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TRAVELLING BREATHER SOLUTIONS IN WAVEGUIDES FOR CUBIC
NONLINEAR MAXWELL EQUATIONS WITH RETARDED MATERIAL
LAWS

SEBASTIAN OHREM AND WOLFGANG REICHEL

ABSTRACT. For Maxwell’s equations with nonlinear polarization we prove the existence of
time-periodic breather solutions travelling along slab or cylindrical waveguides. The solutions
are TE-modes which are localized in space directions orthogonal to the direction of propagation.
We assume a magnetically inactive and electrically nonlinear material law with a linear y(!)-
and a cubic y®-contribution to the polarization. The y(!-contribution may be retarded in
time or instantaneous whereas the y(3)-contribution is always assumed to be retarded in time.
We consider two different cubic nonlinearities which provide a variational structure under suit-
able assumptions on the retardation kernels. By choosing a sufficiently small propagation speed
along the waveguide the second order formulation of the Maxwell system becomes essentially
elliptic for the E-field so that solutions can be constructed by the mountain pass theorem. The
compactness issues arising in the variational method are overcome by either the cylindrical ge-
ometry itself or by extra assumptions on the linear and nonlinear parts of the polarization in case
of the slab geometry. Our approach to breather solutions in the presence of time-retardation is
systematic in the sense that we look for general conditions on the Fourier-coefficients in time
of the retardation kernels. Our main existence result is complemented by concrete examples of
coefficient functions and retardation kernels.

1. INTRODUCTION

We show existence and regularity of spatially localized, real-valued and time-periodic solutions
(called breathers) to Maxwell’s equations

' V.-D=0, VxE=-B,
(1) V.-B=0, VxH=D,

without charges and currents. (I]) is posed on all of R with an underlying material that is
either a slab waveguide or a cylindrically symmetric waveguide. We look for solutions that are
travelling parallel to the direction of the waveguide, and which are transverse-electric, i.e. the
electric field E is orthogonal to the direction of travel. We assume that the material satisfies
the constitutive relations

(2) B=yH, D=¢E+PE)

where f19,20 € (0,00) are the vacuum permeability and permittivity, respectively. This means
that the material is magnetically inactive. However, the displacement field D depends nonlin-
early on the electric field E through the polarization field P(E), which is modeled as a sum of
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2 SEBASTIAN OHREM AND WOLFGANG REICHEL

a linear and a cubic function of E. Both parts are local in space but nonlocal in time (cf. [1]
for a physical motivation) and are given by

(3) P(E)(x,t) = ¢ /000 X(l)(x, T)EX,t—7)]dr

+ eo/ / / YO (x, 71, 70, 13) [B(x,t — 7)), B(x,t — 1), E(x,t — 73)] dryd7odrs.
o Jo Jo

Here x = (3, z) denotes the spatial variable, the susceptibility tensor x(V(x,7): R® — R? is
linear and x® (x, 71, 7, 73): R? x R? x R® — R3 is trilinear.

By taking the curl of Faraday’s law V x E = —B,, we obtain from (I),(2) the second order
form of Maxwell’s equations

(4) V x V x E + €po0’E + 1100°P(E) = 0.

While (@) is an equation only for E, the other electromagnetic fields can be recovered if ()
holds: B is obtained from V x E = —B,; by time-integration, and H, D are then determined
by the material laws (2]). Next, B is divergence-free if it is divergence-free at time 0 since
0V -B=-V-(VxE)=0. Lastly, D = ¢oE + P(E) will be divergence-free because of the
choices of E, P made later.

We assume that the material is either a slab waveguide or a cylindrical waveguide. In the first
case, the susceptibility tensors x/) remain constant as x moves parallel to the slab. Assuming
that the slab is given by {z = 0}, this means that

(5-1) X(1)<X77') :X(l)(ﬂfﬁ)a X(3)(X771,T277'3) :X(3)(37771,T2,T3)-

If instead the underlying material has a cylindrical waveguide geometry, we assume that the
susceptibility tensors x) depend only on the distance from x to the cylinder core which we
assume to be given by {x = y = 0}, so that

(5.2) YP(x, 1) = xW(r, 1), x®(x, 11,79, 73) = XO (r, 71, 79, T3).

where r = \/m

With I we denote the 3 x 3 identity matrix. We assume that the materials are isotropic, i.e.
YP(x, 7)[0v] = OxW(x,7)[v], x®(x,71,7,73)[0u,0v,0w] = Ox® (x, 71, 75, 73)[u, v, W]

holds for O € SO(3). This means that x(!)(x,7) € RI. For x® a variety of isotropic scenarios
are possible, but in this paper we only consider two kinds of nonlinear material responses: either

(6.1) YO (x, 71, 72, 73) [0, v, W] = h(X)v(11)6 (12 — 71)0 (75 — 1) (u, v)w
(6.11) O (x, 71, T2, 73) [0, v, W] = h(X)v(m)v () (1) (u, v)w

where § denotes the dirac measure at 0, (-, -) is the standard inner product on R?, and h, v
are given real-valued functions.

For these material laws, we will see that () can be viewed as a variational problem, and we
will use a simple mountain-pass method in order to construct breather solutions to (I),(2).
We deal with the kernel of the curl operator in ({]) by looking for breather solutions in special
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divergence-free ansatz spaces that we discuss next. For the slab geometry (5.I) we make the
TE-polarized traveling wave ansatz

0
(7.1) E(x,t) =w(z,t—12) |1
0

where w: R X R — R is periodic in the second variable, which we again denote by t. For the
cylindrical geometry (0.2 we instead consider the circular TE-polarized traveling wave ansatz

_y/r
(7.2) E(x,t) = w(r,t —1z)- ﬂﬁ(/)r

with r = y/2% + y? and w: (0,00) x R — R being periodic in t. Both ansatzes for the electric
field are divergence-free, so that V x V x E = —AE holds, and are of a simple, essentially
two-dimensional form, which greatly simplifies the discussion. More specifically, for the slab
ansatz (1)) problem (@) reduces to

(8.1) (=07 — £07)w + eopuodfw + o8 P(w) = 0
and for the cylindrical ansatz (7.2)) to
(8.2) (=02 =10, + 5 — 0] w + eopo0;w + 11007 P(w) = 0.

Here, depending on the choice of the nonlinear susceptibility tensor, the scalar polarization P
is given either by

(9.1) P(w)(x,t) = € /000 XV (x, w(x, t — 7) dr + €oh(x) /000 w(x,t —7)%v(r)dr

or by

9il)  Pw)(x,t) = € /0 T (s, Pw(x, £ — 7)dr + eoh(x) ( /0 Tt — () dT)

for susceptibilities (6.) and (6.11), respectively. The simple form of the nonlinearity in P(w),
especially that the variables x and 7 appear separated, are needed in order to obtain a vari-
ational problem. We denote by * the convolution in time and normalize the speed of light to
c2 = (eopto) ™t = 1. Then problem (B.1]) with polarization (1)), which we discuss as an example,
becomes

3

(<% + (1= & +x5)0f Y+ B 5 ) = .
Inverting the convolution operator v * 9? formallyﬂ, we then obtain
(10) () (-2 + (1= 5+ xV*)F)w + h(x)u® = 0.

Given our assumptions, we can ensure that the linear operator is symmetric when restricted to
suitable spaces of time-periodic functions. Hence solutions formally are critical points of the
functional

(11) J(w) = /(%w (v 83)71(—% +(1-%+ X(l)*)ﬁf)w + ih(x)wﬂ‘) d(x,1).
Using the mountain-pass method, we will find critical points and then show that they are

breather solutions to Maxwell’s equations (), (2).

lrigorous considerations are given later
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In the literature, there are several papers treating existence of breather solutions of (). Many
authors have considered monochromatic solutions, i.e. solutions of the form E(x,t) = £(x)e“!+
c.c., where the complex conjugate is necessary in order to make the E-field real valued. This is
a viable approach if one ignores the higher-order harmonics e**“! coming from the nonlinear
part of the polarization, or if one considers a nonlinear susceptibility tensor given by

(12) X(g) (X7 T1, T2, 7_3) [ll, v, W] = %h(x)ﬂ[O,T](Tl)d(TQ - 7_1)5(7_3)<u7 V>W,

where T = %’T is the period of the breather E. Both approaches lead to the nonlinear curl-curl
problem

(13) V x V xE—wg(x)€ —?h(x)|EPE =0

which is variational provided g(x) = [ x")(x, 7)€" dr is real valued. Instead of the cubic
nonlinearity h(x)|€|*€, saturated nonlinearities h(x, |€]*)€, which grow linearly as |£] — oo,
are also of interest and were first investigated by Stuart et al. [20, 27-33]. In these papers
divergence-free, traveling, TE- or TM-polarized ansatz functions similar to (Z.2) were used to
reduce the Maxwell problem to an elliptic one-dimensional problem and to solve it via vari-
ational methods. An extension of Stuart’s approach to more general wave-guide profiles was
given in [22]. Standing monochromatic breathers composed of axisymmetric divergence free
ansatz functions were considered in |2, 4, [5]. The next step forward to overcome special diver-
gence free ansatz functions was accomplished by Mederski et al. 3,121, 23, 124] who considered
the full curl-curl problem (I3)), also for more general nonlinearities deh(x, ). The difficulties
arising from the infinite-dimensional kernel of V x where overcome by a Helmholtz decompo-
sition and suitable profile decompositions for Palais-Smale sequences. Alternative approaches
used limiting absorption principles |19], dual variational approaches |17, [18], approximations
near gap edges of photonic crystals [11], and monochromatic time-decaying solutions at inter-
faces of metals and dielectrics [8-10]. In the latter series of papers, also time-periodic solutions
can be found if one additionally assumes P7T-symmetry of the materials.

If one does not want to rely on very specific retardation kernels as in (I2) or if one wants to take
higher harmonics into account then one is naturally led to polychromatic breather solutions.
In the context of instantaneous material laws they have recently received increasing attention.
As a model problem consider

V XV x €+ g(x)026 + h(x)0*(|E[PE) =0

For this problem, rigorous existence result for travelling breathers in the slab geometry (5.1))
where either g or h contains delta distributions are given in [15] by variational methods and
in [7] via bifurcation theory. Even earlier in [26] the authors used a combination of local
bifurcation theory and continuation methods in a partly analytical and partly numerical study
on traveling wave solutions where the linear coefficient ¢ is a periodic arrangement of delta
potentials. Another rigorous existence results for breathers on finite but large time scales can
be found in [12] for a set-up of Kerr-nonlinear dielectrics occupying two different halfspaces.
In our recent paper [25] we proved the first (to the best of our knowledge) existence result
for polychromatic breathers in the context of nonlinear Maxwell’s equations without presence
of any delta-potentials. The y™M-part of the polarization was instantaneous and the y®)-part
was compactly supported in space and either instantaneous or retarded. Due to the compact
support in space both variants of the nonlinearity could be treated with the same variational
method. Beyond this result we are not aware of any rigorous treatment of polychromatic
breathers in the context of nonlinear Maxwell’s equations with time retarded material laws.
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1.1. Examples. In two theorems below, we give examples of susceptibility tensors x(V, x©) for
which breather solutions of Maxwell’s equations ({),([2),(3]) exist. These examples are special
cases of a general existence result given later in this chapter, c¢f. Theorem Let us note
that in contrast to some of the previously mentioned results, our breather solutions are gener-
ally polychromatic in nature and the potentials considered are bounded functions. Since our
breathers lie in suitable Sobolev spaces they are sufficiently differentiable to solve Maxwell’s
equations pointwise, and they decay at infinity in an LP-sense. They may have higher-order
space-derivatives depending on smoothness of the material coefficients in space. They are also
infinitely differentiable in time because the material properties do not change over time.

We begin with an exemplary result for the slab geometry (5.1]).

Theorem 1.1. Let T' > 0 denote the temporal period, w = 2% the associated frequency, and
c € (0,1) the speed of travel of the breather solution. Assume that the linear susceptibility tensor
is given by xW(x,7) = g(2)d(7)I, and the nonlinear susceptibility tensor x©® is given by (6.)
or (6.1) with

hx) = h(z),  v(7) = (2= [sin(w)[)Lp.11(7).

Moreover, assume that the potentials g,h € L*(R) have X -periodic backgrounds gP**, hP" €
L*>®(R) such that

g(x) — g*"(z) = 0, h(z) — h**(x) - 0 asz — +oo
and the inequalities

P <yg, esssupg< 5 —1, hPer < B, hPer £ 0
R

are satisfied. Then there exist nonzero time-periodic solutions D, E, B, H of Maxwell’s equations
@), ), 3) where E is of the form ([1l). They satisfy
O'E € W»P(Q; R?), o'B,0'H € WP (Q; R?), oD € LF(Q;R?)

for allm € Ny, p € [2,00] and all domains Q@ =R x [y, y + 1] X [z,z + 1] x [t,t + 1], with norm
bounds independent of y, z,t.

The potentials g, h describe the spatial dependency of the polarization field. In the above
theorem we have required them to be asymptotically periodic at +£00. This periodic structure
helps us to overcome noncompactness of embeddings on R. The assumption on the ordering
g > gP" h > hP°" is a standard tool to resolve noncompactness issues also for the nonperiodic
problem. The upper bound c% — 1 on g and the choice of v ensure that (4) is elliptic. One
aspect of the choice of v is that its Fourier coefficients are positive. This aspect will become
very important in the general result of Theorem [[.3] Ellipticity will ensure that the associated
energy has a mountain-pass geometry, and a mountain-pass method will be used to construct
breather solutions. Note also that breathers are localized in the z-direction (in the LP-sense
stated above), but not in y, z, or ¢, which is due to the ansatz ({TI]), since all solutions satisfying
this ansatz necessarily are independent of y and periodic in both z and .

Similar to Theorem [Tl for the slab geometry, below we give an exemplary result with cylindrical
geometry (5.2).
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Theorem 1.2. Let T > 0 be the period of the breather, ¢ € (0,1) be its speed, and g,h €
L>([0,00)) be material coefficients. Define the linear susceptibility by xV(x,7) = g(r)é(r)I
and let the nonlinear susceptibility x® be given by ([63) or (G) with h(x) = h(r),v(r) =
(2 — [sin(w?)|) Lo,y (T) where r:= \/2® + y?, w = 3. Further let

esssupg<ci2—1, h £ 0.
R

Then there exist nonzero time-periodic solutions D, E, B, H of Mazwell’s equations ({I),2]),(3)
where E is of the form ([2)). They satisfy

O'E € WHP(Q; RY), O'B,0'H € W (Q; R?), oD € LF(Q;R?)

for all n € Ny, p € [2,00] and all domains Q = R* x [z, 2 + 1] x [t,t + 1], with norm bounds
independent of z,t.

In contrast to Theorem [L.1] in Theorem we do not need any asymptotics for the potentials
g,h. This is because the cylindrical setting itself comes with compactness, as we discuss in
Section[Bl To illustrate this, recall that the Sobolev embedding H*(R?) — LP(R?) for p € [2, c0)
becomes compact when restricted to radially symmetric functions. Lastly, the ansatz (7.2) is
periodic in both 2z and ¢, so breather solutions in the cylindrical setting decay in the x and y
directions orthogonal to the direction of propagation.

1.2. Main theorem. Before stating the main theorem, we fix some notation.

1.2.1. Measures on torus and real line, periodic reduction of a measure. Since breathers are
time-periodic, the natural time domain is the torus T := R/pz with period T, and we denote
the canonical projection by Pr: R — T. With M(T), M(R) we denote the set of all R-valued
measures on the Borel o-algebra of T and R, respectively. The push-forward map Py : M(R) —
M(T) is defined as follows: for A € M(R) we set Pi(\) € M(T) by Pi(\)(E) = M(Pp'(E)) for
any Borel subset £ C T. The new measure Pj(\) € M(T) is called the periodic reduction of
A. In this way, the torus is equipped with the measure dt = %Pif(]l[o,T] dr), where dr denotes
the Lebesgue measure on R.

1.2.2. Instantaneous vs. retarded x™"-contribution. While the nonlinear susceptibility tensor
x® necessarily represents a retarded material response, cf. (6.) or (G.), the xV-contribution
to the material response may be instantaneous or retarded. The first case is given by M (x,7) =
g()8(7)I or XV (x,7) = g(r)6(7)I from Section [LT. The second case may be written in the
form xV(x,7)dr = dG(x)(7)I where for fixed x € R* we have that G(x) € M(R) is an
R-valued Borel measure. Mathematically, the second case comprises the first and hence in the
following an instantaneous x(!-contribution is subsumed in the retarded case.
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1.2.3. Fourier transform. Let us fix a convention for Fourier series and Fourier transform For
a time-periodic function v T — C we define its Fourier coefficients by o, = Fi[v fT veg dt
with ey (t) = *!, w = ZZ. Thus the inverse is v(t) = F; '[0x] = D1z Onen(?). For a function
v depending on space and T-periodically on time, v will always denote the (discrete) Fourier
transform in time. In the same way we define the discrete Fourier transform in time A of a
measure A € M(T). Finally, a function v : T — R or a measure A € M(T) is called positive
definite if the sequence 0 = (U )ez or A= (j\k) rez, respectively, consists of nonnegative entries.

Similarly we fix the notion of the spatial (continuous) Fourier transfornl of a space—dependent

function v: RY — C, writing Felv] fnd x)el S d)md 7 with inverse F, ! fnd elz-€ (2:)5(1 7

The spatial (continuous) Fourier transform of a functlon depending on both space and time is
defined analogously, and we omit indices of F, F~! when they are clear from the context.

1.2.4. Cylindrical and slab geometry. We say that a map A : R® — Y possesses cylindrical
symmetry if A(x) = A(x) for all x = (z,9,2),x = (Z,9,2) € R3 with 2? + > = 2> + g% In
this case we write A(x) = A(r) with r = /22 + y2. Likewise we say that a map A: R*> — Y
possesses slab symmetry if A(x) = A(x) for all x = (x,y,2),X = (z,7,2) € R® and write
A(x) = A(z) in this case.

Theorem 1.3. Let T' > 0 denote the temporal period, w = 2?” the associated frequency, and
c € (0,1) the speed of travel of the breather solution. We make the following assumptions:

(A1) The linear susceptibility tensor xV) is given by xV(x, 7) dr = dG(x)(7)I where G: R® —
M(R) is measurable. The nonlinear susceptibility tensor x® is given by ([6d) or (6.
where h € L (R3) and v € M(R).

(A2) G and h both have either cylindrical or slab geometry.

(A3) supyeps||G(X)|| yymy < o0 and h £ 0.

(A4) The periodic reduction G(x) of G(x) is even in time for all x € R® and satisfies
SUD, cps pez kG (X)] < Cig —1.

(A5) The periodic reduction N of v is even in time, # 0, and |k|™" < F, N1 < |k|™* for all
ke Z\ {0} with Fx[N] # 0 and some B > a > o* where o* = 1 in the slab geometry
and o = % wn the cylindrical geometry.

(A6) In case of the slab geometry, one of the following holds in addition:

(A6a) h(x) — 0 as © — £oo0,

(A6b) G(x) = GP(x)+G(x) and h(z) = hP°(z)+h'°¢(z) where GP*(x), h(x) are periodic
with common period, and we have ||G*°(x) HM(T) — 0 and h'°°(z) — 0 as x — +o0.
Moreover, G'°°(z) is positive definite for all x € R and h'°¢ > 0, hP** £ 0 hold.

Under these assumptions, there exists a nontrivial breather solution D, E, B, H of Mazwell’s
equations (I),([2). It satisfies

O'E € W*P(Q; R?), o'B,0rH € WhP(Q; R?), orD € LP(Q;R?)

for all n € Ny, p € [2,00] and all domains  that are of the form Q =R x [y,y + 1] X [z, 2z +
1] x [t,t + 1] in the slab case and 2 = R? x [z,2 + 1] X [t,t + 1] in the cylindrical case, with
norm bounds independent of y, z, t.



8 SEBASTIAN OHREM AND WOLFGANG REICHEL

Remark 1.4. Our assumptions on the structure of the linear and nonlinear retar-
dation kernels can be seen as a systematic attempt to find out what can be done in a variational
setting. The main assumptions are expressed via the Fourier coefficients of G(x) and N. The
fact that both G(x) and N have real Fourier coefficients stems from their evenness in time
which could be understood physically as a balance of loss and gain within one period of time.
In assumption the upper bound on F[G(x)] can be achieved by taking a sufficiently small
propagation speed c. It is exactly this assumption which makes the linear operator in (I0) el-
liptic, and combined with positive definiteness of A/ it makes the quadratic part in (1) positive
definite.

Remark 1.5. If in the setting of Theorem the set R = {k € Z\ {0}: Fi[N]#0} is
infinite then we moreover have existence of infinitely many nontrivial breathers with the stated
properties.

Remark 1.6. The sign assumptions on G°¢, ¢ in of Theorem [[.3] yield a strict relation
between the mountain-pass energy level of the problem compared to the energy of the “periodic”
problem, (i.e. with G, h replaced by GP*" hP*"), see Lemma [3.7] for a precise formulation. This
energy inequality gives us some compactness which is crucial for showing existence of breathers.

The examples Theorems [[.1] and L2 satisfy |(A1)H(A6)l For [(A5)| this is true because

2 — %7 k= 07
Fie[N] = Fi[2 — |sin(wt)|] = < 0, k odd,
ﬁ, k # 0 even.

Breather solutions are more regular when the material coefficients G, h have higher regularity.
For  C R* we denote by C}(€; R?) the space of j-times differentiable functions mapping into
R? with bounded derivatives, and abbreviate C} (2; R?) := W72(Q; R*) N CY(Q; R?).

Corollary 1.7. If in the context of Theorem [1.3 we additionally have
(R) g € C}(R3 M(R)), h € CL(R?) for some | € N,

then the reqularity improves to
ONE € CI (R, O'B,0rH € GO R?), 9D € Ci(;R?)

with norm bounds independent of y, z,t.

1.3. Outline of paper. We begin by investigating the slab geometry (B.1). In Section
we convert Maxwell’s equations into the Euler-Lagrange equation of a suitable Lagrangian
functional, and show that this functional has mountain-pass geometry. Using the mountain-
pass theorem, in Section Bl we show that the Euler-Lagrange equation admits a ground state
solution. The convergence of Palais-Smale sequences approaching the ground state level is
unclear in general because the spatial domain is unbounded, and thus our arguments depend
on the particular form of the potentials in [(A6), For|(A6a)|, the nonlinearity is compact which
makes this the easiest case. For [(A6b)| we first rely on translation arguments in space for the
purely periodic case. Then we use comparison arguments for the perturbed periodic case. After
having shown existence and multiplicity of breathers, we investigate their regularity in Section [l
Finally, Section [0 details the arguments for the cylindrical geometry (5.2)) and highlights the
differences to the slab geometry.
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2. VARIATIONAL PROBLEM

From now on, we always assume that the assumptions of Theorem [[.3] are satisfied. We trans-
form (8.J]) into a problem for a surrogate variable u, which we then treat using the mountain
pass method. We only consider the slab problem (8J]) as the cylindrical problem (82]) can be
treated similarly. In Section [§l we discuss the differences between the slab and the cylindrical
problem, and how to treat the latter.

Using the periodic reduction G(x), N of g(z), v we can rewrite the scalar polarization (0. as
P(w)(x,t) = € / w(z,t —7)dg(z)(T) + €oh(x) / w(z,t — 1) dv(r)
0 0

=€ / w(z,t —7)dG(x)(7) + eoh(z) / w(x,t — 1) dN (1)
T T
since w is T-periodic in t. We abbreviate this by writing
P(w) = €y(G * w) + egh(N * w?)

where * denotes convolution of a measure with a function on T. Similarly, the polarization
(@) can be written in the form

P(w) = €y(G * w) + egh(N * w)?,

Next we define the projection Py onto the set R = {k € Z\ {0}: Fx[N] # 0} of “regular”
frequency indices by

Py[v] = F~H [1renFilv]],

as well as the projection onto the “singular” frequency indices & = Z \ R by Pg[v] =
F ! 1resFilv]] = (I — Pn)[v]. We apply both to (8I) for time-periodic w to obtain the
two problems

(=02 + 07 (1 — & + Gx)) Pu[w] + hO; Pa[N(w)]
(1

0,
(—8§ + 83 - c% + g*))PG [w] + h@fPG[N(w)] 0

where the cubic nonlinearity N(w) is given by
N(w) = N *w® or N(w) = (N *w)?

corresponding to (6.d) and (6.1, respectively.

Let us first consider the nonlinearity N(w) = N * w?. Using Pg(N*) = 0 and assuming that
the linear operator (—0% + 07(1 — % + G*)) is injective, we can further simplify this to

(=02 + 71 = 5+ G%))w+ hF(N xw’) =0, Pslw] = 0.

Observe that the convolution operator Nk is formally invertible on ker Pg since F[N] # 0 for
k € R. Therefore we may rephrase this problem as

(14) (=OPN*) (=02 + 07 (1 — 5 + Gx))u — hPx[u®] = 0, Ps[u] =0

with u = w.
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For the second nonlinearity N(w) = (N * w)? we set u := N x w and therefore get
(=OfN*) "1 (=02 4+ 07 (1 — & 4+ Gx))u — hPx[u’] = 0, Pslu] =0,
(=02 + 07 (1 — % + G*)) Ps[w] + hd} Ps[u’] = 0.

Note that the first of the two equations above is (I4]). Hence, also for the second nonlinearity,
it is sufficient to solve (I4)) for w and then use the second equation to determine the missing

values of Fi[w] for k € 6.

(15)

We first focus our attention on investigating the “effective problem” (I4]), which using
V(z) =% —1—Gx

we can write as

(16) (=O;N*)"H (=02 — V(2)07 )u — hPx[u’] = 0, Ps[u] = 0.

Since G, N are even in time, the differential operator above is symmetric, and therefore solutions
of (I8) formally are critical points of the functional

J(u) = /]R T(%u (PN (2 = V(2)0P)u — th(z)ut) d(z,t),  Pslu] =0.

Next we properly define the domain H of the functional J sketched above, and we investigate
embeddings H — LP.

Definition 2.1. We define the space
H:={ue ?RxT): 4, =0 fork € Z\R, ull? = (u, u) g < 0o}
where

1 = =
(u, )y = Z FREN] /R(u;vk + w kP dy) do

keER

Note that Vi(z) = % — 1 — F,[G(x)] is bounded and strictly positive by assumption, so that

1 — —
(U, v) = 7/ W0, + w?k? Vi () gy, ) do
" kez;:bdzszk[/\/’] R( o )

defines an equivalent inner product on H .

Note that H is a Hilbert space since H < L?. Assumption on the decay of the Fourier
coefficients of N ensures that H continuously embeds into LP(R x T) for all p € [2, p*) where
p* > 4, as we show below in Lemma [2.4l This allows us to write

J(u) = 2 {u,u); — i/ h(z)u*d(x,t) for ue H,
RxT
and to define solutions u € H of (I4) in the following way.

Definition 2.2 (weak solution). A function u: R x T — R is called a weak solution to (I4]) if
ue H and

(u,v)y — /R ] h(z)u*vd(z,t) =0

for allv € H. This is equivalent to J'(u) = 0.



TRAVELLING BREATHER SOLUTIONS FOR CUBIC NONLINEAR MAXWELL EQUATIONS 11

It is standard to verify the validity of the following density result for H, which will prove very
useful for some approximation arguments.

Lemma 2.3. The set {u € C*(R x T): 4, = 0 for almost all k € Z} N H is dense in H.
Lemma 2.4. For any p € [2,p*) with p* = ﬁ (p* = oo if « > 2), the embedding H —
LP(R x T) is continuous and the embedding H — LY (R x T) is compact.

Proof. Let us first show continuity. For this, we calculate

loll, $ 17ealily S |y i | - |y S e Sl
where % % — % ¢ and where by m (A5)| the first term has been estimated as follows
|| w2k2F[N] WQkQ‘Fk:[N’])T/ng
€222 kem L\ €2+ w2k?

:/R(@H) € Sk BT S SR <

kER keER

In order to show compactness, define for K € Nygq the projection onto “small” frequencies
Py H — H by Pru] = F; ' [Lj<x Filu]]. Then on PxH the norm |jul, is equivalent to

el = > lawll o gy

kER
k| <K

Since the embedding H'(R) — LI (R) is compact for any p € [2,00] and the sum above is
finite, it follows that Px: H — Li (R x T) is compact. Next, the calculations above show for

u € H that
lu — Prlulll, < C > 1k[" % Jull

kER

|k|>K
for some C' > 0 independent of K, so that Px — I in B(H; LP(R x T)) as K — oco. Thus H
embeds compactly into L (R x T). O

Definition 2.5. Fors € R we define the fractional time-derivative |0;|° as the Fourier multiplier
O v (t) = F*[|wh|" o).

Corollary 2.6. As in the proof of Lemma[2.7) we see that for p € [2,p*) and ¢ > 0 sufficiently
small (depending on o, p), the map |0y|°: H — LP(RxT) is bounded and |9,": H — L! (RxT)
18 compact.

Let us recall the notion of a Palais-Smale sequence.

Definition 2.7. A sequence (u,) in H is called a Palais-Smale sequence for J if J'(u,) — 0
in H and J(u,) converges in R as n — oo. If lim, o J(u,) = ¢, we call (u,) a Palais-Smale
sequence at level c.

In the following lemma we show a variant of the concentration-compactness principle that will
be a useful tool for extracting a nonzero limit from Palais-Smale sequences.



12 SEBASTIAN OHREM AND WOLFGANG REICHEL

Lemma 2.8. Let (u,) be a bounded sequence in H, r > 0 and p € [2,p*) such that
leelgnunHLﬁ([x—rﬂr—i—r}XT) — 0

asn — 0o. Then u, — 0 in LP(R x T) for all p € (2,p*).

Proof. By Holder’s inequality and Lemma [2.4] it suffices to show the result for p = 2 and one
p € (2,p*), which we shall choose so close to 2 that 2 < ¢ := ﬁ < p*. Let ¢p,: R — [0, 1] be a

smooth partition of unity with supp ¢, C [(m — 1)r, (m+ 1)r], [|¢},|| < 2. Using that at any
point of R at most 2 of the ¢,, are nonzero, we calculate

= [ |3
RxT

MmEZ

< ot / Sl (e

meZ

=271 [ldmunlly

meZ

<2t ZH‘bmun”zH‘bmun”g_Q

meZ

d(z,t)

-2 2
< sup|lun ||z£2([mfr,x+r] xT) Z [ @mttn |-
z€R meZ

Moreover, since
2 1 /( I~ D) 27.2 .12
keR
(m+1)r )
(1 + w2l o,

1
<C)) —mrma
keza:% W2k Fi[N]

(m—1)r

it follows that ZmeZH(bmun”?{ < 2C||u3,. Thus, from the assumptions we obtain [unll, =0
as n — oo. U

3. EXISTENCE OF GROUND STATES

In the following, let J be given by Definition 2.2 We call the energy level
s = inf J
T o) ()
J' (u)=0
the ground state energy level, and any solution u € H \ {0} of J'(u) = 0 with J(u) = ¢4 a
ground state of J. Note that cgs = 400 if there are no nonzero critical points of J. Next we
present the main result of this section. The rest of this section is dedicated to its proof.

Theorem 3.1. There exists a ground state of J.

We first note that the following necessary condition for existence of ground states holds.
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Lemma 3.2. ¢z > 0.

Proof. By Lemma 24 we have J'(u)[u] = (u,u),, + O(||lull3;) as u — 0, so there exists ¢ > 0
with ||ul|; > ¢ for all w € H \ {0} with J'(u) = 0. The claim follows from this since for every

critical point u of J we have J(u) = J(u) — 1J'(w)[u] = 1 (u, u) . O

We will extract the ground state as a limit of a suitable Palais-Smale sequence. Next we use
the mountain-pass theorem to obtain a particular Palais-Smale sequence.

Proposition 3.3. There exists ug € H with J(ug) < 0. For such ug, the mountain-pass energy
level

p ~EC([051];H) 86[017)1] )
7(0)=0,7(1)=uo

is positive and there exists a Palais-Smale sequence for J at level cpyp.

Proof. For the construction of a suitable ug we choose ¢ € C°(R) with [, he* dz > 0, which
exists since h £ 0 and C°(R) is dense in L*(R). We then choose ug(x,t) = r Re[p(x)e, ()] for
some ko € R and r > 0. This implies that

J(uo) = 37*(Re[p()ex, ()], Re[o(x)ex, ()]) 1 — 557 /R he' dz

is negative, provided r has been chosen sufficiently large. By the embedding H «— L* we
moreover have

4
J(u) = 3(u,u)yr — O([|ully)

as u — 0. Thus ¢y, > 0 and by the mountain pass theorem, cf. [34], there exists a Palais-Smale

sequence (u,) at level c. O

Lemma 3.4. Any Palais-Smale sequence for J is bounded.

Proof. Let (u,) be a Palais-Smale sequence at level ¢. Then
(Uns tn) g = 4 (un) — J'(un)[un] = 4e + 0(1) + o(||unl| )
as n — 0o, which shows that (u,) is bounded in H. O

Next we show the following result on weakly convergent Palais-Smale sequences in our setting.

Lemma 3.5. Let (u,) be a Palais-Smale sequence for J with J(u,) — ¢ and u, — uw in H.
Then u is a critical point of J and J(u) < c. Moreover, if u # 0 and ¢ = cqs then u is a ground
state and u,, — u i H.

Proof. By Lemmas 2.4 and B4 we have u,, — u in L{ . Thus for compactly supported v € H
it follows that

T (wn)o] = G )y~ [

RxT

h(x)udvd(z,t) — (u,v)y —/ h(z)udvd(z,t) = J'(u)[v]

RxT
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so that J'(u)[v] = 0. By a density argument (cf. Lemma[23]) it follows that w is a critical point
of J. Next we calculate

J(u) = J(u) — iJ’(u)[u] = i(u,u>H <

im (U, un) = lim J(u,) — iJ’(un)[un] =c.

=

If ¢ = cgs, then we have J(u) > cg since u # 0 by assumption, and thus from the above
inequality we find J(u) = ¢z and in addition (u,, u,); — (u,u) . Combined with u, — u in
H this shows u,, — u in H. [

In many situations, e.g. in a translation-invariant setting, there are always Palais-Smale se-
quences converging weakly to 0. Therefore the main task in the following will be to find a
Palais-Smale sequence with u, — u # 0. The arguments for this (and the proof of Theo-
rem [3.J]) differ between the types of nonlinearity, and are split into subsections accordingly.

3.1. Proof of Theorem [3.1] for |(A6a)| and the purely periodic case of |[(A6b). First we

show how to extract a nonzero limit from a given Palais-Smale sequence.

Lemma 3.6. Assume[(A6a) or[(A6b) with G'¢ h'°¢ = 0. Let (u,) be a Palais-Smale sequence
for J at level ¢ > 0. Then there exists a critical point u € H \ {0} of J with J(u) < c.

Proof. Part 1: We consider [(A6a)l Up to a subsequence we have u, — v in H and u,, — u
in L} by Lemmas 2.4 and 3.4, where Lemma guarantees that u is a critical point of J.

loc
Moreover, since h(z) — 0 as x — 00, we have h(z)u3 — h(x)u® in L*(R x T). This implies
for v € H that

(n =, v}y = J' (un)[v] = J'(u)[0] +/ h(@)(u® — up)vd(@,t) = of[[v]l )

RxT

as n — 00. S0 u, — w in H, and in particular J(u) = ¢ and u # 0 hold.

Part 2: We now consider [(A6b)] with G'°¢, hl¢ = 0. Since
/ h(z)uy = 4J (u,) — 2J" (u,)[un] — 4e,
RxT

we have u,, /4 0 in L*(R X T). Let X > 0 denote the period of G and h. By Lemma 2.8 there
exist z, € R with

(17) hﬂgfnun||L4([mn—X,a:n+X]><T) >0

and w.l.o.g. we may assume x, € XZ. Let us define a new sequence u,, by ,(z,t) = u,(x —
Zp,t), so that J(u,) = J(u,) — ¢ and J'(4,) — 0. Up to a subsequence we have @, — v in H
where u # 0 by (7). The claim now follows from Lemma .5 applied to (@) d

Proof of Theorem [31 for([(A6a) and [(A6b) with G'°¢, h°® = 0. Combining Proposition B.3] and
Lemma [3.6] we see that there exists a nonzero critical point of J. Thus ¢z < 0o and by definition
of ¢y there exists a sequence (u,,) of critical points of J with J(u,) — ¢gs. Since cg > 0 by
Lemma 3.2, applying Lemma to (u,) we find a ground state of J. U
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3.2. Proof of Theorem [3.1] for [(A6b). We call the problem with G, h replaced by GP®, hP*"
the periodic problem and denote it with the superscript “per”. The previous subsection guar-
antees the existence of a periodic ground state uP*" of JPe.

Note that both J and JP® are defined on the same Hilbert space H. The assumption
implies that J < JP on H and, assuming (G°¢, h!°¢) # 0, the inequality is even strict on
functions which do not have zero sets of positive measure. For our nonlocal problem (I4) we
do not know whether or not a unique continuation theorem holds, which is why we cannot rule
out that a critical point of J or JP*" could have a zero set of positive measure. Nevertheless,
the subsequent arguments work without a unique continuation theorem and are based on the
comparison of energy levels between our current and the periodic problem.

Lemma 3.7. Assume that no ground state of J*** is a critical point of J. Then there exists
ug € H with J(ug) < 0 such that the mountain-pass energy level

Cop = inf sup J S
p YEC([0:1]:H)  se0,1) )
~7(0)=0,7(1)=uo

: per
satisfies 0 < ¢ < che"

Proof. Let uP®" be a ground state of JP®*. As uP®" is not a critical point of .J, we have G'°¢xuP #
0 or h'°¢(uPe)3 # 0. By the assumptions on the signs of G°¢, h!°¢ we moreover have

)y < [ @) = [ e e
RxT RxT
where at least one inequality is strict. In particular, J(suP®) < JP*"(suP*") holds for s # 0.

Now set g = v/2uP®. Then J(ug) < JP* (up) = 0 and

Cmp < 512[%,)1(] J(suo) < gél{%?(u Jper(suo) = Jper<uper) — Cgfr.

Positivity of ¢y, was already shown in Proposition 3.3 O

Similar to Lemma of the previous subsection, we require a result on convergence of a given
Palais-Smale sequence, which we present next.

Lemma 3.8. Assume |[(A6b). Let u, be a Palais-Smale sequence for J at level ¢ € (0, cks").
Then there also exists a critical point u € H \ {0} of J with J(u) < c.

Proof. We denote by X the spatial period of GP® hP*". As in the proof of Lemma [3.6] Part 2,
we have that u, 4 0 in L*(R x T) and that a sequence z,, € XZ exists such that

hrllgicgf”un”L4([man,:vn+X}><’]T) > 0.

We claim that u,, 4 0 in L} _ along any subsequence.

Assume for a contradiction that there exists a subsequence of (u,,), which we again denote by
(u,), such that u, — 0 in L} . Since u, / 0 in L%, we necessarily have |z,,| — co. We define

loc*
Up by Up(x,t) = uy(x — x,,t). Then up to a subsequence we have 4, — v in H and @, — u in
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L}, for some u € H \ {0}. For compactly supported v € H we set v,(z,t) = v(z + z,,t) and

calculate

T 11 [00] = (th; 0 g — / B v (1)

RxT

— () = [ e
RxT

Y [P AR o - [ @)

— ()i = [ W @aede)
RxT

_ Z/ Fk goc l‘ - ZL‘n)] (-Fk[an] k[v]) dr — /RXT hloc(x — xn)fciv d(l’,t)

keR

— (u, )" —/R Thper(x)u?’v d(z,t) = (JP) (u)[v]

where we used |z,,| = oo and G'°(z) — 0, h'°°(z) — 0 as ¥ — Foo. This shows that u # 0 is a
critical point of JP", and in particular J*"(u) > cb¢* holds. However, for fixed R > 0 we have

er 2
ZkaQFkM/ |]:k | +w2k:2Vkp ()| Fr[u]| )dx

kER

. . 1 R ~ 1712 272 er ~ 2
<t ey [ I V) d

.. 1 tnth 2 27.27/per 2
=it > o [ (Bl S ) de

o 1 /
= h,sils.}fz W/  (Falual P V@) P ) do

< lim inf (un, Un)
n—o0

from which (u,u)y;" < liminf, . (un, u,), follows in the limit R — oo. This implies

¢ <ot < TP (u) = I (u) — 1 (JP) (u)[u] = 3w, w)ir"

4
< iliggg}f(un,u@H = hﬁﬁg}f J(up) — 2T (wn) [un) = ¢,

a contradiction.

Thus we have shown the claim. By Lemmas 2.4] and 3.4 up to a subsequence we have u,, — u
in H and u, — u in L} _, where we now know u # 0. Applying Lemma completes the

loc

proof. O

Proof of Theorem[31l for[(A6b). Assume first that cg < cb<" holds. Let u, be a sequence of
critical points of J with J(u,) — ¢g. From Lemmas and [3.8 it follows that there exists a
ground state of J. In the general situation, we distinguish between two cases.
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Case 1: If there exists a ground state uP*" of JP*" which also is a critical point of J then clearly
Cgs < cBs" holds. If s < BT there is nothing left to show, and when cgs = " then uP® is a
ground state of J.

Case 2: If no ground state of JP*" solves J'(u) = 0, then by Lemma [3.7] there exists a Palais-

Smale sequence u,, for J at some level ¢y, € (0, clg’ser). Since cgs < ¢y by Lemma [3.8] this shows

Cos < Cmp < cgser. O
4. REGULARITY

So far we have shown existence of a ground state to (I4]). In this section, we discuss its regularity
properties.

We proceed in two steps. First, we show regularity for the solution w to (I6): It is infinitely
differentiable in time, twice differentiable in space, and derivatives lie in L?> N L>. We also
show that if the material parameters are [ times continuously differentiable, then u is [ + 2 time
differentiable in space and derivatives lie in L? N C,

Then we transfer this regularity from the function u to the electromagnetic fields D, E, B, H
since these can be expressed as functions of u.

We begin by showing infinite time differentiability in the space H, see Lemma [£.2] which we
prepare with an auxiliary result.

Lemma 4.1. Let s > 0 and u, |0;|’u € LP(RxT) where p € [3,00]. Then |0,|°(u?) € L*(RxT).

Proof. By |6, Proposition 1] the estimate
10 0wl prmy S MO0l s (101 Ly vy + 101z ) 11O | o

holds for all r,p;,q; € [1,00] with % =14 qij and v € C*(T). By a density argument we

. Pj
obtain

196 @) poss ey = 106 @) | oo oy | oo ey
S H|Hat|suHLp(1r)HquLM(T) + HUHLP(T)H|at‘s<u2>HLP/2(T)HLP/B(R)
S H”‘at|SUHLP(T)”U”iP(T)HLP/a(R)
< 1102l oy | o 12l oy | O
Lemma 4.2. Let uw € H be a critical point of J. Then |0;|°u € H for all s € R.
Proof. Since u € H, |0;|"u € H holds for s < 0. Moreover, if |0;|°u € H then |0;|"u € H for all

o < s. By Corollary 2.6 there exists € > 0 such that |0;|°: H — L*(R x T) is bounded. We
show by induction that |9,|"“u € H holds for n € Ny. So assume |0;|"u € H for fixed n € Ny.

Let v € H with |8,|™™%v € H. Then we have
0= J'(u)[|&s] "]

= <u |8t|("“’€v>H — /R Th(x)u?’ 10,0 d(, 8)
X
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= <\0t|"€u,\8t\€v>H—/ h(@)[ 0" (u®) - 10 v d(x, 1).
RxT

By Lemma [4.1] with p = 4 and a density argument (cf. Lemma 2.3)) we see that the map
v fo o h(2)|0™ (u ) |0;|°v d(z, t) extends to a bounded linear functional on H. Hence there
exists w € H with

<w>v>H - / h(x)|at|n€(u3) ’ |8t|€v d(ZL‘,t) = <|at|n€uv |8t|€v>H
RxT

‘ n+1

for v € H with \6t|("+1 v € H. Again by density we get |0, u=w. O

In order to proceed we need the following little result on the mapping properties of Fourier
multiplier operators.

Lemma 4.3. Let Mv = F[my04] be a Fourier multiplier with symbol |my| < |k|” of polyno-
mial growth and let u be a function with |0y|*u € H for all s € R. Then |0,|°’Mu € H for all
s € R. The same holds for H replaced by LP(R x T) with p € [1, 00| if we require tg = 0.

Proof. In the Hilbert space setting we have

104" Ml < (suplmel k], < oc

In the LP(R x T) case, the series pi(t) = > )z 10y me|wk| ™ ey (t) converges in L'(T). Hence
s s+o+1 s+o+1
O Mull, = |12 10, ul|, < Nl o106 |, < o0 m

Note that Lemma 3] applies to the multipliers N'x, G(x)* and by also to (NVx)~!

Continuing our regularity analysis we show that u and its derivatives lie in L? N L*°. This also
shows that u satisfies (I4]) strongly.

Proposition 4.4. Let u € H be a critical point of J. Then |0;)*u € W*P(R x T) for all s € R
and p € [2,00], and it satisfies the equation

(18) —Ugy — V(2)0fu + h(x)0; (N *u®) = 0.
If[(R) holds, we moreover have |8;|"u € W*™2(R x T) N CZH(R x T).

Proof. We remark that equation (IS formally follows by applying —0?A x to (I4).

Part 1: We first show |0;]°u € LP(R x T). Because of boundedness of the embedding H —
L*(R x T) and interpolation, it suffices to give the result for p = co. Similarly as in the proof
of Lemma [2.4] we calculate

s s L JWHREFRIN] stip | &%+ w?k?
Mol 5 Mot Felal < ot ™\ S| vt g 7eatl)
where the first term is finite since 0 < F[N] < |k]7, a > 1, and the second term is equivalent

to |16

) and thus finite by Lemma
H
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Part 2: Next we show |0;*u, € L*(R x T):

104w = / k(L% dz
keRr
|wk:|28+2 «@

<Z w2k2f [_/V']

2
i |” o < H\3t|8+1_a/2u )H < 00.

Now let v € H with |9,|*7?N xv € H. As N is even by [[A5)] we have
0= J() [0 2N * 1]
= Z|wk:| /uk 0 + WKV (x) 0 da —/ h(z)u? - |0 TN % vd(z,t)

keER RxT

= /R T|8t|sux cvpd(x, t) + / |8t|2+s (V(:p)u — h(x)N * u3) ~vd(z, t).

RxT
Since v was arbitrary, by density it follows that

(19) 10 tw = |07 (V () — h(2) Pa[N % u?])
holds. The term on the right-hand side lies in LP(R x T) by Lemmas ] and 3] and the first
part of the proof. Thus, |0;|*u,, € LP(R x T) and |0;|*u € W?P(R x T).

Part 3: Assume [R)] i.e. G € CL(R; M(T)), h € Ci(R). First, we have |9;|*u € Cy(R x T) by
Part 1 and Sobolev’s embedding. Continuity of G, h shows that the right-hand side of (19) is
continuous, 80 |0;|*uy, € Cy(R x T) holds, and in particular |0;|*u € CZ(R x T).
For [ > 0 we argue by induction over k = 0,...,l. We use that by (I9) we have

210" u = OF10, " (V (2)u — h(x)N * u®)
where the right-hand side lies in L*(R x T) N Cy(R x T) by the product rule and the induction
hypothesis. This allows us to conclude |9;|*u € W2*2(R x T) N CF (R x T). O

Recall for the first type of nonlinearity (6.) that the profile w of the electric field is given by
w = u. For the second type of nonlinearity (6.i), by (IH) the profile satisfies Py[w] = (N*)"lu
where Pg[w] solves a differential equation. Therefore we need to discuss next the regularity of w
for the second type of nonlinearity, which is done in the following analogue to Proposition [4.4]

Proposition 4.5. Let u € H be a critical point of J. Define w = wy + wo where
wy = Prlw] = (N¥)"'u,  we = Pelw] = (=0; = V(2)0;) ™" (h(x)0; Ps[u”).
Then w satisfies |0|*w € W2P(R x T) for all s € R, p € [2,00] and solves
(=02 — V(2)07)w + h(2)0} (N xw)* = 0.
If[(R) holds, we moreover have |0;|"w € W*2(R x T) N CF™(R x T).

Proof. First, by Lemma and Proposition 4] we see that the function w; = (Nx*) lu =
Y ken ﬁﬂk(x)ek(t) satisfies |0*w; € W2?P(R x T) for s € R,p € [2,00], with additional
regularity if G, h fulfills Applying (N*)~! to (I8) we see that w; solves

(=02 — V(2)0?)w + h(x)0? Pr[u®] = 0.
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Let us now turn our attention to wy and define the space
Hy ={ve H(RxXT): 0 =0 for k e RU{0}}.

Since Vj(x) is bounded and positive, the Riesz representation theorem provides wy € Hy with

(20) Opwy - Opv + V(x) 0wy - v d(z,t) = — / h(z)0? Ps[u®] - vd(x,t)

RxT RxT
for all v € H,.

Similarly as for solutions u of J'(u)[v] = 0 for v € H, we obtain regularity for the solution w,
to (20). In contrast to J, where critical points satisfy a truly nonlinear equation, the right-
hand side of (20)) is independent of ws and its regularity properties have been established in
Proposition 1.4l Let us sketch the arguments:

As in Lemma we find |0;|°wy € Hy for s € R. Using that the 0-th Fourier mode of
h(x)0? Ps[u?] vanishes, w, satisfies

(21) —0;104 w2 — V()07 |0, ws = —h(x)0; |0y Ps[u]

By the fractional Leibniz rule from Lemma (4.1l the regularity properties of u from Proposi-
tion [.4] and the boundedness of the Fourier symbol of Pgs we find that the right-hand side of
&) lies in L2 Therefore |0;|*wy; € W22(R x T) C L>®(R x T) holds for s € R and (21) shows
10| *wy € W2P(R x T) for s € R, p € [2,00]. The additional regularity when G, h satisfy
can then be shown as in Proposition [44] by iteratively applying space-derivatives to (2I). O

Lastly, we discuss the regularity of the corresponding electromagnetic fields.

Proof of Theorem[L.3 for slab geometries. Let u be a nontrivial critical point of J. If the non-
linearity is given by N(w) = N * w? then we set w := u. If otherwise N(w) = (N * w)? then
let w be from Proposition Then we define W := 9, 'w and reconstruct the electromagnetic

fields by

0 tw(z,t — 1z2)
E(x,t) =w(z,t —t2)- | 1], B(x,t) = — 0
0 We(x,t — %z>
0
D(x,t) = eo(w + G *w+ h(z)N(w))- | 1], H(x,t) = -B(x,1).

0
Due to Proposition [£.4] and Proposition we have the inclusions
O'E € W*P(Q; R?), OB, 0'H € WP (Q; R?), o'D € LP(Q;R?),
and assuming we moreover have
ONE € CPHH(Q;R%),  or'B,0rH € O Q;R3),  a'D € CL (4 R?)

for any domain Q =R X [y,y + 1] X [z,z 4+ 1] x [t,t + 1] and all n € N, p € [2, 0] with norm
bounds independent of y, z,t. By direct calculation one checks that the fields E, D, B, H solve
Maxwell’s equations (), (2)). O
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Proof of Remark[1.J. To show that there exist infinitely many solutions, we search for breather
solutions with time period % instead of T'. If we define the corresponding time-domain T,, =
R/, then the k-th Fourier coefficient of a %—periodic function f, when understood as a T-
periodic function, satisfies Filf: T, = R] = Fuxlf: T — R|. Therefore, by the above argu-
ments there exists a %—periodic breather solution (E,, D, B, H,) to (1), ([2) with minimal pe-
riod T}, > 0 for all such n € N where %ﬂnZ # (). By assumption, the set {n € N: RN nZ # (0}
is infinite. Since 7, is a divisor of T the minimal period T, goes to 0 for n — oco. Hence
infinitely many among the breather solutions (E,,D,,B,,H,) must be mutually distinct. O

5. MODIFICATIONS FOR THE CYLINDRICAL GEOMETRY

In this section we discuss the cylindrical problem, that is, we consider equation (8.2]) instead
of (81]). The only difference between the two problems is in the spatial differential operator,
where we now work with —92 —19, + % on the domain r € [0, c0) instead of —9? for € R. The
differential operator —9? — %& is the 2d Laplacian for radially symmetric functions, and r% is an
additional positive term. Hence it is natural to equip the domain [0, 00) with the measure rdr,
and to identify functions on it with radially symmetric functions of the variables (z,y) € R?

via r = /22 4+ y2. We use the subscript “rad” to denote spaces of functions that are radially

symmetric in (z,y). Since the term [ :f—; rdr cannot be controlled by the H -Sobolev norm
of u (recall that Hardy’s inequality fails in two dimensions) we need to add this term in the
form domain of the differential operator.

We will discuss how the arguments from Sections [2 to [ have to be adapted to treat the
cylindrical problem. We use the same structure as in these sections. In order to not repeat the
previous chapters, we discuss in detail only results that require new techniques to adapt them
to the cylindrical geometry and roughly sketch the other results.

5.1. Modifications for Sections 2] and Bl In analogy to Definitions 2.1l and 2.2 we define
the functional of interest .J and its domain H (replacing J and H).

Deﬁmtlon 5.1. We define the space
= {u € L*([0,00) x T;rd(r,t)): @ =0 for k € Zeyen US, ull % = (u,u)) 5 < 0o}

with the two equivalent inner products
1 ® = L
(b =3 g | (T G+ i) auic)

1 - - _
(,v) = RIEEATY /O (a0, + (& + Wk Vi(r)) dxdy,) rdr

ken
where Vi(r) = % — 1 — F[G(r)]. On H, we define the functional

J(u) = $(u,u)z — /[0 | Th(ac)u4 rd(r,t) for uwe H

N

so that its critical points w € H satisfy

J'(w)[v] = (u,v) 5 — / hx)uPvrd(r,t) =0 for veH

[0,00)xT
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As a first step, we discuss the embedding properties of H.

Lemma 5.2. For any p € (2,p*) with p* = 5% (p* = oo if a > 3), the embedding H <
LP([0,00) x T;rd(r,t)) is compact. Moreover, H < L*([0,00) x T;rd(r,t)) is continuous and
H — L2 ([0,00) x T;rd(r,t)) is compact.

Proof. We interpret a function u: [0,00) x T — R as a function of the three variables (z, vy, t)
which is radially symmetric in (z,y) via r = \/22 + y2. Let 0, be the surface measure of the

sphere S, C R? of radius p centered at 0, normalized such that ¢,(S,) = 1, and continued by 0
to a Borel measure on R?. It satisfies

F(}Z)(“p) = %JOO“P)

where Jy is the Bessel function of first kind. Using |Jo(s)| < s7¢ for 6 € [0, 3] (cf. [13]) we
obtain

HTGUHLOO(RQXT) S H‘f‘_g}—&k[u])

where we used that Fy[u] is radially symmetric in {. Note also that we have [Ju[ ;2o o7 =

L1(R2xZ)

[ Feklt]ll 2 (mzyz- This allows us to use the Riesz-Thorin interpolation theorem (cf. [16]) and
get (with d# denoting the counting measure) that the map

- LP (B2 x Z; [€]72dE @ d#) — L2 (R? x T;r~20d(z, 1)),
v ' Fe(€17)
is bounded for all p € [2,00]. To see this note that with v = [£|70F¢ x[u] we have
”UHLP/(R2xZ;\5\—2@dg®d#) = ”]:&k‘[u”greoHLP/(R2xZ;d§®d#)

1Tl Logexrr20d(y) = 177Ul Lo 2 xTd(2.0))
1

where 6 = 0@ ranges through [0, — 1] as 6 runs through [0, 1]. Thus we have

HTGOUHLP(]RQXT) S H|§|7€O}—E7k[u]

LP' (R2 x9R)
oy |W2k2FR[N] €7 + wk?
< |l | B Feilul
" |§|2+w2k‘2 L™ (R2 xR) WQkak[N] 5 L2(R2xR)

where 1 = 1 — % < §. By the choice of p* and assumption the L"-norm is finite provided
6o is chosen sufficiently small, and the L?-norm can be estimated against ||u| 7.

For the particular choice fy = 0, this shows that the embedding H < LP (R*xT) is continuous.
Moreover, we can argue similarly as in the proof of LemmaR.4to verify that the local embedding
H — I 4 10.(R* x T) is compact.

It remains to show that H < L J(R? x T) is compact for p # 2. For R > 0 consider the
compact map Er: H — L? [(R* X T),u + ulp,o)xt. Using the above inequality we have

()"

| Eru = ul, < |

| SRl
p
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so by choosing any admissible ) > 0 and taking the limit R — oo we see that the embedding
I: H— L (R? x T) is compact as the uniform limit of a sequence of compact operators. [

Notice that, unlike in the slab setting (cf. Lemmal[24]), the embedding of Lemma [5.2]is compact
for p > 2. This is why we do not require additional assumptions|(A6a)|or|(A6b)|in the cylindrical
setting. One can then show existence of ground states similar to the “compact” case |(A6a)| of

Section Bl The only difference is that existence of a convergent subsequence of h(r)ud in
74/3

rad

(R? x T) is guaranteed by the compact embedding instead of decay properties of h.

5.2. Modifications for Section [4. In the following, we show in Propositions [5.3] and [5.4] two
regularity results that are the cylindrical counterparts to Propositions 4.4 and [£.5]

Here, arguments will get more difficult since the cylindrical geometry is effectively 2-dimensional
in space (compared to 1d for the slab problem). For some arguments it will be advantageous
to view the %2 not as an additional order 0 term, but as part of the differential operator. From
[4] we use the identity

(22) R+19, -4 =50.,°0,1,

which means that up to the multiplicative factors T,% we are dealing with r%&nr‘g&n, which is
the Laplacian of a radially symmetric function in 4 dimensions.

Similar to Proposition £4] we show that u and its derivatives lie in L? N L.
Proposition 5.3. Let u € H be a critical point of J. Then the terms
max{r, 10 (4),  max{r, 110S0.(5), gl o)
lie in LP([0,00) x T;rd(r,t)) for all s € R and p € [2,00], and u solves pointwise
(<02 = 10, + & — V(&)2)u + h(z) (N % u?) = 0.
If holds, then the terms
max{r,1}|0,°0;' (%) for 0<n<I+1 as well as 1[0, 052 (%)

lie in L2([0,00) x T;rd(r,t)) N Cy([0,00) x T). Moreover, the second term vanishes at r = 0,
and the same holds for the first term when n is odd.

Proof. Part 1: First, following the proof of Lemma we obtain |0;[*u € H for all s € R.

Next, for p € [2,00) we calculate
10 ull, S Mwkl™ Ferll o re xory

LW REFN] a1 €] 4 w22 a1
< || |wk] ' T2 . 2190 |wk| ekl S H|at| UH i
Wk2FLN] > ~ H
|€| + w k LT(R2><ER) k[ ] LQ(RQXm)
Here 1 — % = z% =14 1, and the L™-norm is finite since r > 2 and therefore
r W2 kAF [N 2
> Jwk| / (ﬁ) d¢
keR r2\ [€|” + w?k
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1

r/2 7
-, (W) A - Y Jwk|" RN S IR < oo,

keR keR

Part 2: Arguing as in part 2 of the proof of Proposition 4] we have that |0;|*u,, %|8t|su €
L?([0,00) x T;rd(r,t)) for s € R and

(23) 104t + 210w — 50w = |0, (V (r)u — h(r) PN * u?])

holds pointwise. From now on arguments differ depending on if r is large or small, and we
discuss these cases in part 3 and part 4, respectively.

Part 3a: Let r > Ry for fixed Ry > 0. Then part 1 combined with (23) shows that A,|d;|*u =
(02+10,)|0,|*u € LP([Ry, 00) x T; rd(r, t)) for p € [2,00). Now choose a cutoff ¢, € C>([0,0))
with supp vy C (Ry,00) and ¢, = 1 on [Ry,0) for Ry > R;. Then, interpreting vy = ¢ (r)u
as a function of the three variables (x,y,t) via r = /22 + y? and continuing by zero, we have
|0°v, € L ,(R? x T) and

rad

A(x,y)|at|svl = Ay - |8t|su + 20,9 'ar|8t|su + - Ar|at|su S LQ(RZ X T)-

This shows |;|°v; € H24(R? x T), and by Sobolev’s embedding we in particular have |0;°u €
L>®([Rg,00) x T), |0;*u, € LS([Ra,00) x T;rd(r,t)).

Similar to above, but now with a smooth cutoff ¢ such that supp iy C (Ry,00), 1o = 1 on
[Rs,00) for Ry > Ry, we see that vy := )5 (r)u satisfies A, ,)|0:"va € LE (R? x T) where again
23) was used. Thus |9,°vy, € W25(R? x T) by LP-boundedness of the Riesz transform, cf.
[14, Corollary 5.2.8]. By Sobolev’s embedding we have 9,|0;|"u € L*°([R3,00) x T), and then
AL|0y’u € L>®([R3,00) x T) by (23)). So far we have shown

0:°w, |04ty |0y € L*([R3,00) X T;rd(r, ) N L>([R3, 00) x T).
This shows the first part of Proposition B3] for > Rs3, where R3 > 0 can be chosen arbitrarily.
Part 3b: We assume [(R)] i.e. G,h € C}, and still consider large 7. From Part 3a we obtain
10w, |0¢|*u,, € Cy([R,00) x T) from the high Sobolev regularity and therefore also |0;|*u,.. €
Cy([R, 00) X T) by applying ([23). Now |0;|°0"u € L*([R, 00) X T; rd(r, t))NCy([R, 00) x T) for 2 <
n < [+2 can be shown iteratively by applying space-derivatives to (23) and using that all terms

except the highest order space-derivative term lie in L?([R, 00) x T;rd(r,t)) N Cy([R, 00) x T)
by the induction hypothesis.

Part 4a: Let us now consider small ». We use the representation via the 4d Laplacian, i.e.
we consider U: R* x T — R, U(X,t) = U(X;, Xa, X3, Xy, 1) u(|X|,t). Notice that the

L?-norms are equivalent, i.e.
LA(IX8)
holds with Br C R* denoting the ball of radius R centered at 0. Multiplying (23] by %, setting
r = | X|, and recalling (22]) we have

(24) Ax|O'U = V(r)|o,"U — =23, PrlV * u”].

By part 1 the right-hand side of ([24) lies in L*(R* x T). Therefore |0;|°U € H*(R* x T), which
by Sobolev’s embeddings shows |9,°0,U € L'*(R* x T), |0,|°U € L'**(R* x T). Now let R, >0

_ 1
IX]

= \@WHf”L?([o,R]xqr;rd(r,t))

L2(BgxT)
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and ¢y € C2°([0, R;)) be a smooth cutoff function with ¢; = 1 on [0, Ry] for some 0 < Ry < Ry
and set vy == ¥ (| X|)U. Then, since

Ax|0’vy = Axtpy - [0°U + 0,91 - 0:|04°U + 11 - Ax|0,°U
and since we may write (24]) as
(25) Ax|0]°U = V(r)|0,°T°U — 72h(r)|0,]" P PrIN + U?],

we have Ax|d;|*vy € L'2(R* x T) which by LP-boundedness of the Riesz transform im-
plies |0,°v; € W2'(R* x T). From Sobolev’s embedding we have |9,|°U € L>(Bg, x T),
Vx|0°U € L'%(Bpg, x T). Repeating this argument with 0 < Rz < Ry and a cutoff function
thy € C([0, Ry)), 1; = 1 on [0, R3] shows Vx|0;|°U € L>(Bg, x T). Using (20)), regularity of

the terms in the claim of Proposition [(.3] follows since
0’2 =10/°U € L™, [9,[*0,(%) =X - Vx|0,]°'U € L™,
Pl 02 (%) = rAx|0'U — 3% . V|0, U € L™

The LP-estimates follow from these since Br, x T has finite volume.

Part 4b: Assume and again consider small r. First, |0;|°U, Vx|9;|°U are continuous by
Sobolev’s embedding, and continuity of Ax|d;|°U follows from this by (25). Existence and
continuity of higher derivatives

ViAx[0[ U, V0T, X10'U

for 0 < n < can again be shown using induction and repeatedly applying Vy to (25). This
implies continuity of all terms except the highest order one in Proposition B.3since |0;]*0) (%) =
(Vx|0: U)X, ..., &]. Moreover, odd r-derivatives of % vanish at r = 0 since U is radially
symmetric. For the highest order term we have
(ViAx[O D)., 5] = 302 (3) + 10:°0,(20,(3))

which shows that [0;°0Lt%(%) is continuous away from 0. To see the behaviour of the highest
order term near r = 0 we use the differentiability properties of U and a Taylor expansion of
10:°(%) about r = 0 as follows. Let [9;]°(%) = T1+1(|0:°(%);0) + f be the Taylor expansion of

r T T

|0,°(%) of degree [ + 1 about 7 = 0 with remainder f. Then we have
3(=1)' 9" (3)-(0)
Sl Fo(d) =o(})

ll Tl+1 r T

D0 (20,(2)) = 0L (20, [T (1014 0)]) + 0 (20,

as r — 0 since [8,]°(%),(0) = 0 by radial symmetry. This shows that r|0,[°0-72(%) — 0 as

T

r— 0. ]

Next, in Proposition [£.4] similar to Proposition we discuss the second nonlinearity (6.11).

Proposition 5.4. Let u € H be a critical point of J and let the nonlinearity be given by
N(w) =N *w3. Define w = w; + wy where

wi = Prlw] = (M%), wy = Pslw] = (=07 — 10, + 15 — V(2)3;) ™' (h(2)9} Ps[u’])
Then the functions
max{r, 1}|0;|"% max{r, 1}/0;|°0,(%), r\8t|582(%)

r’ r
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lie in LP([0, 00) x T;rd(r,t)) for all s € R and p € [2,00], and w solves
(=02 = 10, + & — V(£)oB)w + h(x) BN+ w)? = 0.
If[(R) holds, then the terms
max{r, 1}|0:|°0; (%) for 0<n<I1+1 as well as 7|0y 052 ()

lie in L2([0,00) x T;rd(r,t)) N Cy([0,00) x T). Moreover, the second term vanishes at r = 0,
and the same holds for the first term when n is odd.

Proof. We follow Proposition 5] and define wy by
wy € Hy = {v e H'([0,00) x T;rd(r, t)): v € L*([0,00) x T;rd(r,t)), o = 0 for k € RU{0}}

and

/ (Oyws - Ov + Hwa - v+ V(1) 0w, - Opv) rd(r, t) = — / (h(r)0} Ps[u’] - v) rd(r,t)
[0,00)xT

[0,00)xT

for all v € H,. Regularity of w; follows from Proposition 5.3, and the arguments therein can
also be used to show regularity of ws. O

As the last part of this chapter, we discuss regularity of the electromagnetic wave profiles.

Proof of Theorem[L3 for cylindrical geometries. Part 1: Let u € H be a nontrivial critical
point of J. For the nonlinearity N(w) = N xw? set w = u, else let w be from Proposition (.4
Define W := 9; 'w and the electromagnetic fields by

_y/r —y/r

D(x,t) = eg(w + G xw + h(r)N(w)) - ‘Tér , E(x,t) = w(r,t—1z)- xér 7
:’3/7" 0

B(x,t)=—tw- [vr | —GW+W,)- (0], H(x,t) = ul_oB<X’ t)
0 1

By a straightforward calculation one sees that E, D, B, H solve Maxwell’s equations (), (2l), so
it remains to show their regularity. For simplicity we only consider E and only discuss spatial
derivatives. Abbreviating p(x) = (—y,x,0), denoting the Euclidean scalar product in R3 by
(-, -) and the space derivative by Dy, we have

+ (30" (%) o) (.



REFERENCES 2
w X X p
= 0,(Z) (5 ) Daplha] + (5 ho) Daplin] + (i, o) |

2E>_ (E)]Eh Eh]_)
+[r8,,<r O (=) [ (= h) (S k)
so Propositions 5.3 and [5.4] show that these terms lie in L? for p € [2, o0].

Part 2: Let us now assume . We need to show that higher order derivatives exist, are
continuous and square-integrable. Away from r = 0, this is clear by Propositions [5.3] and [5.4]
so it remains to show continuity of derivatives in r = 0. First, by induction one can show that
for 0 <n <[+ 2 the derivative D}E can be written as a sum

n o
D'E = 19, J<_) Py
X Zl (r ) r p )]
i=[=3"]
where p, ;(x): (R*)" — R3 is symmetric, n-multilinear, and its coefficients are homogeneous
polynomials of degree 2j+1—n in x. We use Taylor approximation and write %> = T, _1(%; 0)+ f
with Taylor polynomial 7},_;(*;0) and remainder f.

Let us next consider summands with 7 < n. Recall that all odd Taylor coefficients are zero, so
Qn,j = (%&)an_l(%; 0) is an even polynomial. In addition, we can estimate the remainder via
(L10,)7f = o(r"'%) as r — 0. Thus

(107 (%) s = (@us) + 0™ )y = 005 OO
as r — 0. Now let j = n. Similar to the above arguments, one can show
1 w
L0, = 0| (%) = dun —n-1
00" = 02| (%) = () + ol

as r — 0 for some polynomial ¢, ,. Thus

DIE = 0(%) paat D s+ o) = D (0, (0)
=[] =[]
as r — 0 by Propositions and 0.4l Since the argument for existence of infinitely many
solutions is the same as for slab geometries at the end of Section [, this completes the proof.
Observe that p, ;(0) = 0 for j # "T“, so in particular all even derivatives of E vanish at 0. [

n
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