0; — ORAO) (G (Rw)? + C2(8iRpw)?), dn) L2
+ (! (Rp0) O Ru0O(C1 (up, — Rpu) (up, + Rpu) + C2(Opup, — O Rpw) (Opup + ORpw)), 1) r2-
On account of the local Lipschitz continuity of o, we have
1(a’(0) — o/ (Ra0)0: (Gree® + Gou )| L2 (12
S e/ (0) = o Ra0)[| Lo (2200 10l L2 (20w () (1| Fow (oo () + 1081 F o0 (200 (02)))

(A.1)

S0 = R0l o (20 102 220w @) (Nl e (oo ) + 1181700 (10 ()

and we can estimate the other terms on the right-hand side of (A.1)) in an analogous manner.
Similarly, we have the rewriting

(u(0)us(Cru + Coug) — a(Rp0)ORpu(CiRyu + C202Rpu), dp) r2
= ((a(0) — a(Rp0))ue(Cru + CQui), ¢n)r2 + (a(Rpb) (ue — dRpu)(Gru + Cun), dn) 12
+ (a(Rpf)ORpu(Cr (v — Ryw) + Co(ug — 7 Rpw)), én) 12

and we can proceed as above to arrive at the claim. ]

The last estimate deals with the right-hand side in the error equation of the heat problem.
Proof of Lemma[5.9. We use the following rewriting:

(Frts dn)re = (8%, 6n) 2 + ((@(Rn0) — a(04)) (G (Rw)® + G(0RW))), én) 12

+ (a(0r) (1 (Rpu — up) (Rpu + up) + G2 (0 Rpu — Opup) (O Rpu + Opup)), dn) 2.

We further have
I(@®Rn8) = (61))(C1(Ruw)? + C2(0Rnu)*)) | 22 (r2()

Sllenllzzzzll6 (Raw)® + G(RAw)? || oo (oo (),
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where we have relied on
[a(Ra0) — a(0n)l 1212 (0)) S [IRRE = Onll12(12(c2))
for [0l Loe (Lo ()) < 1. Similarly,
(0 (G (R — un) (Rt + un) + Co(ORnu — Dpun) (OeRou + Boan)) | 2z2(en)
S lleOn) | g (o)) lenl L2 2y + 19eenll 22y lunll g2 )y + IRaull g2 22(0)))-

The claim then follows by Lemma and the properties of the Ritz projection.
We now tackle the estimate of Gt]-'g. Note that

(0FR, on)2 = (018", 6n)12 + 7,
where
Z = (' (Ry0)ORu0O(C1 (Rpu)* + C2(0iRpu)?) + 20(Rp0) O Rpu(GrRyu + COFRpw), dn) 2
— (& (01) 0401 (Crui + C20sur) + 2a(0p)Dyun (Crun + C202up), o) 2.
We can rewrite Z as follows:
T = (o' Raf)3Rnb(C (Raw)? + C2(0Rpu)?) — o (0)040n (Cru, + C2Opui), b1 12
+ 2((Ru0)O:Rpu(Ci Ry + 07 Riu) — ) Opun (Grun + 207 un), én) 12
We next further rewrite the two difference terms. First,
(o' (RnO)ORRO(C1 (Rpu)? + C2(8iRnu)?) — o (05)0eOn(Crujy + C2Bruin), 1) 12
= ((o/(Rn) — o/ (04)) O RA0(C1(Rpw)” + C2(ORwu)?), 6n) 12
+ (o' (0n) (DR1O — 3:61) (C1(Rpw)? + C2(0Rpu)?), ¢n) 2

+ 1/ (0n)010n (Rpu — wp) (Rpu + up), én) 12
4

+ (o (61) 0101 (O Rnu — Oyup) (ORuw + Oun)), dn) 2 = » (T, én) 2.
i=1

We have
17 1220
=[|(a’(Rp8) — ' (1)) D:RuO(C1 (Raw)® + Co(0Rnw)*) || 12(12(a))
Sl (Ra8) = o' (0n) 1| 2 (220 1O RAO| oo (100 (2)) (IR Foo (oo 02y + |10 RRUIT 0 1 (52)))
S0l el 2 e go))-
Secondly,
IZ21 22 (12(0)) = 1 (04) (D:R16 — 3:01) (G1 (Rnw)? + C2(B:Rnw)?) || 12 (120
S e (On) | oo (oo 195€0, | 22 222y (IR U F oo 100 (2)) + 10 R o0 (oo )
Thirdly,
IZ%(1 222(02)) = 1G10 (01) 000 (Riw — wn) (R + un) || 12 (220
SN0eOnl se (3@ lenll 2oy S 1960l oo (3@ IVeR I 222y
Next,
1Tl 22 (02)) = 120 (01) 0101 (O:Ruw — Brun) (DR + Dpun)ll 220
S0l Loo (3@ 10eenll 2o )y S 1100l Lso (L3 IV Oeer || L2 (L2 ())-
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Similarly, we have the following rewriting:
2(a(Rp0) O Rpu(CRpu + G0fRpu) — a(O)Opun(Grup, + G207 up), dn) 2
=2((a(Rp0) — (03))ORpu(GiRpu + O Rpu), én) 2
+ 2(a(01) (O Rnu — Opup) (G RAu + OFRyu), 1) 12
+ 2(a(0) Opun (1 (Rau — un) + C2(07Rau — 8fun)), dn) 12

7
= (T, én)re-
1=5
Then
1Z°Ml 22r2(62)) = I12(@(Rab) — (00)) B Rpu(GiRA + 7R | 12(12(0)
Slenll 2 (noo ) |0 R oo (oo () (RRul 222 () + 107 Ruull 1220
Next,

1Z°1 222 (q2)) = 1120(08) (ORnw — Byup) (CRuu + GO Ruu)[| 2120

S (@)l oo (oo @) 19r€h | oo (0 )) (IRntll 2223 (92)) + 107 Ruull £2(250)-

Finally,
HfHLg(L?(Q)) = [12a(01) pun (G (Rpu — up) + Co (07 Rpu — 8t2uh))HLf(L2(Q))
S lla(0n) drunl| Lo ooy (lehll 2 r2cay) + 107 eqll 2(220)-
Combining the derived bounds yields the desired result. O
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